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A matched differential geometry is constructed on the quantum groups
GL,(2,C) and SL,(2,C). The vector-field algebra is found by
requiring that the quantum determinant commute with right and left 1-forms.

The studies of differential geometry on quantum groups by Woronowicz! and
Wess and Zumino®>® made it clear that, in contrast with the situation for classical
groups, there exists a set of differential geometries for quantum groups. Several
efforts*® have now been made to reduce the number of different differential geome-
tries. These studies have been based on an effort to retain certain features of classical
groups and of differential geometry on them: the simplicity of deformed commutation
relations between the parameters of a group and their differentials and the bicoinvari-
ance with respect to left and right multiplication on the group, among others. Different
differential geometries on a quantum group lead to different quantum algebras for the
vector fields, not all of them of the Drinfeld-Jimbo form.!®!! Qur purpose in the
present letter is to construct a matched differential geometry on the quantum groups
GL,(2, C) and SL,(2, C).

The quantum group GLq( 2, C) is defined by commutation relations between
elements of the group:

b ab=gq ba, bc=cbh, cd=gqdec,
£ (C d) ac=qca, bd=gqdb, ad—da-—-(q—-‘;)bc, (D
where ¢ is a complex parameter of the deformation of the commutation relations.

An important element is the quantum determinant
1
DEdetqg=ad—qbc=da—a be, 2)

which is equal to 1 for the SL,(2, C) group. This determinant commutes with all
elements of the group: D-g=g* D.

We wish to construct a quantum algebra. To do this we need to introduce an
infinitely small neighborhood 8g of the unity of the group, and we need to determine
the commutation relations between the parameters of the group and the differentials.
Equivalently, we need to determine the commutation relations between the parameters
of the group and 1-forms and also those between 1-forms. We will be dealing with
right forms w=2>8gg~! and left forms 6=g~'8g simultaneously.

474 0021-3640/93/060474-05%$10.00 © 1993 American Institute of Physics 474



We find the commutation relations by requiring that the following relations hold:
6D=DTrf, 8D=Trw D,
D6=0 D, Dw=w D, (3)

where Tr, o and Tr 0 are the quantum traces of the matrices

Wy Wy 01 62
“’=(m3 w4)’ o= (93 94)’
which are still to be determined. We use the ordinary external differentiation operator
5, which satisfies Leibnitz’s rule [6(f-g)=6f-g+f-6g)], and the conditions
93(:0, wi:O, k=1, 2, 3, 4. For the SL (2, C) group we have D=1 and therefore
Tr,0=Trw=0.

The most common type of commutation relation for left forms and for the pa-
rameters of the group which is matched with (3) is

0,d=A d6,+ B db,, 0,d=A do,+ B db,,
91(1=F (191+P004, 04 a=1’;a€4+ﬁa@1,

~ ~ (4)
62d=q d92+X C01+X C64, 63 d=q d93+N C61+N 064,

1 ~ 1 ~
02025 092+N b91+N b04, 93a=‘—1 093+Z d01+2(191,

where A—Ng=1+P—N/q, F—N/q=1+B—Ng, and 8D=D[(4—Ng)6,+ (F
—N/q)6,). The other relations are found by making the interchanges d— —¢, a«— - b,
with the same coefficients.

The requirement that 8, commute with commutation relations (1) leads to some
additional equations for the coefficients; we will not reproduce those lengthy equations
here. In the simplest version which leads to a Drinfeld-Jimbo algebra, we have X=X
=N=N=Z=Z=0, and the auxiliary equations are satisfied identically, except for
the equations

PP— BB=0, AF+PP=1, FB+PF=0,

AP+AB—FB—PF=0, AF+PP=1, AP+ BA=0, (5)

AP+AB—FB—PF=0.

To pursue the analysis we need to examine the SL, (2, C) group. In this case we
have 6,+ A6, =0, where A is a parameter:

91d=Ad91 , 92d= qd02, 93 =qd03,
‘ 1 1
6,a=Fab,, 0,a=-ab,, 0Oya=-ab;,
q q (6)
8D=(46,+0,)=0, A=A, AF=1,

6D=(01+F04)=0, =
Differentiating commutation relations (6), and using the Maurer—Cartan equation
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50=—-00, (7
we find commutation relations between the elements of the 8-form and also the con-
dition 4=¢*

1
0203+? 0392=0, 9192+q40291 =0,
(8)
1
9163“7 60;6,=0, 6,D=D6;, 6D=D(q*0,+6,)=DTrH=0.
Returning to the GL,(2, C) group, we find that the following condition must hold if
commutation relations (4) are to be matched with (6), (8):
A

A==.
7

Along with conditions (5) we find a one-parameter family of commutation relations:

~ A A(l—4
-4 ~1-4 -
01(1=(1—A+Z) a01+A T '(194, 94G=A(104+ (A—l)aGl,
92d= qd62, 93d=qd93 N
1 1 ~
O,a=-ab,, BO;a=-ab;, A=Aq.
2! q 2 3 q 3

(9)

A further analysis of the algebra of vector fields shows that Aisan unimportant
parameter and that for simplicity we can set A=1. We then need to supplement
commutation relations (8) with some relations found by differentiating relations (9)
and using the Maurer—Cartan equations:

9204+ 9401 =0
0405+ 650,=4¢*(4'—1)6,6;, Tr,0=q¢"6,+0,. (10)
6046,+6,6,=¢*(g*—1)6,6,,

A corresponding analysis for the right forms w leads to the following commuta-
tion relations for the SL,(2, C) group:

do|== wid, dw,=—w,d, do,=—wd,
1= 2= 02 3=

aw| = qza) 19, AWy =qwya, aw3=qwd,
W03+ q2c03co2 =0,
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601(02+Z‘a)2w1=0,
0103+ ¢ w30, =0,

D=D 6D : )D 0
v D= Doy, =501+ =0.
k k (qz 1+, (11)

Other relations are found by making the interchanges d« ¢, a« —b.

A single-parameter family of commutation relations for the GL(2, C) group is

~ ~ 1
do,—Awd+ ¢ (1—A)w, d, dw4=Aw4d+?(l~A)co1d,

av, =g Ava+¢ (A—1)wa, avs=g*doa+(4—1)oa, (12)
~ q2+ 1
A +A='—q2— .

Again, the choice A=1 leads to commutation relations (11), supplemented by the
conditions

a)la)4—|—co4w1 =0,
4 1 a)kD= Da)k,

(03(04-{-604603:“;2_ [RT (13)

1
Trqa)=?a)1+co4'

¢'—1
w2w4+w4w2=~—qj— w1@Ws.

By definition, the effect of applying a differential to an arbitrary function on the group
is

8f=fV 6 =0"V {1, (14)
where V L and V R are respectively left and right vector fields on the group.

From the condition 6*f=0 and the Maurer—Cartan equations we find a vector-
field algebra for the quantum group SL,(2, C):

1
ViVi—gVyVi=V], v?v;t? VAVR_yR,
1
‘12V1LV3L—‘?V3LV1L=(42+1)V3L, VRS —g*VivE=(£+1)VE, (15)
1
qzszvL=;lefv2L=(q2+1>v§, ViVE—g*ViVE= (g2 +1) V5.

Here Vi represents the combination Vi-—¢?V;, and V¥ represents the combination
VR—_1/4* VE.
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After the mapping

Vil (—g#), VE=qMAT,, Vi—giiTy,

71 (16)

R l‘qZH VR_,-HAT VR_-H2 T
Vi=T 2=¢ T V= L

we obtain the algebra U, SL(2, C) in the form of a Drinfeld-Jimbo algebra:

g'—q"
[73,T,] =q_—q_r , [HT;1=2T,, [HT,]=-2T,.

The algebra of vector fields for the GL (2, C) group has, in addition to (15), the
following commutation relations:

[VL, V{1=0, [V}, v§1=0,
[VE, VE1=VF, [VR, VR1=V7,
Vi, VE1=V3L, [VRVER=Vi.

We note in conclusion that the commutation relations between the parameters of
the group and the differentials which follow from Egs. (9) and (12) are different. This
difference distinguishes the differential geometry constructed here from a bicoinvariant
one. One can construct a matched bicoinvariant differential geometry for the quantum
group SL,(2, C) without imposing the conditions N=X=Z=0. In this case, how-
ever, the vector-field algebra cannot be reduced to a Drinfeld-Jimbo algebra.
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