Spin dynamics in multipulse NMR experiments
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A new theoretical approach is proposed to explain the narrowing of multipulse
NMR spectra in a solid. The results differ substantially from those obtained by
the average-Hamiltonian method.

PACS numbers: 76.60.Es, 75.10.Dg

Recent experimental investigations(!-? have yielded results that contradict strong-
ly the existing theory of multipulse experiments—the theory of the average Hamilton-
ian.[’] We therefore propose in the present article another approach to the multipulse
narrowing of NMR lines.

By way of example we consider the simplest pulse sequence 905 —7—(¢,—27—)",
where ¢, denotes the pulse that rotates the spins through an angle ¢ around the x axis;
27 1s the distance between pulses.

In a coordinate system rotating at the Larmor frequency around the z axis, the
equation for the density matrix of the spin system p(¢) is of the form

d ] 7z
it =l g0)S, <y e, (D

where f{¢) is an impulse function defined by the formula

f(t)=¢ 3 8(r+2k —1t) (2)
k=

o

and ﬁ%f, is the secular part of the dipole-dipole interaction
A A x A9 A -2
Z(Zd"“(l/’)]/d +7{d +ﬂd. (3)

where 75 and 542 are the operators of the secular and the nonsecular parts of % 2.

It is convenient next to change over to a new coordinate frame, where

t N ¢ A
p*(t)=exp{—i(ff(t')dt'-wlt)Sxfpexp{i(f f(t*)de’~w,t)S .},
do* A ~ A ~ -
P [7{o +g(t,)7(; + g*(t)}(dz. p* ()],
dt
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A Ax : =
Ho=mw,S, - K + cing/$) A+ HD, o, =g/2r,

g(t)='§(t)¥(sin¢/¢) = .2 Cnexp{—imrt/ri,

C,=(-1)"sin®/ 0, 4

Let initially @, ~ .. Since it is assumed that w,,.r < 1, this case corresponds to angles
¢ < 1. We carry out for each nonzero harmonic g(¢) a canonical transformation

p = expl (=inme/) §x }expi ién Yexpl (inn t/r)é\x}p* expi (-inmt /7 )§x§
A A
x exp{-iRn}expf (inme /7 )S, }, (5)
where

A A
R, =ir(C.Hy = C* A2V /(nm+ @), (6)

We then arrive at the equation

Mgy / M 0
100
0sr-
o6+ FIG. 1. Dependence of M /M, on the average field
H, for a CaF, crystal whose [111] axis is oriented
along H,. The solid lines were calculated from formu-
la (9) with H,, ,=0.86 Oe. The experimental points
Q4} for different ¢ are marked as follows: +: 22.5% ©: 30
A: 45 e 60",
a2+ /
’ 1 I J
0 1 2 H,0e
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dp’ y b2 2 b fox
i [7(0 var) il 2”;{2] + b(t)[](-;,ﬂd] + c(t)[?}i,%d] + I;(z),'ﬁ],
dt

(7)

alt ) b(t),c(t)~ $r/m V(1) (b, 7/m

We see therefore that the time-dependent part of the Hamiltonian decreases by a
factor €=gw,,. 7/, and can be accounted for by perturbation theory. It is also obvious
from (7) ¥ that after a time ~ T, there should be established a quasistationary state

with a density matrix p,, and
A A

A
Ps = l-ast f{o' Sppst f{o -"-Sp/ﬁ(ﬂ)?{o, Sppgy =1, (8)

where p(0) is the density matrix g at the instant of time r=0.

From (8) we get

My | o _ (87207075100 - (sin’g/8D) ol

M a(®)  (p/2r)2 +10.25 + 0.75(sin ¢/ Yol

Here w2, =Sp( % 2)*/Sp( §z)’.

Comparison of formula (9) with the experimental results is shown in Fig. 1 and
demonstrate the good agreement between theory and experiment.[':2] We note also that
formula (9) @,,.7«€1 coincides with the analogous formula oft!}, and that the average-
Hamiltonian theory is incapable at all to deal with the establishment of the stationary
state.

Calculations of the experimentally observed!?l dependence of the magnetization
M (t) in the intervals between the pulses yields

M (t) = Mt +27),

3si .
M, (t)/Sp (Sx)2 =agy(p/27) —ay qzx;frwfoc {(t=r)sin2(w,t - @)

cos (¢ = 2w, ¢) 1 l

5 (10)
sin’¢ P

+ 7 sing

At small ¢ the amplitude of this magnetization is proportional to 47, in agreement
with experiment.[?] the relation (10) cannot be obtained within the framework of the

average-Hamiltonian theory.
Different results are obtained when ,»®,,.. In this case the canonical transfor-
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mations (5) must be supplemented by a canonical transformation for the zeroth har-
monic of g(¢), which has an amplitude 7/¢ times larger than the remaining harmonics
and was previously taken into account exactly. The spin system is characterized now
by two integrals of motion, and its density matrix is of the form

A JA(x
Py =1+aw,S +0584,, Sppgy =1. (1)

The condition for the conservation of % % at t~ T, leads to §=0. For M_,/M, we then
obtain a formula similar to (9) in which the coefficient (0.25+0.75 sin’¢/¢?) is re-
placed by 0.75 sin’$/¢*. Then at ¢ =n/2 we obtain M,=M,. The formula for M,(¢) is
obtained with the aid of the density matrix (11) and is characterized by an amplitude
~7.

A discussion of the question of the damping decrements of the magnetization in
the stationary regime is best started by considering the case ¢ ~ /2. The damping is
due to absorption of the quanta produced by pulse-modulated dipole-dipole interac-
tion. The absorption of these quanta leads to heating of the Zeeman part of the reser-
voir of the interactions and to a decrease of the magnetization. The largest contribu-
tion to this process is made by the nonzero harmonics with the lowest frequency.
Applying to Eq. (7) two successive canonical transformations specified by the opera-
tors R, and R.,, we find that at ¢ ~7/2 the main contribution to the absorption is
made by a four-spin process, and the absorption probability is equal to

1. rd

T;e (T;)5

expl- 2L —4)/ 0k Y Tin T, (12

This formula agrees well with the experimental data.l?] It is seen also from (12) that
1/T,,(7) contains an essential singularity in 7. Therfore the average-Hamiltonian the-
ory, which starts out from the assumption that the function 1/7,(r) can be expanded
in powers of 7 at ¢=~7/2 is in principle incorrect.

We note in conclusion that for small ¢, in second order of perturbation theory in
¢, we obain for the damping decrement 1/7,,=[¢*r*/(T".)] exp( ~m*/360w, 7*) and
T",~T,. This expression agrees satisfactorily with experiment.[!2]

The authors are sincerely grateful to G.B. Manelis for interest in the work and to
L.N. Erofeev and B.A. Shumm for useful discussions.
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