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The paper is devoted to applications of the following remarkable transformation. An easy compu-
tation proves that if ψ(x, λ) is a general solution of the equation

ψ′′ = (u(x)− λ)ψ,

and ψ0(x) is its particular solution corresponding to the value λ = λ0, then the function

ψ̃ = ψ′ − wψ, w = ψ′0/ψ0

satisfies an equation of the same form with a new potential ũ = u − 2w′. For the first time, this
observation was made by Darboux [1], and later on it was rediscovered by Schrödinger [2, 3] in the
quantum mechanical context. The sequence of the Darboux transformations is defined by operators
Hn = d2/dx2 − un, Q±n = d/dx± wn related by the factorization

Hn + λn = Q+
nQ
−
n 7→ Hn+1 + λn = Q−nQ

+
n ,

which is equivalent to the chain of differential-difference equations

un = w′n + w2
n + λn, w′n + w′n+1 = w2

n − w2
n+1 + λn − λn+1.

Any solution of these equations gives rise to a family of operators Hn with the ψ-functions which can
be computed explicitly for all λ = λn; the operators Q±n play the role of the creation-annihilation
operators. As it turned out, almost all exactly-solvable models of quantum mechanics (harmonic
oscillator, Kepler problem, spherical harmonics, reflectionless potentials, Morse, Pöschl–Teller po-
tentials and so on) admit an uniform description within this approach [4, 5]. Moreover,

functions wn corresponding to different n are of the same form and differ only in the
values of the parameters.

The formulation of this shape-invariance property is the main result of the Gendenstein’s work. This
idea was further developed by Shabat, Veselov, Spiridonov [6, 7, 8] and others, and new families
of exactly solvable potentials were introduced (in contrast to the previously known examples, these
potentials were defined in terms of the Painlevé transcendents and their generalizations rather than
elementary functions).

The Darboux transformation admits generalizations for the non-stationary Scrödinger equation
and other spectral problems. It is directly related with the supersymmetry [9, 10, 11] and with the
Bäcklund transformations for the nonlinear equations integrable by the inverse scattering method
[12, 13, 7]. In 1970–90, the development of these theories was parallel and the Gendenstein’s paper
has had a marked impact on these studies.
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[12] H.D. Wahlquist, F.B. Estabrook. Bäcklund transformations for solutions of the Korteweg–de Vries equa-
tion. Phys. Rev. Let. 31:23 (1973) 1386–1390.

[13] V.B. Matveev. Darboux transformation and explicit solutions of the Kadomtcev-Petviaschvily equation,
depending on functional parameters. Lett. Math. Phys. 3:3 (1979) 213–216.

2

http://www.jstor.org/stable/20490756
https://en.wikipedia.org/?curid=1018102
http://dx.doi.org/10.1103/RevModPhys.23.21
http://dx.doi.org/10.1093/qmath/6.1.121
http://dx.doi.org/10.1088/0266-5611/8/2/009
http://dx.doi.org/10.1007/BF01085979
http://dx.doi.org/10.1103/PhysRevLett.69.398
http://dx.doi.org/10.1016/0550-3213(81)90006-7
http://dx.doi.org/10.1070/PU1985v028n08ABEH003882
http://dx.doi.org/10.1070/PU1985v028n08ABEH003882
http://dx.doi.org/10.1007/BF02065985
http://link.aps.org/abstract/PRL/v31/p1386
http://dx.doi.org/10.1007/BF00405295

