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It is shown that an ordinary wave, as it propagates through a nonuniformly
oriented liquid crystal, has a nearly constant phase velocity and therefore it is
scattered weakly. The results are important for studying the disclinations in
liquid crystals by using optical methods.

PACS numbers: 61.30.Eb, 78.20. — e

As is known, the mesophase of a nematic liquid crystal (NLC) is usually a turbid
liquid. The reason for this is that the orientation of the director in large volumes is
highly nonuniform. The refractive index of the extraordinary (e) wave is strongly
dependent on the angle § between the director vector d and the propagation direc-
tion k/k|;

20 : 20 -
nc(ﬂ) =[cos + = =n + (n - n Jcos?0(r). )
n my

Since ny-n" 0.1-0.3 for a typical NLC, the fluctuations of the refractive index
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ne(r) are large. The deviation of a ray in geometrical-optics approximation with a
transverse gradient df/dr v a ~*! within a length / amounts to a™v n -n”)/a;even for
one inhomogeneity with /" g this gives a v 0.1—-0.3. Therefore, the passage of an e
wave through several inhomogeneities completely randomizes the propagation dir-
ection, which accounts for the turbid medium.

We focus attention in this paper on the simple fact that the variations in the
direction of the director for an ordinary (o) wave do not change the refractive index;
n, =njand do not depend on 8. Therefore, in the crudest approximation the o wave
propagates as though it were in an optically homogeneous medium, i.e., not a turbid
medium! A more exact analysis of the problem shows that the o wave is distorted
as it propagates through an NLC with nonuniform orientation of the director, but
the distortion is markedly smaller than for the e wave.

First, we calculate the correction for the local, effective, refractive index—the
correction due to orientational nonuniformity. We look for the induction vector
D(x) in the o light wave in the form

Dir) = ¢ “fe_ (1) Ar) + €, (1) B + e,() €)Y . o

Here ko = wno/c=wn| [c, and the unit vectors &(r) and e(r) pertain to the 0 and e
polarizations, which follow exactly the local orientation of the optical axis

e (r) = [d() xez]/lld(r) xez]‘; ez(r)=[e°(r)xez]. 3)

1t can be shown that B v A\|grad di/(r, -n,) and C~v A\|grad d| for the o wave.
Assuming that n, ~n, <n,, we drop for this reason the terms that are "Ce, in Eq.
(2). The Maxwell’s equations have the form

rotrotE - 02D /c?2=0, )
Ao
E=e™'D; ¢, (1) =nl8; + (n} - n2)d, (1)d, ().
Writing the director unit vector d(r) in the form
d(r) = (Cxcos #(1) + €, sin & (r))sin0(r) + e,cosf (r) (5)
from Eq. (4) in the approximation of slowly varying amplitudes A(r) and B(r) for

[BI< 141, i.e., for the 0 wave, we obtain the following equations by projecting Eq. (4)
toe, and e,:

dA n?2 dé
L __ B-=-0, 6
dz n2(9) 4: (62)
2n, ¢ n? do
Beoim 5 — 4. (6b)
w(ng '"f) nS dz
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The relation (6b) means that because of the imprecise uniformity of the director
0¢/0z an e wave is locally added to the o wave at each point, which makes the result-
ing polarization slightly elliptical (compare it with the result for slightly twisted chol-
esterics2 p. 264). The relative amplitude of the addition is of the order of |B/A |
Nhyn 9¢/0z,i.e., it is determined by the rotation angle of the director azimuth A¢
within the length Ly, =A/(re -1,) of the phase mis-synchronization of the e and o
waves.

Substitution of Eq. (6b) in Eq. (6a) gives for |n. -n,|<n,

0A 2 2
— =i—(;-)-3neff (r)4d, 8"eff =—(%>[ne(8(r)) —no]"](—j—q‘i) .

0z z
Q)

Under typical conditions the phase fluctuations of the transmitted wave due to
8nggr from Eq. (7) are small. In fact, suppose that the characteristic size of the in-
homogeneity is @ v 10 "2 cm, [9¢/3z|~ 10% cm™!, A\pc =6 X 1075 cm, the total cell
thickness is L =0.5 cm, and n, -1, ~ 0.5(ny -n;) V0.1, Thus, [6 kdz~ 0.5, i.e.,
the phase is equal to 0.5 radian, on the average. Its transverse fluctuations are ap-
proximately \/L fa~ 7 times smaller and therefore are negligibly small.

In fact, the main contribution to the distortion of the wave passing through the
cell is the spatial dependence of the unit vector e,(r), which is the coefficient of the
amplitude A(r) in Eq. (2). If the director is randomly oriented at the cell walls, then
the projection of A(x 2= 0) =E,.e,(r|, z=0) on the 0 wave will have severe trans-
verse inhomogeneities at the entrance €0 the cell; this also applies to the inhomo-
geneity of the unit vector e,(r |, z=L) at the exit. Thus, the scattering angle of the
transmitted o wave is Af ~v A\/d;, where a, is the transverse inhomogeneity of the unit
vector.

If the director has a uniform orientation (planar or homeotropic?) at the cell
walls because of their rubbing, then the change of the unit vector ¢, from the en-
trance to the exit will correspond to the change of its sign. The presence or absence
of such a sign change for the unit vector e, , which follows the director adiabatically,
is determined only by the topological properties of the director distribution in the
volume along the path of the rectilinear ray of the o wave. In other words, the unit
vector changes its sign as a result of transverse shift of the ray that intersects a dis-
clination of the appropriate type. A more detailed investigation of this problem lies
outside the scope of this paper. We shall also forego a detailed examination of the
region of applicability of Eq.(7); it is clear that this equation is invalid as n, - n, = 0,
i. e., for the propagation along the director.

Thus, we predict that a relatively thick cell with orienting walls and a nematic
liquid crystal that is poorly oriented in its volume scatter the incident, plane o wave at
comparatively small angles AG v AJa, where a is the characteristic transverse distance
between the projections of the disclination lines on the cell walls.

The authors thank N. V. Tabiryan and E. I. Kats for valuable discussions.

D after the completion of this work, we learned that such a qualitative confirmation was given
independently by S. M. Arakelyan, L. E. Arushanyan, and Yu. S. Chilingaryan?!
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2)The wave must be obliquely incident on the cell in order to excite a pure o wave in the homeo-
tropic case.
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