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Atomic decays of elementary particles which give rise to pionium, i.e., an atom
consisting of positively and negatively charged pions, are discussed. The
relativistic correction to the lifetime of pionium is calculated. The possibility of
studying these decays at meson factories is discussed. © 1994 American
Institute of Physics.

Pionium (the dimesic =¥ 7~ atom) was recently discovered experimentally.1 Al-
though its lifetime has not been measured, it presumably will be in further experiments.’
Measurements of this sort might provide a model-independent way to find information on
the scattering length of pions.>* Although pionium was first discussed in Ref. 3, the
current experimental research on atoms of this sort was initiated by papers by Nemenov.’
Additional information of the properties of such atoms can be found in Refs. 6 and 7.

Even the first papers on pionia discussed the possibility that they would form in
decays of elementary particles. Since the corresponding widths are very small, research
on such decays has not been worthwhile until now, when several high-luminosity meson
factories are expected to come on line. Below we discuss certain atomic decays involving
pionium in the final state,

In the nonrelativistic approximation, the amplitude for the atomic decay,
M, —M,+A,, is given by’

P, ) iV(x=0)

2 12 \/-’; »
where m=m ., ¥(x=0) is the Schrodinger wave function of the hydrogen-like atom at
the origin, and I(Q,,p+,p-.0Q>) is the amplitude for the nonatomic decay
M (Q)—7 (p )+ 7 (p_)+M,(Q5). If this amplitude is known, expression (1) can
be used to calculate the ratio of widths for atomic and nonatomic decays. For example,

using the experimental Dalitz plot for’ 7— 7+~ 7,

Py
<M2A21r|Ml>=I(Q1’7’ (1)

[7(x,9)]>~1—(1.08+0.014)y+(0.03%0.03)y?+(0.05+0.03)x?, 2)
we find

I'(n—nA
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T(p—nta a%
(We are assuming here that A, . forms in the 1S state. If a sum is taken over all 1S states,
the result is increased by a factor of about 1.2). The value of 3.9x1077 cited in Ref. 7
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corresponds to the theoretical predication'® I(x,y)~1—0.55y and may prove t0o opti-
mistic, although the errors in the determination of the quadratic terms in (2) are such that
we cannot rule out the possibility of a several fold increase in the value in (3).

Using the experimental data analogous to (2) for K* —»>a7*+ 7" m™ (Ref. 11),
K;—7mta 7’ (Ref. 12) and %' — p7" 7~ (Ref. 13), we find

;
F(KL_’ WOAZ#)
K, —n n a°

I'(p'—nAs,
~8.6X1077, —(,7!——77—+Z—z~1.4><10‘6. 4)
NG E A

In the case of K*— 7"A,, decay, we need to allow for the circumstance that the 7"
mesons are identical; when we do this, the result is doubled. Another difference of a
factor of about 5 between K * and K decays is attributed to different shapes of the Dalitz
plot for the decays K* —w 7" 7~ and K, — 7" 7~ #%. The decay K™ —7"A,, was
discussed in Ref. 14.

For c¢—r and B-meson factories, the atomic decays y¥(2S)— ¢(1S)A,, and
Y (25)—Y(15)A,, may be interesting, since the widths of the corresponding nonatomic
decays are larger. Taking information on the amplitudes of nonatomic decays from Ref.
15, we find

T[y(28 18)A, .
[‘/j( )_)lll( )+2 1 %4.6X10_8,
NY(2S)—y(1S) 7" 7]
5
T[Y(28)—Y(1S)A,,] 5 9%10-8 ©)
T[YRS)=Y(AS)m w1 ‘
The results in (3)—(5) lead to the following probabilities for atomic decays:
Brl¢(2S)— ¢(18)A,,]~1.4X1078, Br[Y(2S)—=Y(18)4,,]~1078,
Br(n—7A,,)=~2X1078, Br(n' —nA,,)~6.2X1077, ,
Br(K*—mtA,,)=~5.5%X10"7, Br(K;—7A,,)~1.1x10"". (6)

For a B factory, these figures correspond to a few events per year, so it would be
unrealistic to study the atomic decays of Y. For a ¢ factory, in contrast, we would expect
~10* atomic decays of K mesons involving pionium per year. An experimental study of
such decays would thus be completely realistic.

We turn now to the corrections O(a) to the lifetime of pionium. The amplitude for
the primary decay of pionium, A,,— 707, is given by the expression®

dp Py Py
0,0 = _A A
<7T ™ 'A21T> J, (2,".)4 J(Pl:pb 2 +P, 2 p X(P), (7)
where x(p) is the Bethe—Salpeter wave function for the A,, bound state, and
J(p1,p2.p+,p-) is the wtw~  -irreducible kernel for the transition

7t (p)+ 7 (p)—7(p)+ 7°(p,). We are using the relativistic normalization
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(plg)2E,(27)*8(p—q).

At O(a), the quantity J is constant and is determined by the pion scattering lengths
ag, and aj (Ref 17)

32
J=—3— mm(ag—a,). (8)
We can thus rewrite (7) as
(m' 74y =T X x(x=0), 9)
where
dp
X(x=0)=JWx(P) (10)

is the Bethe—Salpeter wave function at the origin.
The Bethe—Salpeter equation for x(p) at O(a) is (in the rest frame of the A, ., with
A=e*M%/167%)
2 2 :
M, iX x(q)
m*+p*— m?+ 2—(—— )] = f PP el 11
118

It corresponds to the Wick—Cutkosky model.”® This circumstances was first noted in Ref.
19 and was utilized there to calculate a correction O(w) to the width of the decay
I([AHVA!“7

According to Ref. 18, the solution of (11) for the ground state (a 1S state in the
nonrelativistic limit) is

M,
7 Tho

xo- [ EEE (12
where
A=m?=iMi~p*=A*=p?, B=poM,, (13)
and the spectral function g(z) is given by the integral equation
A 1 [1—
glz)=3 f TN F B(z—y)+ ®(y z)|g(y)dy. (14)

However, we have A>=m?~ M2~ tm?a?, so we can write
My~

1 ™
A2+§M§y2 g ) o), (15)

where a(y) is a small quantity O(a) in comparison with the first term ~ 8(y). Taking
g(2)=go(2) + ag,(z), we find from (14) and (15) (N, and N, are constants)
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A (1
go(z)=Ng(1-|z]), gi(2)=N;(1—-|z})+ Ej_lv(y)R(z,y)go(y)dy, (16)
where
_ 1-z 14z
R(Z,)’)—l—_;@(z“}’)+m®()’—z)-

Evaluating the integral in (16) in the limit @—0, and noting that we have A mim*a=1 for
the ground state, we find

Ny
g1(2)=N,(1—-|z])+ '7;{(1‘|Z|)1ﬂ(a)+(1+|Zl)[ln(2[zl)—ln(1+|Z|)]}-
An an accuracy O(a) we thus have

81 =N] (112D + 201 12D 0t2lz) 1 +2)1), )

from which we find the following expression for the Bethe—Salpeter wave function in
(12):

(2-P2) N [142 <P>] (18)
X\P,L8)= 2 2 —XU\P.fa)(-
(AZ_pZ)lmZ_ _Pi’i_*_p [mZ_(ﬁ_ ) l T
2 2
Here
mr—|E2 _ )
p PA 2
X:(p,PA)=Wln mz—(j‘l’) ]
P 2
mz—(TA-i-p

—In(AZ-p?)+O[aln(a)].

(19)

The normalization constant N is found from the normalization condition of Ref. 20. It can
be shown to be

[24
N=32\/7rm(%ma)5/2(1+; . (20)
In the nonrelativistic limit, (18) and (20) lead to
® de i
f_m P X(P)—\/—’—n? w(p), 21)

where ¢(p) is the Schrodinger wave function in momentum space. This circumstance
explains the presence of the factor i/ Vm in Eq. (1.
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Substituting the value found for y(p) into (10), and evaluating the integral to within
terms O(a), we find

(22)

)((x=0)~\/%‘l'(x=0) 1+2;:T

For the width of the A,,— 77" decay this expression yields the following correction
Oa):

l-‘(A2'rr'—') 770770) = FO(A27T'—’ 770 770)

o
1+ 4——) . (23)
i

An expression for I’y is given in Ref. 4, among other places.
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