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The advantages ensuing from the use of higher symmetries was demonstrated in a recent
paper [1] with the nonrelativistic Coulomb problem as an example. The discrete spectrum of
this problem can be related either with the irreducible infinite-dimensional representation
of the group 0(4,1) [2] or, more interestingly (see [1]), with the representation of the
group O(4,2) {3]. To understand the connection between the internal symmetries and the
lorentz group, it is of interest to study the simplest relativistic models [3]. In the pre-
sent paper we show that a free Dirac particle has additional integrals of motion, which form
together with the angular momentum the SL(2,C) group of SU(2) symmetry. We show that the
wave functions belonging to one energy level realize a not-fully-reducible infinite-dimensional
representation of the SL{2,C) group. An additional integral of motion was found earlier [5]
in the relativistic Coulomb problem, and its physical meaning was explained by Biedenharn 61.
In the present article we construct one more integral of motion, which forms together with
the available ones a group of SU(2) symmetry. The existence of this group explains well the
double degeneracy of the relativistic Coulomb problem. The Hamiltonian for the free Dirac
equation

('92;6 +p3E-m)y=0; (Kaca=l]) (1)

commuites with the angular momentum J and with the Dirac operator K = p3(3'-f, +1). For
states with fixed energy there is an infinite set of wave functions with j = 1/2, 3/2, 5/2,...
and k = *|j + 1/2| (where Xk is the eigenvalue of the Dirac operator), forming a basis of
space H. It is easy to verify that the operators

¥p p3TA Lp -pL K
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commute with the angular momentum 3 and with the free Hamiltonian, and satisfy the relations
X Xg 1= 2ie e Xos [X; X )= 28,45 (i, k=1..3), (3)

In two-dimensional space of states with fixed energy, 32 and 'jz , these operators are
ordinary Pauli oy matrices. We define the three operators
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They commute with the Hamiltonian and satisfy the following commutation relations:

L'L°=<A’A’=iL’; LA’ +A’L’=2iA"
(5)
L34 =[A]2 % 1=0 33" =2i3".
The operators (4) form the SL(2,C) group of SU(2) symmetry. (The Casimir operators are in
this case (L' + iK')e = (1 - ﬂ')e = -1, (') = 3).
Let us consider the two operators

J-L'+-’—§';K-A’+'—-2". (6)
2 2

obeying the commutation relations of the SL(2,C) group
JJ =-KK=iJ; JK+KJ =2iK. (n
The operator J is the angular-momentum operator. The two Casimir operators for this group
iy =(J+iK)%; j, = -iK)? (8)

determine the representation of this SL(2,C) group [T].
A simple calculation yields

iy==l; iy =-2A1+X()K; j3 =0 (9)

This means that this representation is not fully reducible. In the aforementioned two-
dimensional space the operator ;j2 can be reduced only to triangular form.

Representations of the SL{2,C) group of this type were first investigated by D. P.
Zhelobenko [8]. The existence of these representations in the free Dirac equation is due to
the relativisticelly invariant character of this equation, as is the independence of the
parameters ;jl and 32 of the energy. It is probable that the difficulties in the relativ-
ization of the SU(6) symmetry group, and also in the relativistic treatment of the internal
symmetries, may be connected with the fact that only relativistic representations have been
used all the time. The simple example considered here shows that for relativistic invariance
it is also necessary to use not-fully-reducible representations. From the formal point of
view, the appearance of a not-fully-reducible representation is due to the fact that the
metric in H space is not positive definite (i>1+703 = 2m). The states of the Dirac parti-
cles in the Coulomb field are fully analogous to the states of the free particle [6], and
consequently have the SI(2,C) symmetry of the SU(2) symmetry. In a Coulomb field there also
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exists a group of SU(2) symmetry of somewhat modified operators (2).
The operator

3t
- (K2(H2 -m2) + £4Z2m2)" V2 [=iKp (H ~mp,) -£?mZ —] (10)
r
is an integral of motion in the relativistic Coulomb problem [5].
The operator
. ¢
Xl'- [(H2 -m2)K4 + 4z2m2K2 1-1/2 (K2, 1(H -mp3) - |‘£2mz———— (11)

| 4

is also an integral of the motion.

The operators X]'_Xéxé obey the commutation relations (3). The existence of a symmetry
group of SU(2) symmetry in the relativistic Coulomb problem explains the double \degeneracy
with respect to the number Jj. The details of the calculation will be published later.

The authors are grateful to A. M. Baldin, A. A. Komar, and M. A. Markov for a useful
discussion.
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It is shown in this note that in the model of the unified electromagnetically-weak
interaction [1], the assumption that the (V + A)-form strangeness-changing hadron currents
in the nonleptonic current-current, |4S| = 1, CP-odd weak interaction mekes it possible to
determine the unitary structure of the latter, which is in satisfactory quantitative agree-
ment with the experimental data on K -~ 2n decays and in general qualitative correspondence
with the nonleptonic rule |[AT| = 1/2 for all nonleptonic processes.

The assumption that in the nonleptonic current-current interaction the strangeness-
changing currents have a Lorentz (V + A) form, and the strangeness conserving currents have
a (V - A) form, lifts, as is well known, the forbiddenness [3] of the K(])_ + 21 decays in the
approximation of exact unitary symmetry of strong interactions. Accepting this assumption
and supposing that the hadron currents of the unified electromaghetically-weak interaction
[1] transform like the components of a unitary octet, we obtain with the aid of the tables

of the C-G coefficients of the SU(3) symmetry group [4] the following unitary structure of
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