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It is shown that the asymptotic form of the coefficients of expansion of the Gell-
Mann-Low function in scalar theories of the form H;, = ¢*/4! is determined

by spherically symmetrical solutions of the classical equations in Euclidean 4-
dimensional space and by the quantum fluctuations near these solutions.

PACS numbers: 11.10.Ef, 11.10.Gh, 11.10.Jj

1. Nonlinear classical field equations with exact solutions have attracted
interest in recent years. !!! The hypothesis has been advanced that the presence
of finite~energy stationary solutions (solitons) of these equations offers evi-
dence in favor of the appearance of stable states in the spectrum of the corre-
sponding quantum problem. [*! Nonstationary solutions with finite action were
also obtained for the Yang—Mills model in Euclidean four-dimensional space
(the so-called pseudoparticles). i1 The question of the corollaries that can be
deduced for the quantum problem from the existence of nonstationary solutions
is still open at present, In this paper it is shown, using scalar theories with
dimensionless coupling constants as an example, that the degree of divergence
of the perturbation-theory series is determined by spherically-symmetrical
solutions of the corresponding classical equations in four-dimensional space at
a negative sign of the coupling constant. An exact estimate of various quantities
in higher orders of perturbation theory is also of practical interest. Thus, for
example, in quantum electrodynamics, the accuracy with which the anomalous
magnetic moment is measured will necessitate in the nearest future calcula-
tions of a tremendous number of eight-order perturbation-theory diagrams.
One can hope that the methods developed in the present paper can be general-
ized to the case of quantum electrodynamics,

2. We consider a scalar theory in D-dimensional Euclidean space-time with a
Hamiltonian
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and assume for the renormalizability of the theory

D=2n/(n-2), n=46.., g, >0. (1b)
The constant g, is the invariant charge
@’/ 8,) = 8,0, (07 /u%, g,) " 207 /u’, g) @)

at the normalization point p?=p% =u?, where I',=d=1. The vertex function

I (p*/u, g,) is calculated at the symmetrical space—lxke point p}=p?>0,p,p; 14
=- (pz/n 1), and A(p)=p=2d(p?/u?, g,) is the Green’s function of the scalar
particle. The counterterm 7¢ in (1a) serves to eliminate ultraviolet divergences
in subdiagrams with m <n points:
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In this paper we obtain the asymptotic behavior, as K~—», of the expansion
coefficients C,() of the Gell-Mann—Low function

delp®/u?, g”)

24 2 - =; R 2,2, k 4
¢ lelp/u"s g,)) 7 k=2( g(p°/k" £,)) Cylr), (4)

In the class of theories (1a) and (1b), the models of physical interest are
those with n=4, D=4 ! and =6, D=3.'%! In the limit as n — «, the coeffi-
cients Ck(n) were obtained in my preceding paper in arbitrary order of per~
turbation-~theory. (61

3. In high orders, the main contribufion to the invariant charge (2) is made
by the corrections to the vertex part I',. To calculate them it is necessary to
find the kth order of the expansion of the n-point Green’s function
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It is easy to verify that as k— « the functional integral (5) contains a set of
saddle-point values for ¢ (x) and g,:
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From the point of view of the Feymann diagram technique, this fact means
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the existence of a saddle-point distribution density § (x)=~ g, (¢"/n!) for the in-
teraction point in the kth order of perturbation theory.

The summation in (5) over the contributions of the saddle points with differ-
ent centers x and scales y is carried out in standard fashion. The quantum
fluctuations near the saddle-point values (6) are calculated by diagonalizing the
quadratic form in the small deviations A¢ and Ag,, which results from the

expansion of H. The counterterm #(§,g ,) eliminates in this case the produced
ultraviolet divergences,

After removing the external Green’s functions from G,‘,k’ and changing over
to the vertex function I', in momentum space, we obtain, using formulas (2) and
(4), the following expression for the asymptotic values of the coefficients C,{n):
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for the case of the theory with H,,, =g, [d*x(¢?/4!).

It can be verified that lim, ., lim,.. Cyln) (see (5)) coincides with the asymp-
totic form, as 2— =, of the coefficients C,(r) obtained in the preceding paper
for the case of large «. 6!

How soon does the asyptotic regime set in? Let us compare the first three
coefficients of the Gell-Mann—~ Low function, obtained by direct calculations of
the Feyman diagrams, 1! with their values obtained from the asymptotic
formula (6) (C,(4)= (1677)*14,):

4,=3/2, A,=11/8, A,=192 ®
P ~ ~
4,=015 4,=-189, A4, =209
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Thus, the asymptotic regime is reached sooner, giving grounds for hoping
that the correction terms ~ 1/K in (6), which can also be calculated, have an
anomalously small coefficient. This fact raises the hope of the possibility of
independently verifying the result!®], that an ultraviolet stable points exists in
the scalar theory. The next task is to calculate the Gell~Mann—Low function
in the Yang~~Mills theory and in quantum electrodynamics,
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