[6] L.D. Blokhintsev and I.A. Shvarts, Vestnik MGU, ser. fiz.-astr. No. 5, 31
(1972). T

(7] A.G. Sitenko, V.F, Kharchenko, and N.M. Petrov, Phys. Lett, 28B, 308
(1968); V.F. Kharchenko and N.M. Petrov, Preprint ITF-69-8, Kiev, 1969.

[8] B. Akhmadkhodzhaev, V.B. Belyaev, and E. Wrzecionko, Yad. Fiz. 11, 1016
(1970) [Sov. J. Nucl. Phys., 11, 565 (1970).

[9] B. Akhmadhodzaev, V.B, Belyaev, I. Wrzecionko, and A.L. Zubarev, Preprint
JINR FL4-5763, Dubna, 1971.

[10] Y.E. Kim and A, Tubis, Phys. Rev. Lett,. 29, 1017 (1972).

[(11] M.P. Locher, Nucl. Phys. B23, 116 (1970).

[12] L.S. Kisslinger, Phys. ReV. Lett. 29, 505 (1972).

[13] M. Bolsterly and G. Hale, Phys. Rev. Lett. 28, 1285 (1972).

[14] I. Borbei and E.I. Dolinskii, Yad. Fiz. 10, 299 (1969¢( [Sov. J. Nucl. Phys.
10, 173 (1970)1].

INFLUENCE OF TRANSVERSE MAGNETIC FIELD ON LANDAU DAMPING

R.Z. Sagdeev and V.D, Shapiro
Submitted 13 February 1973
ZhETF Pis. Red. 17, No. 7, 389 - 394 (5 April 1973)

1. The presence of an arbitrarily weak transverse magnetic field in the
linear theory leads to the paradox wherein the damping vanishes because of con-
tinuous Landau resonance 6(w - kv) gives way to discrete resonances S{w - an),
where Wy = e/mc and n = *1 and *#2 [1]. This paradox is resolved, in particu-
lar, if the limit is taken correctly with allowance for the fact that as H de-
creases Wy becomes ultimately smaller than 1/t (To = vm/eEk 1s the period of

the oscillations of the trapped particles and E is the amplitude of the elec-
tric field), and the discrete resonances overlap, Aw v 1/To > Wy - The non-
linear effects in the damping then become signifilcant.

As is well known, the Landau damping with decrement yL‘determined by the
linear theory takes place at Wy = 0, for a wave of finite ‘amplitude, only at-

sufficiently short times t < To, and no noticeable absorption of the wave oc-
curs if 1,7 << 1 [2 - 4]. The magnetic field changes the distribution func-

tion of the particles in the resonant region within a characteristic time
REL TTTTTT . . . .
T v (l/wH)/eE/kmvT (VT is the thermal velocity), so that no "plateau" is

established, and one can expect the asymptotic damping decrement to be deter-
mined by an interpolation formula of the type [5]

SRELN]
ren (i Z2) (1)
T
Greatest interest attaches to the case of fields that are so weak that e =
TQ/TREL << 1., Even in such fields, as shown below, there occurs, on top of (1),

an additional fleld damping due to the acceleration of the trapped particles
along the wave front. The corresponding decrement increases with time and its
maximum value can greatly exceed Y,

2. In a magnetic field, the particles trapped by the wave, whose energy is
€ < eE/k, are turned by the magnetic field upon reflection from the boundaries
of the potentlal well and are accelerated in a perpendicular direction, as
shown in Fig. 1. The particle velocity in this direction increases linearly
with time:

279



“_; AL
N
)
A @Ha
‘\)
1 \ 1 -
- xtfk | a2
[ —————
Fig. 1
v, = v, (0) + —(Ewa, (2)

until the Lorentz force evXH/c exceeds the reflecting force —eEZ, as a result
of which the particle "tumbles out" of the well.

The particle motion in the direction of the wave propagation is determined
from the energy integral

m dz')2 eE k" ! dz'd _&
—2—(—:{7 —v—-k—COS zZ + Moy fVX'I t = y (3)

[

where we have represented the electric field of the wave in the form E(t, z) =
E.sin kz' (z' = 2z - wt/k). The magnetic field leads to a shift of the turning
points of the captured particle

: 2
2=tz +8z, cosk(z, +8z) —~cosk(z -8z) = —:_Z_)_szovx(,) ()

and at t v TTR, when cos k(zo + z) = -1 for one of the turning points, the
particle leaves the well. From (4) we have the following estimate for 1

1
(TR ., L
G
(umﬁ’roz 52’1.

, (5)

where U = (w/kvé)/eE7km << 1, corresponding to a small change in the equilibrium

distribution function over the veloclity interval ~v1/kTte. During that time, the
transverse particle energy increases to the large value %mvé/ez.

The acceleration of the trapped particles in a perpendicular direction is

at the expense of the wave energy, and at times t < TTR it l?ads to a damping

of its amplitude, with a decrement that increases with time'l The decrement
1)a similar mechanism of ion acceleration in a transverse magnetic field
is possible on the front of a shock wave (see [61).
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for damping by the trapped particles is obtained from the equation

TR TR
AT L =90,
4 dr (6)

WTR = L f dz v, (0) dv, (O, [ 2(0) + v§(0)1<ﬁ = iﬂ)

is the trapped-particle energy averaged over the wave length, fo(v; + v;) is

their equilibrium distribution function. The change of the longitudinal energy
of the trapped particles leads to rapid oscillations of the decrement; these

oscillations attenuate at t >> 1o,. If t > T¢/e, the main factor in WTR is the
change of the transverse energy of the particles, &and we then obtain from (6)
a simple formula for TTR:
E(0) w? / (©
yTR = - _e u\/ ffdvxfo(v —k— = zyL )2 (7

m
for a Maxwelllan distribution function.

It is important that, unlike the linear Landau damping, which reverses sign
when the derivative afo/avZ (VZ = w/k) is reversed, the mechanism considered
here always leads to wave absorption.

3. The untrapped particles move 1in a magnetic field along the trajectories
shown in Fig., 2. At € << 1, the particle motion in the resonant region v, =
w/k is along the trajectory of a pendulum with slowly varylng energy

F(f,— - F(e,. ) K(-) dt |

'u K(_l_)

K

eE (8)
é+ k 1 v
é: = —, KZ:: _—, KE—)-,]:—;L xo Q)H(f —.f )
2eE / k (K 4 VeE/ km °

F(&, ) is an elliptic integral of the first kind, and K(k) and E(x) are com-
plete elliptic integrals. In the formula for k(t) we took into account the
fact that at u << 1 the transverse velocity of the particle remains approxi-

mately constant, Ve = Vypo during the time of flight through the resonant re-
glon To/¢€. Out31de the resonant region, the particles move along constant-
energy lines vX + vZ = const. Making the solutions for these two regions con-

tinuous, we obtain relations that connect V0 and to with the initial particle
velocities vX(O) and VZ(O):

v = v,(0)cos wyt + v (0)sinwyt .
(9)

@ .
T—ta::vAMcost%-QW)man%,

(4/m)/eE/km, the * sign pertains to the resonant reglons I and II, for
which V40 > 0 and V40 < 0, respectively. The change in the energy of the
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untrapped particle on going through the resonant region is (m/2)A(v§ + v;) =

+hm{w/k)o. Thus, the nonlinear damping of the wave by the untrapped particles
is a differential effect which is connected with the difference between the
distribution functions in regions I and I1I:

e ]

The damping decrement YUTR is determined from the law of energy conserva-
tion, and its value at times t satisfying the condition Tp/E <t < ﬂ/wH is

64. m wZ me
urr _ 54 _ e |,
y = "3/yLe exp[ = kzt 5
, (10)
T L odk L E(x}
| = V2 K {—— -1 = 0,86.
{ KZ (K) {4[(3“() 1—K2 ]

The mean value of this damping decrement agrees with formula (1). In the de-

rivation of (Ll0) we took into account the fact that the contribution to YUTR is
made only by particles with-clval >~(w/k)tan(wHt/2), for which f1 # fr;. The

time of damping by the untrapped particles is IR A (l/wH)(va/w) = (TO/Eu).

The rotation of these particles in the magnetlc field causes the decrement to
reverse the sign at t > ﬂ/wH and to be determined by the formula

. 2
MTR(p) = _ yUTR(_" - ,), Ty 2
“H ol ®H

) At la?ge t, the decrement for the untrapped particles oscillates in time
with a period 2w/wH. However, after a very long time, t > (l/wH)(w//eEk7m) >>
1/wH, the phases of the Larmor rotation of the untrapped particles diverge,

owing to the non-synchronism of the motion through the resonant region, and
the oscillations indicated above vanish.

Comparing (7) and (10) we find that at t > tT,/e the maih factor is damping
by the_trapped particles. The change of the field amplitude with time is then
determined from the relation

E? ~ E2Z(0) |1 - — 2
(1) ~ E%(0) SR U

which is valld up to t < TTR.
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ERRATUM

Article by Yu. A. Golubkov et al., Vol. 17, No. 3, p. 110, the initials
of one of the authors were incorrectly given; they should be %. V. Rozhnov.
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