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A method is proposed for detecting small changes in length by means of a
SQUID-magnetostrictor system. By using an advanced SQUID with a resolution
of 1075,/ VHz, one can develop a system for measuring relative

elongations on the order of 1072Y \/f{_z and less. This estimate demonstrates the
potential for the use of SQUID~magnetorestrictor systems for detecting
gravitational waves. Fluctuations of the magnetization of the magnetostrictor are
incorporated in an analysis of the resolution of the system. © 1994

American Institute of Physics.

The idea of exploiting the inverse magnetostrictive effect in strain measurements is
hardly new. There are detailed descriptions of working strain-measurement systems based
on this principle in special reviews' and even in courses in general physics.’

In this letter we evaluate the limiting capabilities of this classical method in the case
in which the magnetic response is detected by a superconducting quantum interferometer
(SQUID). The resolution of an advanced commercial SQUID in terms of flux is limited
by Nyquist noise and is usually about 3X 107 3®/vHz=6.2x 102" Wb/ JHz, where
®,=1#/2¢=2.07X10" ' Wb is the quantum of magnetic flux.® A resolution on the order
of o6b= 10“6430/@: 2.07x1072 Wb/ \/’I-E has been achieved in certain
experiments.*~%

Let us estimate the relative elongation AL/L of a rod of a magnetostrictive material
of cross-sectional area §, which causes a change in the magnetic flux penetrating the rod,
Ad = 5P, if the rod is in an external field H. The simplest characteristic of the inverse
magnetorestrictive effect is the magnetostriction sensitivity constant A, which relates the
change in the magnetic induction in the material to the stress which causes this change.’
Ordinarily, A is on the order of (or greater than) 2 X 10™? T/Pa. The stress which arises
in a rod because of its elongation is found from Hooke’s law. For an estimate we will use
the typical value £=200 GPa for the Young’s modulus of a solid. We then have
SP=AD=SAE(AL/L). Assuming S=2X10"2 m? (=200 cm?), we find a minimal
observable elongation 8L/L=2.5X10"%¥ \/_}E

If the elongation SL/L is to actually be detectable, the flux fluctuations 6@, gen-
erated by the magnetostrictive rod “itself”” must be small in comparison with the Nyquist
noise of the SQUID. Let us attempt to test this condition.

As an empirical upper estimate of the spectral density of the noise of a ferromag-
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netic core, we can use data from several studies of magnetic encephalography, in which
biomagnetic fields are detected without the use of SQUIDs.*®

In these experiments the total noise of the coil with the core at T=300 K (“room
temperature’) was 3x10717 Wby \/I?i It was asserted in Ref. 8 that this value was
determined by the Nyquist noise of the coil resistance; i.e., it was asserted that the noise
of the ferrite core was considerably weaker.

To find a theoretical estimate of 8®,;, we use the fluctuation dissipation theorem.’
We write

ﬁ x
(6D3)= - fo all(w)coth(hw/2kT)dw,

where ay(w) is the imaginary part of the generalized susceptibility of the magnetic
system at the frequency w, and the factor coth(hw/2kT)=2{[exp(hw/kT)—1]"'+1/2}
reflects the Bose statistics of the “magnetic oscillators” and the contribution from zero-
point vibrations. The generalized susceptibility of a system is expressed in terms of the
magnetic  susceptibility of the magnetorestrictive  cylinder, x(w), by
apm(w)=(Spo/L) x{w), where w is the permeability of free space, and L and S are the
length and cross-sectional area of the cylinder. The imaginary part of the magnetic sus-
ceptibility can be estimated by substituting experimental data on ferromagnetic resonance
into the formula for y"(w) found from a solution of the Bloch equations:’

v Xowo(B)T
X )= o B 7

[The imaginary part of the generalized susceptibility turns out to be an odd function,
ay(w,B)=— ay(— w,~ B), because of the change in the sign of the resonant frequency
wo(B) upon a change in the sign of the magnetic field B.] For yttrium iron garnet in a
field B=0.11 T, for example, we have y;=1.3% 1077, wo(B)/2m=3.3x10° Hz, and a
transverse relaxation time 7=1.7X 107 /27 s. Determining the integrand in the formula
which expresses the meaning of the fluctuation dissipation theorem in this manner, we
find the frequency dependence of the spectral density of the noise generated by the rod:

MohS Xowo(B)T
7l 1+[w—wy(B)

Under the condition k7> w we have coth(Aw/2kT)—2kT/h and thus

8D w)=

L 7_Zcoth(ﬁ w/2kT).

2poSkT Xowo(B)T 2
mlw 1+[w—wy(B))7

P y(w)=

It follows from the last expression that in the limit w— 0 the frequency dependence of the
spectral density is like the spectrum of the flicker noise (i.e., the 1/f noise).

For example, at a frequency of 1000 Hz in a band of 1 Hz, the noise generated by a
magnetostrictive rod with dimensions L=1 m and §=2X1072 m? at T=4.2 K (“liquid-
helium temperature”) is 6®y=1.5x10"2 Wb/ VHz according to the last formula.
Comparing the value found for 6%, with the Nyquist noise of a SQUID,
50 =2.07x10"2" Wb/\Hz , we see that the fluctuations of the magnetic flux caused by
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the rod must be quite small and should not degrade the resolution of the system. The
value found for @), above corresponds to transverse fluctuations of the flux, but a
simple trigonometric conversion of the contribution of transverse fluctuations into longi-
tudinal fluctuations (with which we should compare the Nyquist noise of a SQUID)
shows that they are small even in comparison with §®), to the extent that the ratio
6@ /D is small, where @ is the constant longitudinal magnetic flux. The scale of the
fluctuations of the magnetic flux found from the Ginzburg—-Landau theory agrees quali-
tatively with the estimate found above. It has also been shown that perturbations of the
magnetic flux of a cylinder caused by thermodynamic fluctuations of the temperature (the
magnon contribution)>!! are also quite small in the low-temperature region. The esti-
mates above should of course be supplemented with direct measurements of the fluctua-
tions of the magnetic flux in magnetostrictive materials at liquid-helium temperatures.
Such measurements would make the formulation of an experiment of this sort realistic.

The detection system described schematically above is thus capable in principle of
detecting a relative elongation at the level 2.5X 10™2%/ VHz. This figure is comparable in
absolute value to the amplitude of the perturbation of the metric tensor k= \/h§Z+ 2,
caused by the passage (in the X direction) of a gravitational wave with an intensity on the
order of 10 erg/(cm?-s) (at a frequency f=10° Hz)."? In principle, it thus becomes
possible to use the system proposed here as a detector of gravitational waves of the
indicated intensity. To some extent there may be an analogy here with the use of piezo-
electric crystals to detect gravitational radiation.'

We might point out some particular features of measurements of the response of a
magnetostrictive transducer. A magnetostrictive cylinder can be coupled with a SQUID in
a natural way with the help of a superconducting flux transformer. When the transfer ratio
of the flux transformer is taken into account, the overall sensitivity of the system in terms
of flux may be slightly degraded. In Ref. 14, with a SQUID sensitivity
ob=6X 10_7CI>0/ \/'I-Tz_, the resolution referred to the input of the flux transformer was
2X1073d,/ VHz. This figure corresponded to an optimum transfer ratio of 0.01
(I'=4.2 K). By shielding the pickup loop of the transformer with an additional outer
superconducting ring, however, one can effectively reduce the inductance of the pickup
loop and thus increase the transfer ratio of the flux transformer. In the calculations, a
value of one was used for the transfer ratio. This method has the advantage that the
pickup loop can be near the cylinder without making mechanical contact with it, with no
degradation of the overall Q of the system. The external field is introduced in an equally
simple way by means of a small superconducting coil with frozen flux (after the cylinder
is magnetized to its “working point,” the external field can be turned off). If a piezo-
magnetic material (CoF, or MnF,) is used as detector, one can do without external
magnetization completely, although the cross-sectional area of the cylinder will have to
be increased by about two orders of magnitude in order to preserve the sensitivity.

A characteristic feature of the detection system proposed here is that it is, to some
extent, naturally immune to parasitic effects which are totally unrelated to the passage of
the gravitational wave (and which are caused by, say, seismic vibrations). The magnetic
response in such a system should arise only as a result of an elongation of the magneto-
strictive cylinder. In a first approximation it is independent of a translational motion of
the cylinder as a whole. There may also be a suppression of the parasitic signal corre-
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sponding to a rotation of the axis of the cylinder. The measured magnetic flux at the
equilibrium position of the axis is at a maximum,; since the first variation of the flux near
its maximum has a zero value, the response of the system to a rotation of the axis is also
zero in a first approximation.

The limitation on the resolution in terms of the relative elongation of “purely me-
chanical” origin in the case of a magnetostrictive transducer should not differ in a quali-
tative way from the corresponding restriction on the resolution of other gravitational
detectors. Let us examine the limitation which is imposed by longitudinal elastic vibra-
tions of a magnetostrictive cylinder. For this purpose we make use of the fluctuation
dissipation theorem, which allows us to determine the spectral density of a noisy “elon-
gation” of the cylinder, SL2. For elastic vibrations, the frequency dependence of the
imaginary part of the generalized susceptibility differs from the corresponding depen-
dence of the magnetic fluctuations discussed above:

ww,/Q,
mm (w?— 02— (ww,)¥Q:"

ap(w)=

In the limit k7> % w, this frequency dependence of the susceptibility leads to an inde-
pendence of the spectral density of the noisy elongation from the frequency (i.e., the
noise turns out to be “white’’). The intensity of the fluctuations of the relative elongation
can then be written (SL/L)?=16kT/7°SQ,V>pn>, where m is the mass of the cylinder,
p is the density of the magnetostrictive material, Q,, is the mechanical quality factor of
the system, w, is the resonant frequency, n is the number of the overtone (an odd
integer), and V is the longitudinal sound velocity. The limitation on the resolution at
liquid-helium temperatures corresponding to a low overtone with a quality factor on the
order of 10° is 8L/L=10"2%Hz. This noise threshold could evidently be reduced
substantially by increasing, to the extent possible, the quality factor Q, and the cross-
sectional area of the cylinder, S (in a numerical estimate, we adopted S=2X10"2
m2, p=8x10% kg/m®, and V,=5 X 10> m/s). We would expect a greater effect from the
increase in S, since in this case the decrease in (S8L/L)> would be accompanied by an
increase in the “sensitivity” [A®=SAE(AL/L)]. An increase in the sensitivity also
(among other things) “cancels” the increase in the magnetic fluctuations @ (w) pro-
portional to S, so the magnetic noisy elongation 8L3/L?= 8O (w)/S?A2E? decreases
with increasing S as 1/S.

We conclude with one more particular feature of a magnetostrictive detector, As can
be seen from the equations written above, fluctuations 8L/L do not depend on the length
of the cylinder, L, and the amplitude of the magnetic fluctuations discussed above,
8P (w), is proportional to 1/ VL. In other words, it depends only weakly on L. Since
the sensitivity of the detection system proposed here does not depend on the length of the
cylinder [AD=SAE(AL/L)], we conclude that we have some latitude in the choice of
L. There can be no such latitude in the case of a piezoelectric detector, since its sensi-
tivity is proportional to the linear dimension (AU =(LdE/eye)(AL/L), where AU is the
potential difference generated by the pickup, 4 is the piezoelectric modulus, and €€ is
the dielectric constant). This “latitude” in the choice of L means that one can develop a
compact magnetostrictive detector of gravitational waves. At the same time, we should
point out that in estimating the sensitivity of the system we used “optimistic’” values of
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such parameters as the transfer ratio of the flux transformer and the sensitivity of the
SQUID. Achieving these optimistic values in a real situation would not be a simple
matter.
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