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Branching processes with two types of particles were used to investigate the
multiplicity distributions in QCD jets. Solutions of the evolution equations for the
process were found and the KNO scaling limits were investigated.
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The concept of hadron jets like that of a branching process (BP), which was
developed in the investigation of the scale-invariant, quantum field theory,' was used
in a phenomenological approach to the e*e™ annihilation process.” These concepts
have recently been further developed in terms of the evolution equations in asymptoti-
cally free theories.® The probability interpretation of the principal logarithm approxi-
mation in quantum chromodynamics (QCD)* makes it possible to treat these equations
as equations for the branching process: the branching process can be represented as a
sequential decay of a parton of mass 1/Q ? that produces a jet, and the parton can also
be changed due to emission of other partons. The virtual masses of partons (quarks
and gluons) turn out to be ordered on the tree diagrams, so that each *“parent” parton
is always farther from the mass surface than its “‘offspring.” This makes it possible to
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relate the time variable ¢ of the branching process to the mass of the initial (v/Q?) and
“running” (v'k %) partons

1 2
t = 6011N, -28, 17 in a 1
Ink? |

in a theory with N, colors and N, flavors. The branching process is terminated at the
“time” the partons are near their mass surfaces (k?~Q}) and their hadronization
process must be started.

We shall examine a branching process with two types of particles: quarks and
gluons. The development of the branching process with time is completely determined
by the probabilites of the transitions P} , (2) to the states with n; quarks and n, gluons
in the quark (i = 1) and gluon (i = 2) ]ets *We introduce the corresponding generating

functions
Fiftin.z,)= S Py (t)zy?
1'"2 2

which contain all the necessary information about the branching process. The evolu-
tion equations for the branching process, which are written for the generating func-
tions, have the form®

L3 : ny n,
Fpo= 200 (F) H(E) (1)
fiyefg
with the initial conditions
Fi 0,2, 2,) =2, - (2)

The values A’ are the matricies of the infinitesimal transitions

_,,Z(t) =8, +A,,1+0(%; 8}, =85, =1, the remaining are &, , =0). It fol-
lows from the normalization condition and P, (¢) that

5 af =0 (3)

npng 1Mty
where A |, <043, <0, and the rest of the A |, >0 have the meaning of the probability
density of the corresponding transitions.

The nonvanishing probability densities of the elementary transitions in the princi-
pal-logarithm approximation in QCD are: 4 |, =A,4 3,=v,,4 3, =v,. These values are
the fundamental parameters of the branching process; The problems associated with
the calculation of these values in QCD will not be examined here.

Equations (1) allowance for Eq. (3) have the following form:
Fl = —=)\Fl +]/\ F1F2 »

. 4
F, = =y +7g) Fy + nFl +mF3
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Equations like (4) were obtained in Ref. 6 on the basis of the so-called “jet calculation
rules”, where the solution of the simplified Eqs. (4) with ¢, = O was analyzed. From a
physical viewpoint, this case represents the absence of quark generation in the branch-
ing process (#,=1 in the quark jet and n,==0 in the gluon jet) and, therefore, is of little
interest. For arbitrary values of A, ¥,, and ¥, the solutions of Egs. (4) cannot be found
in quadratures. Therefore, it is a pleasant surprise to be able to obtain an explicit
analytical solution of (4) in the physically interesting case of 4 /7, = 1. The 4 /v, ratio
in QCD can be represented in the form

My, =1/2 < 1/2N% (My, =4/9 for N, =3, My, ~1/2 for N} >>1),

Eliminating F, in Eqgs. (4), we obtain a nonlinear, second-order equation for F,, which
can be reduced, by means of the substitution F,(¢) = [ f(t)] ~*/7 to the linear deriva-
tive form

-2\
2 /yz) -0.

F ey -m)f -nnfll-f (5)

When 4 /¥, =1 Eq. (5) is completely linearized. Thus we obtain

. ¢ -Vt - N - V. ¢t
Fy={Ae? v B 411 ", F=1-F [uy? - AgeTh ] .6
x Y,
The integration constants 4 and B in Eq. (6) are functions of z, and z,, which can be
determined by basic calculations from the initial conditions (2)

A =Cyp +y ) 71272 (1 =2 )2 4y, (1 —2)) ], Baly, +y,)7 127t Yolzg= 23

The average number 7; of partons in the jets at large multiplicities are (the super-

script represents the jet and the subscript denotes the parton):
oF;
dz,
]

- it (7)

lavzz =1 ] yl +v}’2

nt. =

/

z

Relations (7) show that the number of each type of parton in the gluon jets is twice as
large as in the quark jets. We can also find

0 dF. . nint —Tiwt
T s (i )RR o AR TR g
A I P nial

The distributions of quarks P‘(n,) and gluons P’(n,) in both types of jets and the
KNO functions g(x) corresponding to them are determined in the form (x=n,/7)):

i =. i i =- i ! " = i ‘i. i P
P (nl) = EZP"1"2°P {n2) EIP"1"2' ‘Pl (%) ;ill-r:l” n]P _/nl)

/
The ¥;(x) functions can be determined from the corresponding limits for F;:
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Relations (9) show that the generatmg F, functions in the indicated limits become the
Laplace transformations P I(s) of the corresponding KNO functions ¥ ;(x). This is an
important result. Although the P(n)’s are hard to find, their asymptotlc forms can be
easily calculated for large 7, if the explicit form of the F generating functions is known.
We find for the solution the following KNO functions of the quarks and gluons in the

jets:

¥lix)=¥l(x)- exp(=*/9); ¥i(x) =¥](x) = expl=x). (10)

V2na

In conclusion, we shall examine two problems. First, how are the results for
quarks and gluons related to the observed hadron distributions? There are reasons’ to
believe that the production of hadrons (a process outside the scope of the perturbation
theory in QCD) occurs “locally” within the quark-gluon clusters of finite mass ~ Q.
In this case the final characteristics of hadrons are similar to the corresponding
characteristics.

The second problem involves the correct conversion from the infrared diver-
gences to the evolution equations for QCD. Thus, the naive derivation of Egs. (4} in
QCD gives infinite parameters A and y, (but a finite A /¥, ratio) and some regulariza-
tion procedure is required (see Ref. 6). For this reason, only those relations which give
relative values [for example, Eqgs. (8) and (10)] that depend only on 4 /¥, can be trusted.
The problem of calculating the absolute values [for example, Eq. (7)], which requires a
detailed study of the emission mechanisms of soft partons, is now being investigated.
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