Properties of superconductors with a strong electron-
phonon interaction

L. N. Bulaevskiiand O. V. Dolgov
P. N. Lededev Physics Institute, Academy of Sciences of the USSR

(Submitted 11 March 1987)
Pis’ma Zh. Eksp. Teor. Fiz. 45, No. 9, 413-415 (10 May 1987)

An electron and phonon system with a strong coupling, 4> 1, is considered. The
temperature dependence of the upper critical field H,, has a positive curvature. A
relationship is established among the following quantities: the electron state
density N(0), the abrupt change in the specific heat AC, the upper and lower H
critical fields, and the residual resistivity p.

The superconducting properties of several compounds are found to be markedly
different from the standard behavior of the BCS model. These compounds include, for
example, the organic superconductors f,,-(BEDT-TTF),I, with 7. ~8 K and -
(BEDT-TTF)Aul, with 7. ~5 K. In the first compound the curvature on the H,, (T)
curve is positive for the field direction perpendicular to the layers, and the reduced
field, 4, (T) = H,(T)/( —dH,,/dT), reaches a value of 1.4 as T—0, which is
twice as large as the corresponding BCS value.' In the second compound the H,,
curve is linear down to the lowest temperatures ¢..d at T<T, the ratio A(T)/T,
reaches a value’ of 7, whereas in the BCS model it is equal to 1.76. Anomalies of
approximately the same order of magnitude in the behavior of H_, were detected in the
system® Ba(Pb, _  Bi, )O,. Differences from the BCS model of this magnitude cannot
be explained in terms of the intermediate-coupling model, 4 =1, although theoretical
calculations based on Eliashberg’s equations show that 4, (0) and A(0)/7T. have a
tendency to increase with increasing 4 (Refs. 4 and 5).

I et us consider the properties of the Eliashberg model with a single phonon mode
(the spectral density of the electron-phonon interaction is
() F(w) =A08(w — Q)] as a function of A for large values of 4. In this model
T. =0.18Q0J1 when A>1 and the ratio A(0)/7, increases monotonically with in-
creasing A, reaching 4.75 when A = 28, according to the results of numerical calcula-
tions.>°

The model with large values of A which we are considering can be encountered in
crystals near the structural instability. In general, the coupling constant and the
phonon spectrum are described by the equation
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A =N(0) (P <A7[—— ?, (w2>=(.§2;)— —S—noM'lN(O)(ﬂ), (nH
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where (I?) is the mean value of the squared matrix element of the electron-phonon
interaction on the Fermi surface, M is the ion mass, 7, is the number of electrons per
atom, (@’) is the mean value of the phonon frequencies squared, and (1, is a pseudo-
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atomic frequency (the seed phonon frequency in the Frohlich model) (see Refs. 7-9).
As the structural instability is approached, one of the modes softens and the coupling
constant, which is determined primarily by the interaction of electrons with this mode,
may increase without bound. The results of the model we are considering here can be
used to describe a system even with a broader phonon spectrum. This can be done by
replacing 1" by the corresponding moments of the function o?(@)F(w) in the final
expressions. As the structural instability point is approached, an increase in A causes

T. to increase and 7. ~QyJ4 to increase but, according to (1), the limiting value
T, ax = 0.18 [N(0)(I*)M ~']1V2 whose upper limit is a value on the order of 0.20,,
is reached as 4 — .

Taking into account only the orbital effect of the field and ignoring the Coulomb
repulsion in the Matsubara technique, we can write the equations for H,, in the form

(see Ref. 4)
Afw,) = 1T = Mw, — @, ) X "(la, 1)—Qr)" ' 1AGw,, ),
m

N - _ . -1 .-
w, = w, * nT%nA(wn w,, )s1gnwm + (2r)" Tsighow,

(2)

~
<

NEy

Mw, — w, )= AQ%/{Q% + (w, -, )], w, = 7T(n —1),

X{x) = { dge~ 9’ arctan [gv/ a/x ], a = nH, vi [ ®, ,
0

n

where 7 is the time it takes the electrons to be scattered by nonmagnetic impurities,
and @ is a fluxoid. We will now consider a dirty superconductor, A7 <1. For A> 1
we find

O, T, 1
H,(0) = 04— VX, D= JUFT
B, 7,1 T,-T
H,,(T) = 120 °DC N AL 3)

From (3) we find the reduced field 4, (0) = 0.45J/4 for A>1. For the intermediate
values of A the numerical calculation yields the curves 4, (7 /T,.) shown in Fig. 1.
For A> 1 the field 4, is much greater than the value (0.7) found in the BCS model.
For A% 4 the curvature of the A, (T /T,) curve is positive.

The Gorkov relation for an arbitrary value of 4 is
~H, =~ (dH,, /dT)y = 8r(VecoN(0) [, (4)

where #(A) varies from 1.3 when A = 1 to 2.86 in the limit A - «; # =1 in the BCS
model. For 4> 1 the electron specific heat C, (T) is not yet known near T, 2 ). As
T-0, we have C, = yT, where the large coefficient is y = (277/3YkZN(0) (1 + A).

Expressing H,, (T) in terms of the correlation length £(7) as H,, ~®,/£ 2, we
find near 7. the standard expression in the BCS theory, £(T) ~ (&,/) %t /2, where
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FIG. 1.
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1 =1v,7 and &y=vs/T,, but for T—0 and 2> 1 the length &, decreases, £,= v,/ T4 .
The crossover occurs at 7'={). The thermal phonons ()} are cold-trapped below this
temperature. The presence of these phonons diminishes the contribution of the elec-
tron-phonon interaction to the Cooper pairs by a factor of / /n, (T), where n;, (T) is
the number of thermal phonons. At 7,>Q from the relation
T. ~/1Qn;hl(Tc ) =AQ(Q/T,) we finally obtain T, ~Q\f/1—, instead of A8}, as would
be the case in the coupling-constant (4) model. At 7<), however, the contribution of
the electron-phonon interaction to the pairing increases and we can assume that the
gap A(0) ~A€. Numerical calculations of Carbotte et al.® also suggest such a relation®
[A(0)=0.16 AQ], although these authors have assumed on the basis of nonrigorous
considerations that, like 7., A(0) ~/A4 . The results for H,, obtained by us for a
dirty superconductor suggest that 4, ~A4 in pure superconductors and that the posi-
tive curvature on the H, (T) curve begins with 4 =2.

The free-energy functional for the Eliashberg model was found by Rainer and
Bergmann'® for the homogeneous order parameter A(iw, ),
. 7y
(%, -7 )INO = 1T% o, (sing, — sgnw,)
n

+ 1r2T2n2 [cos(p, - ¢, ) ~ sign(w, w, )X (w, - w, ),
, m

A(iw,) = 1T Z A, = @y, )COS9y, . 9, = 9lic, ). %)

Augmenting (5) with the gradient terms, which can easily be reconstructed near
T, from the known values of H,, (T), and restricting the analysis in (5) to the terms
@ = @( + 7T) (the accuracy of such an approximation for 7, is about 15%), we find
the Ginzburg-Landau functional for the order parameter ¥ = 7/2 — ¢ for A> 1
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1 - 2 1
G-y = NO@TF| S8 1T 1= AP =it + Lot (6)

where £2=0.27 D /T..

The Ginzburg-Landau functional implies the relations

'yt '
N(0) = Hey Moy - A ; « /T (7
In(k + V.497)4nf(\) T .f(N) Ink + 0,497 2H',

For A> 1 we have f=87% f= 9.4 in the BCS model. For A> | the jump in the specific
heat is 8.4 times higher than the corresponding value in the BCS model, but its relative
value is small, because at T, 2 Q) the phonon and normal-electron components in the
specific heat are large. The value s, (0) and relations (4) and (7) can be used to
estimate the value of 4 from the experimental data.

We are indebted to M. O. Ptitsyn for numerical calculations.
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