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A regular method is proposed for obtaining the energy of the ground state
of the spectrum and the correlation functions of a weekly non-ideal one-
dimensional Fermi gas.

PACS numbers: 05.30.Fk_

Despite the availability of many exact results in the problem of the non-ideal one-
dimensional Fermi gas,"™ this problem is still far from its complete solution. In par-
ticular, if the interaction potential, even if small, is not d-like, there is no regular
method for calculating the energy, the spectrum, and the correlation functions as
functions of the interaction constant. Methods of summing “parquet diagrams” and of
the renormalization group make it possible to obtain only the leading terms in the
corresponding quantities.'* On the other hand, the reduction of the real spectrum to
the one that is linear in the momentum'é* is not rigorous and (in any case) not angular
for the calculation of the corresponding corrections. The purpose of the present com-
munication is to develop a regular method of obtaining the corrections to the energy,
spectrum, and correlation functions of a weakly non-ideal Fermi gas.
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We consider here a zero-spin Fermi gas and relegate the spin case to a more
detailed paper.

We seek the wave function ¥ (x,,...,x 5 ) of a system of zero-spin Fermi particles
with Hamiltonian

~ N 52 N
H=- X — + 2 vx; -x.); FH=Im=1) (1)
. ox: Lo ¢ J
i=1 i L> g
in the form
‘I‘(xl,“.xN) =¥ (xl""xN)‘ib(xl""xN)' 2)

where ¢ (x,,...,x ) is a symmetrical function and ¥(x,,...,x 5) is the wave function of
the ground state (1) at ¥ (x)=0, apart from the normalization, is equal to (¥ is odd)

w
¥ (Xyeeexy) = iu>ﬁk8in -Z(xi -:x;). (L is the length of the system). 3)

Substituting (2) in the equation HY=E ¥, we arrive at the equation

H® =(E-E )¢, C))
where E, is the energy of the ground state (1) at ¥ (x)=0, and His given by
~  Nog2 J ]
He=3S —-22 % ctgl(x, —x.}<— - = )+ S V(ix;~x,). )
i=1 0%} L i>j L T\0x;  9x; ) i>j J

Since ¢ (x,,...,x ) is a symmetrical function, the problem of finding the wave function
of the system of Fermi particles reduces in accordance with (4) to the corresponding
problem for a system of bosons with Hamiltonian (5).

To solve (4) we use the regular method, proposed by Bogolyubov and Zubarev**’
and known from the theory of weakly nonideal Bose gas, of constructing the wave
functions of the ground state and of weakly excited states. The applicability of this
method to the one-dimensional problem was investigated by Popov."” In accordance
with"), in the approximation leading in ¥ (x), the function ¢ (x,,...,x ) for the ground
state is given by

N
$(xy,...x ) = exp 2 S(x; —x
i

) ©)

alk) = a(k? + 2p gl k| =/ (k%+ 2p | k[) % + 2n-1ka2y(k7)/4ka2;
0'(0) S'U, (7)

where o(k ) and v(k ) are the respective Fourier transforms of S (x) and V' (x), and p . is
the Fermi momentum of the initial fermion system. For the ground-state energy E ,,
for the spectrum e(k ) of the elementary excitations, which have a Bose character, we
obtain
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Egq = E, =2m)~ pp[N0) - kzgop(k) - 4% k2o(k)],

(k) =[( k2 +2ppl kP + 2p = k2uyk)]1%, (8)

If we neglect the term A* in the combination A*+2p |k |, then the equations in (8)
coincide with the corresponding expressions obtained by Lieb and Mattis."” We note,
however, that the results obtained by us are valid only at v(k )/p <1. In particular,
o(k) takes the form

a(k) =~uv(k)/A(k* + 2pgl k| ). )]
We can consider now the question of calculating the correlation function
gx.x")=<¥|a'(x)a(x’) |¥)> in the ground state of (1) [a*(x) and a(x) are the Fermi-
particle creation and annihilation operators]. It can be shown that it takes the form

. T ., T , 2T
g(x, x" ) =< e °a+(x)a(x e °>°/<e °>° , (10a)

where {-->, denotes averaging with the wave function (3), and it is convenient to
transform

A L L
T, = | dz § dz’S(z= 2z’ )nfz)n(z’); n(z) = a+(z)a(z) (10b)
into

g(x, x7) = expl25(0) -:25(¢) 1 < cZ(To ' 7‘1)a'l'(x)a(z\:')>o/< e2T°>°’ (1

where

L
7':1 = J[sz—x‘-)—S{z-x)]n(z)dz; { =x'=x,

and going from (10) to (11) we have used the fact that 7, and T, commute. The
calculation of (11) will be carried out by a diagram method. Expressing the mean value
in (11) in terms of the contributions of only connected diagrams, we arrive at the
relation (we use henceforth the momentum representation):

2" n
) n! <(T0+T1) >0conn

n=1

T +T,) .
< eZ( o 1ga*(x)a(x")> /e
0conn

1 -ip{ + igx 2% n +
=g°(§) +—= 3 e — <(T,+ T,) aP"an>0conn (12)

Psg,n =1 n!
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g(&)=(& )" sinp £ is the correlation function of the ground state of (1) at ¥ (x)=0.
The diagrams corresponding to (12) consists of closed loops joined by the T, interac-
tion lines. In each loop, summation is carried out over all the particle and hole lines
and, in accordance with (12), two types of loop are possible, as shown graphically in
Fig. 1. The contribution of a loop to which # lines of the interaction 7, are connected
is

1

kz Z"' Qn+k,a(ql""qn' PI-'"Pk);(Pl) see U(Pk) » (13)
=0

where =1 or 2 corresponds to Fig. 1(a) or 1(b), (g)=o{g)explig )— D

+ +
geec = > i
Q’"-l(ql q"‘) p EP < apl"' ! aPl"" apm+ qmapm Oconéql" et qm’O,
19 Pp
—i
ol Gy gp) = X PE 0 + >

+
a a a a a
+q.%... + +¢%
PediPy.. P, PitaiPree P in P PTA

ocon§q1+" * Im, Eh

(14

The terms k540 in (13) correspond to “intrusions” of an arbitrary number of operators
T\ into the loop. We present without proof the following statements concerning the
properties of g(x,x")=g(¢) and of the functions Q, ,(g.,....g ,)-

% % FIG. 1. Graphic representation of the loops.
a b

I. In the calculation of g(£) as {— « the only significant diagram contributions
are those at g,,...,q ,—0, i.e., the behavior of g({ ) as {— oo is determined by the form of
the functions Q,,(q,....q,,) at small values of ¢ (more accurately, at
lquls g, | <2p 5

gy + q5le oo lq, 1 +9,1< 2pps 1qy+ 45+ @3l <2ppiess | Gq +oee 9,1<2pp)
This fact is connected with the divergence of o(g) as g—0.

II. At small g (in the sense indicated in Sec. I) we have

lq‘lo n=2

Qn’l(qlv“ qn) - U, > ’
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n ~igi o 4’ n
Quz lareg) = GO I (1" GLPFOD 01gy)
i n .l, 0
C e geg s o = FT
iml 0,x<0

When 1II is taken into account, the series (12) can be summed exactly: the only dia-
grams that make a nonzero contribution are diagrams of the type shown in Fig. 2.
Summing these diagrams we obtain for g(¢):

g(¢) = g, (C)expl=f,(C)}; [,(Q =272 | dg(1~cos g{)g0 (q)/(1 =297 a(q)).

B~

FIG. 2. Diagrams that make nonzero contributions to (12).

(15)

Inasmuch as the argument of the exponential in (15) is ~Inp - at p ;£> 1, the distri-
bution function n ,=<¥ |a fa ,|¥) takes at p=p . the form

1
np= 5 {1+ signlpp -:p)flp-:pFIB}; B =v2(0)/32n%p% . (16)

A rigorous analysis of (12) shows that g({) takes at p z£>1 the form

£(6) = expl= £, (&) + f1vs O g (O + {7 2 0/pp)76, (O}, (D)

where fi(v,§) and ¢ () are the functions that are not singular as {— . Equation
(17) does not change the character of # , in (16).

'M. Gandin, Phys. Lett. A 24, 55 (1967).

!C.N. Yang, Phys. Rev. Lett. 19, 1312 (1967).

’V.Ya. Krivnov and A.A. Ovchinnikov, Zh. Eksp. Teor. Fiz. 67, 1568 (1978) [Sov. Phys. JETP 40, 781
(1975)].

612 JETP Lett., Vol. 27, No. 11, 5 June 1978 V.Ya. Krivnov and A.A. Ovchinnikov 612



‘Yu.A. Bychkov, L.P. Gor’kov, and I.E. Dzyaloshinskii, Pis’'ma Zh. Eksp. Teor. Fiz. 2, 146 (1965) {JETP
Lett. 2, 92 (1965)].

*N. Menyhard and J. Solyom, J. Low Temp. Phys. 12, 529 (1973).

¢J.M. Luttinger, J. Math. Phys. 4, 1154 (1963).

'D.C. Mattis and E.H. Lieb, J. Math. Phys. 6, 304 (1965).

*I.E. Dzyaloshinskii and A.I. Larkin, Zh. Eksp. Teor. Fiz. 65, 411 (1973) [Sov. Phys. JETP 38, 202 (1974)].
*N.N. Bogolyubov and D.N. Zubarev, Zh. Eksp. Teor. Fiz. 28, 129 (1955) [Sov. Phys. JETP 1, 83 (1955)].

°V.N. Popov, Teor. Mat. Fiz. 30, 346 (1977).





