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SYMMETRY OF THE HYDROGEN ATOM
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In view of the success of the group approach to elementary-particle physics, questions
connected with the symmetry of wave equations are presently attracting much attention.

(2]

longing to one level realize & finite-dimensional representation of a compect group O4, which

Fock [1] and Bargmann have shown that in a Coulomb potential the wave functions be-
has been regarded as the symmetry group for this problem.

Barut et al. have shown in a recent paper (3] that the states of the discrete spectrum
of the hydrogen atom form a basis of an infinite-dimensional representation of the deSitter
algebra ( 4 + 1). As shown by Thomas (4] , the basis of the infinite-dimensional representa-
tion of the deSitter group S is formed by matrix elements of representations of the compact
group O4 contained in it.

The purpose of the present paper is to show that the "symmetry group" of the hydrogen
atom is the non-compact group Og, the Lie algebre of which is the algebra Ds, and to present
a simple construction showing that the functions belonging to the discrete spectrum form a
single infinite~dimensional irreducible representation of this algebra.

Iet cp(xl...xn) satisfy the equation
Ap=0 (1)

where A is a linear differential operator. We define as the symmetry group of Eq. (1) the ag-
gregate of operators 17{1 forming an algebre closed against commtation and satisfying the con-
dition

(A% Jo = © (2)

If ¢ 1s a solution, then ﬁacp is also a solution.
As shown by Fock[1] , the eigenfunctions of the discrete spectrum of the hydrogen atom,

in the momentum representation and in the variables Ci (i=1, .. &)
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e 2 2,-1—~ _ 2 2\ (. 2 2,-1
¢ = [2py(py + ) "ps e = (p; - P)(p, + P7)
are homogeneous harmonic polynomials of the variables Ci of degree N - 1 (N is the principal

quantum number), i.e., they are solutions of the equation

no=22 Fo Fo Fo (3)
3@1 %2 33 s

It is easy to check directly that the 15 operators

: ) 3
UL bk

]
1

2 9
;= gk'EEE 2.8, 55- -2, (%)

. 9 )
Pi——l'g;—i, I=§kgrk+l
commute on the solutions of (3) with four-dimensional Iaplacian Agp.
The construction of the operators (k) was suggested to the authors by the analogy between
(5,61

Eq. (3) and the Klein-Gordon equation for a particle with zero mass

We introduce the following operators

s = "D (ik = 1,...6), L, =M. (i,k=1,...4),

ik ik
1 . 1 . (5)
Ljg = '2'(11 + iP,), Lgg = =1, Lyg = -2-(Pi + iI,)
which satisfy the standard commutation relations of the algebra Ds
(DL, em] = 1(8 elim * Cxmlie ~ CimMke = Pkelim) (6)

The noncompact group written out above is the symmetry group of the hydrogen atom in the sense
of (1) and (2). The hydrogen-atom eigenfunctions corresponding to the principal quantum num-
ber N= n + 1 can be realized as irreducible tensor degrees ;1 Speenip of the vector Ci (Qi
= 1), with I? a fully symmetrical tensor and 5, , IT * 2. = 0. We present a sum-

1112"'11'1 iis 133peselp
mary of the matrix elements of the operators (4) in this basis:

1
I nfill...in =845 H:::i i (7a)

n+1 n n+l
n
BTy, i[el'giiiknz?j..ik_lim_l...in - (gfk)jikn:;%..lk i dyatge e iy } (7v)
Mg Hxlll...m ;i 11, 1111.,.1}{ Y1t ing Sjik Hl:;_...lk )i k+l...ini) (Te)
1 nflll...in (n+ l)HI::]_...ln (T9)
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In (Tv), (j,k) denotes summation over combinations of the n indices taken two at a time.

The tensors Hgliao--in are normalized by the condition (7a) and HO = 1. The operators
Ii and Pi transform the level N into N+ 1 and N - 1, respectively; this means that from any
state we obtain in succession all the entire aggregate of states. That is to say, we have
constructed an infinite-dimensional representation of the algebra of the operators (5) in the
space H = ¢ Hn, where H is the direct sum of the spaces of the functions corresponding to
the given space. This representation is irreducible, for if an invariant subspace were to
exist, it would contain at least one tensor degree Hn, action of which by the operators Ii
and Pi would yield all the tensor degrees, i.e., the non-zero invariant subspace would coin-
cide with all the space H. We present the values of the Casimir operators for this representa-

tion.
Cz = Dyylyy =6 Cs = €gpemnDiyleplpn = 00 Ca = Dyl LT = <12

The deSitter algebra S is a subalgebra of Ds, namely Sij = Lij (i, = 1,...5). It is remark-
able that the representation constructed above remains irreducible also with respect to a sub-

algebra of S, as can be verified by letting the operators Li operate on 1. In addition, the

5

Casimir operator for the deSitter algebra is

A N g2 2 F
Q=858 ="1-5l0ET+ D) 3
k
We see therefore that
AN n
s = Mg

The second Casimir operator of the algebra S is equal to zero. This proves completely that the
representation remains irreducible when we narrow down from Ds to the deSitter algebra. We
note that the algebra Ds contains a subalgebra with the commutation relations of the algebra
Ao, and therefore the levels of the hydrogen atom can also be classified with the aid of ir-
reducible representations of this algebra.

The authors are deeply grateful to A. M. Baldin, V. B. Berestetskii, A. A. Komar, A. M.
Perelomov, V. S. Popov, and I. S. Shapiro for a discussion of the results of the work, and al-
so to M. A. Naimark for useful advice and consultations.
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