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A semiclassical theory of electron bremsstrahlung in an arbitrary central field is developed. In the case of
radiation from a ‘““hard” multi-electron ion, the theory yields approximate expressions for the total effective
emission and for the spectrum. These expressions demonstrate the transition from radiation from a

“pointlike” ion to radiation from a bare nucleus.

PACS numbers: 03.65.S, 34.70.

Introduction. Under conditions of a hot plasma (7,
~10%-10° eV) containing partially stripped heavy-ele-
ment ions, appreciable interest attaches to the question
of bremsstrahlung of an electron in a field that goes
over smoothly from the Coulomb field of the nucleus to
the Coulomb field of a “pointlike ion.” Although both
the screening effect and the effect that can appropriately
be called “penetration” have by themselves been con-
sidered many times before (see'’~"! and elsewhere),
until recently there has been no published unified analy-
sis of these effects with an examination of the entire
transition region. (Some of the results of a recent
paper'® that pertain to bremsstrahlung are discussed
below). The purpose of the present paper is to fill this
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gap. This is done below within the framework of the
capabilities of the Thomas-Fermi model of the ion.

Semiclassical approach. The analysis is based on
the semiclassical approach developed by us in brems-
strahlung theory. The gist of this approach is to use
the classical bremsstrahlung theory™? in combination
with certain quantum limitations, consisting of the re-
guirement that the quantum uncertainties of the classi-
cal quantities essential to the radiation process be rela-
tively small.

The main basis for the use of the semiclassical ap-
proach are the symmetry properties of the Coulomb
field, which lead to a characteristic insensitivity of the
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FIG. 1. The ratio = %(Z; N; E)/ «(Z; 0, 0) as a function of

VE/ZRy; »(Z;0;0)=872%"/(3VEmc’h). The dashed lines show
the asymptotic values of » (and are marked by the values of
Z and Z—N). The dash-dot line is a plot of X=0.47(E/ZRy)¥%.

probabilities of a number of processes to the value of
the parameter 1=Ze?/fiv. This insensitivity is most
clearly manifest in a dropping out of # from the Ruther-
ford scattering cross section, and in somewhat weaker
form in the practical independence of the (dipole) total
effective radiation = of . Indeed, in the case of a pure
Coulomb field the semiclassical approach makes it pos-
sible to duplicate the main results of Sommerfeld’s
exact quantum-mechanical theory. ") It becomes clear,
in particular, that the classical character of the elec-
tron motion ensures also a classical behavior of the
bremsstrahlung spectrum,

In the case of a multielectron ion, the field in the
transition region Z -N=Z_; = Z (Z is the nuclear
charge, N is the number of electrons, and Z_;, is the
“effective” charge that determines the bremsstrahlung
intensity) is no longer a Coulomb field, but it can be
shown that the well-known condition for quasiclassical
motion, |dx/dr| <1, is satisfied automatically in the
entire region at Z> 1, so that the semiclassical ap-
proach describes the bremsstrahlung correctly in this
region, too.

To the contrary, the conditions for the applicability'!!

of the Born approximation used in®! are just as auto-
matically violated in the entire transition region at
Z>1.

Total effective radiation. For an arbitrary central
potential U(r), the total effective radiation « {defined,
e.g., in'®) is given in the framework of the semiclassi-
cal approach by

Kaa—";’ﬁ,—}'(dU/dr)z\/l TN E s, 1
mTve , .
where 7,,;, is the solution of the equation”

VI<U(r )/ E =37, /2K (2)

143 JETP Lett., Vol. 22, No. 5, 5 September 1975

(v is the electron velocity, E =mv?/2, x = i/mv).

For the case of Coulomb field U = - Ze?/y we obtain

k=47Z2eS[(1+2%)3/2 =11/ [3yTmcihx (14+22)72) (3)

where x =Ze®/(mv®r,,;,), and v, is the solution of the
corresponding equation (2). Apart from a factor close
to unity, Eq. (3) coincides with the result of the exact
theory''®1 at all values at 7.

For the Thomas-Fermi model of the ion, U=—(Ze%/
7)x(r), we have tabulated the results of (1): certain
typical curves are shown in Fig. 1, and with additional
averaging over the Maxwellian distribution they are
shown in Fig. 2.

Screening and penetvation enevgies. For an illustra-
tive description of the function #(E) in the transition re-
gion, it is convenient to introduce two characteristic
energies that determine the limits of this region, viz.,
the penetvation enevgy E, and the screening enevgy E,,
defined by the natural conditions

x(Z;N;EP) =2«(Z = N;0;0); x(Z;N; E) = I/ZK(Z;();a-). (4)

For the Thomas-Fermi model of the ion we obtain (&
=N/Z; 1 - E<1)

E, =38(1 -&¥ZeV; E; ~92Z eV. (5)

The temperatures T, and T defined in analogy with (4)
are

T, = 18(1 =§¥2 ZeV; T, =~ 54Z eV. (8)

At E,SE<<E_, the quantity » varies approximately in
proportion to Z#3E*? (see Fig, 1).

Bremsslvahlung specivum. With the aid of the semi-
classical approach we can find the bremsstrahlung spec-
trum d=»(w) in an arbitrary central field. For the case
of a Coulomb field the result takes the form

402 Zetv
dk (w) =

{iv(l + ‘/,7»)11,!,})[iu(1 + 1/,,-)];11.,‘}[;".,(1

mc

+ l/n,)lldyi- (7)
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FIG. 2. The ratio g= {(v=(Z; N; E))/ (vx(Z; 0; 0)) as a function
of T,. Solid curve—present calculation, dashed—from the
data of®®, for Z=74 and Z~N=1.
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FIG. 3. W bremsstrahlung
spectrum dx=/dw= (mvid=/dw)/

(2% x(Z; 0; 0)) calculated from formu-
las (7) and (8). Solid curves—for Z
=26 and Z - N =10, dashed—for Z
=26 and Z—~N=1. The numbers at
the curves are the values of the pa-

rameter n=vZRy/E .
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where v=Ze?w/mv®, 1’ =yn (y=1,78 is the Euler con-
stant), and Y and H®’ are the Hankel function and its
derivative with respect to the argument.

Formula (7) accounts well for the results of the exact
theory, "' with the exception of the limiting case of the
vicinity of the short-wave limit at “Born” energies
(n<<1), this being due to failure to take into account, in
our semiclassical approach, the strong change of the
type of trajectory in the radiation act, from linear to
parabolic®, a change typical of this case.

For a Thomas-Fermi ion, by virtue of the aforemen-
tioned quasiclassical character of the motion in the tran-
sition region and (as can be shown) by virtue of the
small radial dimension of the zone responsible for the
bremsstrahlung, it is also possible to use approximate-
ly formula (7), in which Z is replaced throughout by the
effective charge Z .(», w) corresponding to the distance
7o responsible for the radiation at the given frequency:

Z o3e(v, W) =Zx(ry), where 7, is the solution of the equa-
tion

V1 +2zelx() /molr, =4r o /oVTe. (8)

Some of the results of the calculation by formulas (7)-
(8) are shown in Fig. 3.

Discussion. Our results can be used to calculate the
radiative losses of a plasma and for plasma diagnostic
in the ranges of Z, N, and T, of practical interest. It
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is necessary in this connection 10 COMPAre vur resuiuws
with the results of'®], which also pertain to a Thomas-
Fermi ion, but are based on the Born approximation,
which is not valid here. The difference turns out to be
quite appreciable, not only numerically (see Fig, 2)

but also in the form of the dependence on the param-
eters Z, N, and T. Thus, the values of T, and T ex-
tracted from the results of'®! turn out to be (cf. Eq. (6)):

Tp = 9.6(1 = £37%" 98, T, =722 eV, )

Which is equivalent to a strong overestimate of () in®®J,

The authors are grateful to M. A. Leontovich, V. S.
Lisitsa, and B. A. Trubnikov for useful discussion, and
to A. E. Leneva for the numerical calculations,

De note that in the general case Eq. (2) does not reduce to
the customarily employed condition (see, e.g., f1z2}) Pmin~ A
(where p is the impact parameter), a condition valid only in
the Born limit.

NThe possibilities afforded by the semiclassical approach can
be extended by a procedure of “symmetrization” with respect
to the initial and final states, a procedure extensively used
in the theory of Coulomb excitation of nuclei.
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