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An analysis based on the Adler-Bell-Jackiw equation for a nonzero temperature
shows that the temperature (7;) at which the chiral symmetry is restored is greater
than or equal to the deconfinement temperature 7. At temperatures in the interval
T, < T < Ty, massless quarks acquire a nonzero dynamic mass.
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Using the methods of quantum field theory’™ to study relativistic matter at a
nonzero temperature is important for reaching an understanding of the early universe
and for other astrophysical applications.” There is particular interest in phase transi-
tions in grand unified models and in quantum chromodynamics. Polyakov® and Suss-
kind” have shown that a phase transition from a confinement phase to a phase of free
quarks occurs at a certain temperature 7, in quantum chromodynamics. On the other
hand, in a quantum chromodynamics with » massless quarks, the chiral symmetry
group G = SU, _ (#) is spontaneously violated at 7'= O (Ref. 8). The chiral symme-
try is restored at a ceitain temperature T, in quantum chromodynamics.” We are thus
extremely interested in the relationship between the deconfinement temperature T,
and the temperature at which the chiral symmetry is restored, 7. Working from the
Adler-Bell-Jackiw equation'' and the assumption of confinement in quantum chromo-
dynamics, 't Hooft recently showed'? that a violation of chiral symmetry is unavoid-
able in quantum chromodynamics (with #>3) at a zero temperature.

In the present letter we show that the Adler-Bell-Jackiw equation, originally
derived for T'= 0, remains the same in form at a nonzero temperature. As a result, 't
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Hooft’s analysis is also valid at nonzero temperatures. We will show that
T, >T,. (1

Furthermore, it follows from our analysis that at temperatures T, < T < T massless
quarks acquire a nonzero dynamic mass.

We recall that at 7 = 0 the Adler-Bell-Jackiw equation in a quantum chromodyn-
amics with # massless quarks is

k, TE® (D1, p2) = N 4n2e 8 py p§ Tr [{T T}, T, 1,

T (p,,p,) = (2n)* [ d*xd* yeiPix-ipyy
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where N, = 3 is the number of colors, and T, are the generators of the SU(n) group.
The tensor T3} satisfies the Ward identities

PiwTabe = PuwTape =0 3
and the condition for Bose symmetry, 755" ( p,,p.} = T 5% ( py, P1). Analyzing Eq. (2),
and adopting the hypothesis of quark confinement, 't Hooft showed that at n > 2 the
chiral SU, , (n) symmetry should be spontaneously violated. 't Hooft’s proof was
based on the argument that an anomaly could arise on the right side of Eq. (2) only if
the spectrum of the theory contained massless particles. If the chiral symmetry in
quantum chromodynamics were exact, certain baryons would have a zero mass. At
n > 2, however, incorporating massless baryons does not reproduce'® anomalous equa-
tion (2). We note that in proving the spontaneous violation of chiral symmetry 't Hooft
used a decoupling condition in addition to Eq. (2}, and this coupling condition was
recently criticized by Preskill and Weinberg.'> With n = 3K (where K is an integer),
however, 't Hooft’s proof follows directly from Eq. (2) without the help of the decou-
pling condition.

If we consider a quantum field theory with a temperature, we lose relativistic
invariance. To formally restore relativistic invariance it is convenient to introduce an
external temperature 4-vector n# (nf,T = T?). In the case T #0 all the Green’s func-
tions depend on the external 4-temperature n4. It is not difficult to see that the equa-
tions of motion are independent of the temperature. Furthermore, a direct calculation
shows that Eq. (2) and the Ward identities (3) remain the same at T 7%0. The fact that
Eq. (2) also holds at a nonzero temperature is a direct consequence of the circumstance
that Eq. (2) stems from the linear divergence of the corresponding single-loop integrals.
Since the introduction of a nonzero temperature does not introduce any ultraviolet
divergences not already present at 7= 0, Eq. (2) remains the same, except that on its
right side we have
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nur= (T, o00)
TR (P, p2,ngp)= <OIT(TH*(x) T (v) T2 (0))

(0>, ePiX Py

where
<0>, = Sp(eH/To ) spre/T),

H is the Hamiltonian of the system, and the Sp (trace) is taken over all states. 't Hooft’s
analysis can thus be extended intact to the case T 5£0. It follows that we immediately
know that the temperature at which the chiral symmetry is restored, 7, cannot be
lowered than the deconfinement temperature 7. [inequality (1}]. We might note that
Kogut et al.'? found T > T. through a numerical integration using the lattice approxi-
mation. At T, < T« Ty, the massless pseudoscalar mesons (Goldstone particles) of the
SU; _ x(n) group will contribute to the right side of Eq. (2). If we are to avoid an
additional contribution to the right side of Eq. (2), the massless quarks must acquire a
nonzero dynamic mass at 7, < T < Ty.
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