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A representation of 2D conformal field theories with a current algebra in terms of
free fields is discussed. A Dotsenko-Fateev procedure is proposed. Correlation
functionsina SU(2), Wess-Zumino-Witten theory are calculated.

1. The hypothesis that the 2D conformal field theories which originally arose in a
study of statistical models are classical solutions in string theory has recently been
adopted widely. On the other hand, the idea that a calculation of correlation functions
in any conformal theory can be reduced to a calculation in string theory, i.e., to a
representation in terms of free fields, as was done in Ref. 1 for minimal models,? has
proved to be exceedingly successful. A representation in terms of free fields (a *“‘boson-
ization”) can be particularly useful in a calculation of correlation functions on a
surface of a higher kind. Below we propose a Dotsenko-Fateev procedure for calculat-
ing correlation functions on a sphere in the simplest Wess-Zumino-Witten model® with
an SU(2), current algebra.*

2, The SU(2), current algebra can be realized in the following way':

i
Jfz)= ﬁ'wm, H(z) =iqod(z) —w(z) x(z)
(H
J{z)= \F[W(Z/xz(d— 2iqx(z)od(z) + 2(1 — q*) 3x(z)},
where w and y are boson 1- and O-differentials, ¢ is a scalar field which takes on a

value in a circle, d = d /dz, and the parameter g is related to the level of the algebra, k&,
by 2¢* = k + 2. The fields w, y, ¢ are free in the sense that we can write

wzlz')=(z=2")" + ..., Hz)¢(z)=~log(z-2")+....

The system w, y can be bosonized literally as a boson system of j- and (1 —)-
differentials’ (with j = 1):

w=_ase—u =_,iave—u+w’ X=7Zeu ..__eu—iv

Hazm(z')=(z~2')  + ... ,ulz)ufz') =—log(z~2')+ ..., uzuz')=~log(z~Z')+...

The expressions for the generators in (1) then take the form

419 0021-3640/89/070419-05$01.00 © 1989 American Institute of Physics 419



1 .
L= pdve MR, H=iqdg + du
) (2)
L= \75[2qa¢—2iqzau +(1-2g%)ov)e .

The energy-momentum tensor of the system is determined by a standard Sugawara
construction:

T=1/2q 12U +H? : =wdx + T, =T, +T,+T,. (3)

In other words, the energy-momentum tensor is a sum of “‘elongated” tensors:

1 -
T,== 5 (39)" *V2a0, 3%, ¢=u,v,¢

2 ' (4)
G, u =i2N2, G0y =1/2V2, @e=-1/2/2 -

Energy-momentum tensor (3), (4) is actually a tensor of a system of free scalar fields,
in contrast with the case studied in Ref. 8.

3. It is natural to seek conformal fields in a theory with current algebra (2) and
energy-momentum tensor (3) as an exponential function of the scalars ¢, u, and v.
Examining the operator expansions with currents (2), we easily verify that the vertex
operators

j i J .
V,=exp (ii $). Vj ., =exp (i- é)x=exp (i- ¢ tu—v),
] q ' q q

J J . = (5)
Vi-2 = exp(i;qb 2 =exp(z;¢+2(u—zv)),..., Vi =V

form an SU(2), representation of weight j. The dimensionalities of the operators of
series (5) are identical (y has a zero dimensionality) and are given by

G+ _jG+Y
Af= 3 =
29 K+2

The operators of series (5) can be written in the form

Vi m_/=°x9(i‘]' ¢y~ ™ =exp (il ¢ + (G — m)(u — ),
’ q q

where m =, j — 1,..., —j is the “angular-momentum projection.”

4, We turn now to a calculation of correlation functions on a sphere. It follows
from the gravitational anomaly” that the correlation function in the selected plane
metric depends on the point of its singularity or, more precisely, is a differential of
degree — ¢/3, where c is the central charge.'” Since the central charge of the SU(2),
Wess-Zumino-Witten theory,
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c=c,Fe, e, =(1-2405 4) +(1- 240} ) + (1~ 240} ,) =3 - 3/¢%,

differs from that of a system of three free scalar fields, we need to place a ““vacuum
charge”' (with a dimensionality A, = 1/¢° and a zero angular-momentum projection)
at the point of the singularity of the metric, R (at infinity if the metric is ds* = dzdz):

V{R)=exp - WRINR)=exp | - WR) +ulR) = IR, (6)

The correlation functions in the theory thus depend explicitly on the point of the
singularity of the metric, R, but they can be normalized by some factor, '' and we can
analyze the dependence of only the points at which the operator of the conformal
theory are placed.

As a result of this discussion, we can write the following expression for a nonzero
two-point function:
’

~ )
(V,m_](Z) Vj,m'——j(o)>s ~ m;'z-'l‘&-z—-jo ,

where the average is to be understood as a path integral over the free fields with a
mandatory insertion of vacuum charge (6). The operators with a tilde (™) are given by
~/

Vim-j =V

-1-j, 1+j+rm (7)
They do not form representations of algebra (1), (2), but they do have the same
dimensionality and angular-momentum projection as V,

o=

We turn now to a calculation of the four-point field correlation function in the
fundamental representation j = 1/2. We use a subscript plus sign for m = 1/2, and a
minus sign for m = — 1/2. We have four possible operators:

+

V. = exp(~215—¢), V_=exp(21—q—¢+ u-—iv)
Favd

; (mime¢ ~2ut2iv), ¥ = exp(— im0 6 —u + iv)
T = exp(—i—¢ —2u+t2iv), V. =exp(—i—¢ —u +iv
’ 2 2

Let us calculate the correlation function which contains three operators (5) and one
operator (7), as in Ref. 1. The correlation function will be of the form

(VO V (x) V. ()V_(=Q0) , (8)

s
where, instead of insertion (6), we need to insert a so-called Feigin-Fuks operator in
order satisfy charge conservation."'” A Feigin-Fuks operator is an integral of an oper-

ator of unit dimensionality over a closed contour. For the theory under consideration
here, an operator of unit dimensionality is

Jit) = exp(— ::~¢/t)—u/t) + ivft))[Aduft)+ Bov(t) .
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The presence of constants 4 and B leads to a multiplication of the correlation function
by a numerical factor (4 — iB), so we can simply set

J(t) = exp(— —i¢>(t))w(t) =— jdvexp[— é—-d)—u + iv] (9)
q

Q= 4¢J.

Substituting (9) into (8), and going through the elementary calculations, we find
~
$de<v_ (O, (x)V, (D) V_()J(1));

« drt! -k) /(k+2)(t_ 1y 1/(k+2)(t__x)— 1fkx2)
Depending on the choice of integration contour, we will have two independent solu-
tions:

1 1 k 1
F(

, , ,X )5 F(
k+2 k+2" k+2

3 k+4
2 b b x))
k+2 7 k+2 k+2

[F(a,B,y.x) is the hypergeometric function] of the Knizhnik-Zamolodchikov equa-
tions.*

Finally, calculating the field correlation function in this manner,

3
4
(le,mx (0)<I>j2'm2 (’.C}q)jg,m,(l)q)“m4(°°))' ,-Elmi=o’ ja= T ji_l’

i=1
we verify that we need to make precisely / insertions of the operator Qin (9). A simple
calculation leads to the following result for the correlation functions:

1
! PR/
ZC $Ndy M (t,-¢)
¥ 1 . . ! Y

l<]
i1 7 j

TR T UYL S
x 11y, (t,— 1) (ti-x) °
where

(10)

and C, are certain coefficients. By choosing various integration contours, we can find
! + 1 independent solutions of the Knizhnik-Zamolodchikov equations in (10) (Ref.
13).
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The procedure outlined here can be developed further for the more general case of
Wess-Zumino-Witten models. ™

We wish to thank A. Gerasimov, V1. Dotsenko, and A. Mironov for useful discus-
sions; we especially thank A. Morozov for constant interest in this study and for
valuable comments.

"V1. Dotsenko told the author about this representation (see Ref. 5 and, for the case of an arbitrary algebra,
Ref. 6).
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