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The method of the inverse scattering problem is used to investigate the nonlinear
dynamics of ferromagnets with easy-axis and easy-plane anisotropies.

1. The one-dimensional dynamics of a ferromagnet with a preferred-axis anisotro-
py is described by a Landau-Lifshitz (L-L) equation of the form (the waves propagate
along the preferred axis)

o= X0, + 462G X n)fn), (1)
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where i = M/|M|; M is the density vector of the magnetic moment of the medium;
t =g|MJt, 7 is the time, and g is the gyromagnetic ratio; z=a~'/?3, % is the spatial
variable and « is the inhomogeneous exchange interaction constant; 32 is a constant
determined by the energy of anisotropic interaction in the crystal; and, n is a unit

vector along the preferred axis (z axis).

The construction of exact solutions of Eq. (1) has been discussed in many papers
(see, for example, Ref. 1), but the method of the inverse scattering problem (MISP),
which in our view gives the greatest amount of information on the solutions of the
nonlinear equation of evolution being investigated, has not yet been applied to the L-L
equation, in spite of the fact that an infinite number of Lax representations has been
found for this equation.” In this paper we construct a closed MISP structure for each,
physically different sign of the constant 82 in the L-L equation (1).

2. Ferromagnet with an easy-axis anisotropy (82> 0)

As shown in Ref. 3, if 2> 0, Eq. (1) is guage-equivalent (Zakharov’s context) to a
nonlinear Schridinger equation (the case of attraction), which has been integrated by
Zakharov and Shabat.* As the Lax pair we shall choose the pair® having the form

_/M;O\—iﬁ)u' )

oy = AXF Al:i\(?\+ By’ — \u (2a)

2 432 . i 4 g
‘P;x:BfIB‘PB B =i 2N HBHut AT (A= i) QRAu + 17) 7 (2b)
QA+iBRM + 1), —2AN + Hu — A7

where p =p*p* =p' +ip* 2dr=ptu” —ptps; it =p*p, —ppt; and
A is a free parameter. In the dynamics of an easy-axis ferromagnet it would be logical
to examine the state with 4 = 1; u* = 0; |z]— . The unperturbed linear equation,
generated by the matrix 4,(|z] = «) = ilo;, has a fundamental matrix of solutions
@ = exp(ido;z) and the spectral problem (2a) has an involution, ¢ = o,¢*0a, (0; are the
Pauli matrices). Let ¢ * be the fundamental matrices of Jost’s solutions (2a) (p ¥ —®
as z— + oo, respectively). From the involution and Sp 4, = 0 we then find

*
‘p~= ¢+T1 ) Tl =(a1 ,*bl > det Tl = 1. (3)
—bysa
The first column ¢ ™ — @;* and the second column ¢ ~ — @ [ of the Jost’s matrix are

analytic in the upper A half-plane and have the asymptotic forms

1 0
go;'e'l _,(0); ‘p‘ze‘;—*(l); ef =exp(zirz); lz|> o ; ImX >0,

which are also analytic in the upper half-plane, and the roots of a,(1*) = 0 correspond
to the discrete spectrum. Equation (2b) determines the evolution of the scattering data,

ay(N;t)=a,(A;0);  by(A;t) = by (\;0)exp[4i (A +6%)¢t].

The matrix of Jost’s solutions has a triangular representation
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P E; N =D@E N+ LK@ s (53 ) ds; Ky =

o _(AK; (8- NK?*
(\+ iB)K?; AK)

z

where the functions K !, K3, which do not depend on A, are the solution of the prob-
lem

K} ¢ (zis) == ukK]

. - 2 . 2, K2 .
1.ss(Z58) — KT (fzs)+BPuTK(z;s), (42)
2 . = r2 . +pls,.
Klyz(z, s) = uKl's(z,s}— u Kl(z, s)
with conditions on the diagonals

iu” K3(z;z) = [1+ iK}(2;2z)}(1 —n),
iK3(z;z) (A +u) =(1+iK] (z2)]u", (4b)

1 o= = 1 o= - p2 o=
K,,z(z,s-z)——I»th(Z,S-Z)— u Kl,s(z,,s z),

Integrating (3) along the real axis A with the factor (277) ! exp(i1y), we obtain Mar-
chenko’s integro-differential equations

o0

iF,z+y)+ Kf':"y(z;y)i- BK3*(z;y)- [ K} (z;s)F, ,(y+skds=0,
g )
K::"y(z;y)+ ZoKf (z;8){F, ,(y+s)— BFi(y+s)}ds = 0, (5)

o g\
Fi(z) = f —2—exp (iXz)b,/ay — i%exp iNz)p, ()\k)/a1 A(Ak).
- 00 V14 ’

The solutions of (5) are determined up to arbitrary function f,
K2 =fK%K! =£f,K! +i(1 —f,). However, from the conditions on the diagonal
(4b) it follows that 1 and z * do not depend on the real f; function. Substituting 1 and
pt found from (4b) into the third condition on the diagonal (4b), we obtain an equa-
tion for the f] function, and the MISP is closed. We obtain the soliton solutions by
examining nonreflective potentials (b,(4 ) = 0) in the associated scattering problem (2a)
with complex eigenvalues A%. Incorporation of an external magnetic field oriented
along the anisotropy axis does not fundamentally change the method.

3. Ferromagnet with an easy-plane anisotropy
We shall investigate the states with u(|z| = «)=0, u* z=w)=1 and

L*(z= — «)=-exp( + ic), where c is a constant, in an easy-plane ferromagnet. Lax’s
pair in this case has the form?
Aps; A+ Byu”
Y& = 4%F g8, Ay= i ) 6a
z ? ? - Bu*; — Au (6a)
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- 2N =Bt A+B)AuT+ 17)
o = Ba'ﬁ B R B =
O : '<o— BY2AU* + )5 — 20— ) — )vr) (6b)

The unperturbed equations ¢, =45, A" =A,(z= w);A; =A)z= — ») have
the following fundamental solution matrices

\P+=<e2i§e;1;3.—7\_)> ; exp(~ic)e}s $e; /B~ N
Se/ (B4 5 ey Y=\ tel /B+A) explice;

The spectral problem in (6a) has the involutions ¢ = ( fo, + ila,)*( Bo, + ilo,) ™",
and the fundamental Jost matrices ¥ * —%¥* and z— + « are related by

- + a3 ; (B+N)b,
= . T = . =
‘/f w Tg, 2 <(B—)\)b:,a2 >, detTg 1. (7)

The first column ¢* and the second column ¥~ of the Jost matrix are analytic in the
upper sheet of the two-sheet Riemann surface { = (1 2 — 8%)"/%; a,(A ) is also analytic in
the upper sheet of this surface; and, the roots of a,(A*) =0 determine the discrete
spectrum of problem (6a). The evolution of the scattering data follows from (6b):
ay)A; t) = a,y(d; 0); by(A; t) = by(A; 0) exp(4idlt). The matrix of Jost’s solutions has a
triangular representation of the form

o0 AK!; B+2K2
2= U@ NS K (s NP (s; Nds; K, = 2 2
l]J( ) ( ) fz 2( ) ( ) 2 ((B_R)Kz*;)‘Kzl*
(8)
where the functions K} and K 2, which are independent of A, are the solution of the
problem,

K. (z;s)=— uK! _(z;s) + u*K2*

2,258 2, 8§ 2,88

(2:5) + B uK! (9a)
. - 2 . - 1 ¥ .

K, ,(zs) =— K ((zs)— u K7 (z5),

~i+K}(ziz)= - in+ ukK)(z z) — w KV (z2);

~KXMziz)=ip—p Kizz) - uK3(z; z),

Kg’ Z(z,‘s=z}=—uK;,s(z;s=z}+ u'K;,*s (z;5= z). (9b)

FIG. 1.
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Integrating (7) over the contour (illustrated in Fig. 1) with integrating factors exp(ity)/
47r(A + B); A explily)/4m{A + B ), we find the Marchenko equations

Filz+y) =K (z;y)+ [ (K} (zs)F} (y+s)= iK} (5 s)E} | (y+s) yds =0,

Fz4y) = K5 (zy) + LAKNz B F) (y+s) = F,) [y +s)] =

ey 2 , -
- 11\2(z,s)F2Yy(y+.s) Yds = 0,

where

w ¢d
Fl(z) = / f—i exp (i$z) [b2(N)/ a2(N) — ba(— ) far (- V)

- m

- ;-z exp (it% 2)b, (N )fa, (),
b, tdb ,
Fi(z) = [ = exp(i§2) [ba(0) /200 + ba(= V)] ax(~ V)]

— ;—Z exp (ii'kz) )xkbz()(‘)/az,)\(?\k).

The solutions of {10) are determined to within an arbitrary function f,,
K} =£K};K? =£,K% +i(l —f,). From the conditions on the diagonal (9b) it fol-
lows that ¢ and g * do not depend on f, and, analogously to the preceding case, the
MISR is closed. The solitons in spectral problem (6a) correspond to nonreflective
potentials with a real discrete spectrum, and bions correspond to nonreflective poten-
tials with a pair of complex conjugate eigenvalues. The construction developed here
can be extended to the case of an external magnetic field oriented along the anisotropy
axis.

In conclusion, the authors express their deep appreciation to Professor V. A.
Marchenko, S. A. Gredeskul, V. P. Kotlyarov, L. A. Pastur, and E. A. Khruslov for
detailed discussion of the results and for valuable suggestions.

"In this paper, a letter subscript indicates the corresponding partial derivative.
2In the case of a ferromagnet with an easy-plane anisotropy, an external-field-dependent unperturbed opera-
tor 4, (|z| = «) appears and the state of the magnet as |z|—w depends strongly on the field.
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