[11] L. D. Roper, R. M. Wright, and B. T. Feld, Phys. Rev. 138, B190 (1965).
{12] V. X. Samaranayake and W. S. Woodcock, Phys. Rev. Lett. 15, 936 (1965).
[13] D. A. Wray, Clarendon Laboratory Preprint, 1968.

SUPERCONDUCTIVITY NEAR A PARAMAGNETIC IMPURITY

A. I. Rusinov

P. N. Lebedev Physics Institute, USSR Academy of Sciences
Submitted 28 November 1968

ZhETF Pis. Red. 9, No. 2, 146-149 (20 January 1969)

Tt is shown in [1] that introduction of a smwall amount (21%) of paramagnetic impurities
in a superconductor exerts a strong influence on its properties. In particular, the energy
gap of the spectrum of such an alloy no longer coincides with the magnitude of the ordering
parameter A. The calculation in [1] was carried out in the Born approximstion with respect
to the impurity potential. It will be shown below that in the case of a superconductor al-
lowance for the total amplitude of the scattering of the electrons by the magnetic impurity
leads to a number of interesting results.

We consider first the case of one impurity (placed at the origin) with an interaction
in the form

V(r) = 2n/mu(z) + 3(x)cd], (1)

where § - spin of the impurity, which we shall regard as a classical vector. Allowance for
the quantum properties of 3 leads to the known Kondo anomaly [2], which arises also in a
non- superconducting metal. The foregoing assumption is apperently justified if the spin of
the impurity is sufficiently large. The spectrum of the superconductor at T = 0, in the
presence of an external field \7, is determined by the following system of equations for the
coefficients (u, v) of the Bogolyubov transformation [3]:

evg(t) =(p7/2m= u)u (X) +V,g(rJugr) +iAU)oYarglt) , )
V) = =(p2/2m — Wy (¥ ~ Y, g(r)vglr) = iA () oz g uglt)

{e > 0). The system (2) breaks up into two independent systems for the pairs (v , v ) and
(u, v ), which are obtained from each other by reversing the sign of J. We choose 3
along the z axis and assume that the parameter A does not depend on the coordinates (we
shall verify this later). Going over to the Fourier representation and expanding the func-
tions u(E), v(p), and V(p - 5') in terms of the harmonics, we get

(Ug + g8 Ne+ £)ig, ~ A(Up -~ JgS)vy

ug (£) = py & -A? - g2 ' (3)
_ -(Up - {lS)(c— Eva +_A(Uz + JypS)ig,
Yoo TP, €2~ A2 - £2 ’

where

- + o0
f=[F&E)VdE/m, E=(P2/2m) - &
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and 18 is the Fermi momentum. The expressions in the form Uz tJ lS represent the I-th
harmonic of the total scattering amplitude of an electron having a spin directed upward or
downward respectively by the impurity atom in the normel metal. Tt results from the bare
interaction (1) by the usual allowance [4] for the momentum region far from the Fermi surface.

We shall show that the system (3) admits of a solution for energies € lying inside
the energy gap of the pure superconductor. Indeed, integrating with respect to £ and

equating to zero the determinant of the obtained system, we get
1+(pyUp)? — (PodgS)?
= A —e———
\[1 +(pUp)? - (p,,JIS)zl2 + 4p,Jp$)?

<A (%)

for J <O. When J >0, the same result is obtained for the pairs (u , v ). Formula (4)

+
becomes particularly simple if we imtroduce the scattering phases 6; :

€, = Acos (8 -8), U *J8=rtan af. (%"
We see therefore that for a nonmagnetic impurity (8 = 8 ) the excitation spectrum begins
with A, as expected. For pure exchange scattering ( 8 = —5 } we have 6! = A cos 281. Thus,
in the presence of a paramagnetic impurity in the system, there are a number of discrete
levels inside the forbidden band, and their sequence is determined by the difference 52 - 6
for different harmonics. The origin of the levels has a clear-cut physical meaning, namely,
the spin of the impurity tends to polarize the spins of the electrons of the Cooper pair in
one direction, so that its binding energy decreases. The wave functions of these stages can
be readily calculated. We confine ourselves here to the simplest case of isotropic scattering

(f = 0). For distances that are large compared with atomic distances (rpo >> 0) we have

: 3
sin{p,r - & -
vopr vay el = 20)  _r/luin(ed- 5301 (5)
Por '
where th/ A is the coherence length of the superconductor at T = O. The wave functions

(5) describe states localized near the impurity at distances r ~ ¢/ |sin (6 - 6('))[
= E(1 - eO/A )" e . In the normal metal (& = «), formulas (5) describe a free electron in
a centrally-symmetrical field.
The change of the parameter Al(r) under the influence of the impurity can be deter-
mined if one knows the system of functions (u, v) for the continuous spectrum. For isotropic

scattering at T = 0, the result is

Ay(r) Siﬂz(fsi - 83)
A (por)?

é (c/£) if r< €, (6)

where @(x) - dimensionless functions on the order of unity. The factor (por)2 in the de-
nominator ensures the aforementioned smallness of the relative change of A. The largest
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change takes place at distances r ~ vp/g and amounts to ~1o”l*.

Tt is similarly possible to consider the case of two impurities located a distance R
apart. It is immediately clear that the arising splitting and shift of the levels of the
isolated impurities will be small for Rpo >> 1 as a result of the presence of a rapidly
PoR

energy level remains degenerate and is determined by

oscillating factor sin(pOR % 3) in (5). For impurities with antiparallel spins, the

1 tg22s
T e |14 mm o BRI 10 2 (N
4 (p,R)?
for pure-exchange isotropic scattering (8+ - & = 8). The bar denotes averaging over dis-

tances R >> pal. For the case of parallel spins, the corresponding expression is

] 1 sin22§ 4Rsin28 _(ZR/f)sin 28
€, =¢|l+— 21t * .
" 4 (p,R? ¢

o~
0
g

In the latter case, splitting of the levels takes place and has an oscillatory character

sinp, R R
€= | 14828 ——— oB/Ekin2d ; (9)

PO

the minus (plus) sign pertains to the symmetrical (antisymmetrical) solution relative to the
center of the impurity pair. The averaging of the expressions (7) and (8) over the entire
sample for finite impurity concentrations leads to the conclusion that the isolated levels
cease to exist when the electron mean free path becomes comparable with the coherence length
€. If the scattering is not too weak, this corresponds to concentrations at which the super-
conductivity is completely destroyed in the system.
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Radiation from a superconducting point contact was observed in experiments [1] when DC
was made to flow through the contact. Exposure of the contact to an external electromagnetic
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