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The three-loop £ function of a nonlinear 2D o model with a Wess-Zumino-Witten
term satisfies the integrability condition. The results of a calculation of the (’)?
correction to the effective low-energy action of a boson string, with allowance for
the antisymmetric Kalb-Ramon tensor field, are presented.

The o-model approach in the string theory is one of the methods of analyzing the
low-energy dynamics of the massless modes of the string in space-time. Calculation of
the corresponding effective action is of crucial importance in the solution of problems
of compactification and phenomenology of strings. The equations of motion which are
deduced from the effective action are equivalent to the conditions for conformal invar-
iance of the corresponding nonlinear 2D o model.'? The conformal invariance is
closely linked with the vanishing of the perturbative 8 functions of the o model.**

In the case of a boson string the two-loop (0(a’)?) B functions" for the metric,
for the antisymmetric tensor (the Kalb-Ramon field), and for the dilaton, which were
calculated in Refs. 4-6, satisfy the integrability condition and the corresponding effec-
tive action is in agreement with the results obtained from the string amplitudes.’

The three-loop S function of a nonlinear 2D ¢ model with a Wess-Zumino-
Witten term has been calculated in Refs. 8 and 9. In the supersymmetric case the
three-loop contribution of the o model with torsion to the 8 function vanishes.'®

In the Bose case the three-loop contribution to the # function, with allowance for
torsion, has an extremely complex form with the general structure

3y A A A A A A A A
Bdf ~RR?>+(VR)* +R*VH + R(VR/H+(V*R)(VH)+ RRH* +R(VH)?
A A A A A A
+ (YRYVH)H +RH(V*H)+(V*R)H? + RH*(VH)* + (VRIH® + (VH)]?
A A A
+(V2H)(VH)H+(V3H)H2+AH“+(VH)’H’+H“(VH), (1)
where R is the curvature tensor (without torsion), H is the 3-form of the antisym-
metric tensor strength, and R and {» are the curvature tensor and the covariant

derivative, respectively, with a torsion of H (Ref. 6). The particular features of the
calculations and the explicit form of the B function are given in Ref. 8.

One of the methods of restoring the effective action on the basis of the known £
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function involves the use of the most general action with indefinite coefficients and the
identity’

1
H _
ve Egb '_Hl‘:c Bac o Evb Leff ’ (2)

in which the effective Lagrangian L, is determined within an error of the total deriva-
tive.”

In reconstructing the effective string action from the S function of the o model it
is necessary to take into account the dependence of the 3 function on the rules govern-
ing the use of the Levi-Civita symbol €*” (in terms of the dimensional regularization)
and on the adopted subtraction scheme, and also the dependence of the action on the
redefinition of the fields: redefinition of the metric and the antisymmetric tensor.''
The use of the most general (in the given order in @’) redefinition of the fields allows
the introduction of a “contracted” action, whose definition contains a minimum num-
ber of terms. The result of such an analysis is the following action formula:

d?s pqab apc pbtd
32(21r)2 2 E R g R R + 0oy RV, RO

apq b e prdts abp predk t
+asR 4 H P HP,H“H +ayR,, JHYPH HmH 9
atk yrbsm ryed atk grbsypyed,
+ @Ry T H H Hyp + @Ry g H™" H°H kasp

+ a7Rab dHatk Hb Hc Hasm agR Rabpq Hcdthq

] abpq pyc ppdt apc b dk
+ a"RabcdR Hpth + a1°RabcdR P quk Hq

abet rrdpg apqt yred b
+ a“RabcdR H Htpq + a”RabcdR Hp Hqt

km
* a3 Hy HPUHY H H H*™ 4 0y H,y  HP9 et Hypg Hope B

apq grbet sk grm apq gy bmt grcks
+ a”HabcH H prm Hq Htk + a“H H H H Hpmk qts

apq b cms tk : a b grems nk
+ a”HabcH Her qukH +a“HabchpD H D Hms

s

+ ay H*DHY* + a,o H*(DH)* + a3, R, ;D HY, D HI¥' ], 3)

where as the 19th and 20th terms we can use any two linearly independent expres-
sions:
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apq b ems ams b k t
Hy H®PAD H) D H™, H, H*™D Hb D¥HF

: t bek
pak»  HoypcHPU'DH D Hb “4)

t nagpbek
Habchq DYH°* D, H
Effective action (3) is consistent with the three-loop B function (in the Huff-
Veltman prescription for €*”) of a nonlinear 2D o model with torsion® if the coeffi-

cients a; in (3) are chosen in the following way:
a,=-2, a,=—8f3; a3 =-2/3, a,=3[2, as =9/2, ag=5/3,
ay = 9/8;, ay=7/4, ay=—4/3, a;0=2/9, a1;,=-3, a;,=2;
ay3 = 880/81, ay,=-281/27, a,s=1045/81, a,¢=-—2626/27,
ayq; =—2383/27; ay54=3/2; a19=a,0=0; a, =3/2 .

The coefficients «,, a,, a;, g, Ay, A1, @11y 412, Q16 A1, Q15 and a,, are invariant.

Equations (3) and (5) are the basic results. In the absence of torsion (H =0),
these results are the same as the well-known Metsaev and Tseytlin’s'* results of the
calculation of the gravitational part of the effective action from the tree amplitudes in
the theory of closed boson strings.

The integrability of the three-loop S function of the nonlinear 2D ¢ model with
the Wess-Zumino-Witten term is at the same time a control of the calculations of the 8
function and the effective action. At the same time, it would be highly desirable to
calculate independently effective action (3) from the tree string amplitudes. This cal-
culation would constitute the final test of the coefficients (5).

UThe agreement and notation used here are given in Ref. 6; in particular, 270’ = 1.

PThere are other ways in which the effective action can be restored; for example, by using CP identity.'>!?
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