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In [1, 2] it was suggested that the fluctuations are scale-invariant at a
phase transition point. This hypothesis was confirmed in [3, %] by field-
theoretical methods.

We show in the present paper that the correlation functions at the transi-
tion point are invariant against transformation of a conformal group that in-
cludes a change of scale as a particular case. This circumstance makes it
possible to calculate in explicit form any three-point correlators and greatly
limit the possible form of multipoint correlators.

The conformal groupl) consists of the following transformations:
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The last equation describes usual rotations and displacements, and the first
describes scale transformations. The second equation is called the special
conformal transformation. For obvious reasons, we shall investigate just this
transformation, and will find 1t convenient to assume that G is infinitesimally
small. Then the transformation is written in the form

X - X = 5x=x¥-2EX)X. (2)
From (2) we easily obtain the formula

(3)

Slar g = = &(x 4 + xp),
where
rap = Vixy —xg)? .

The meaning of the transformation (2) is that at each point of space there oc-
curs an infinitesimally small isotropic stretching by a factor A(x), where

Ax) = 1=28x +0(a?), (4)
Formula (4) follows from (3) when X, > XB.‘

From the results of [1 - 4] it follows that in the case of homogeneous
small stretching by a factor A = 1 + g, any fluctuating quantity ¢ should change
in the following manner:

. -A
BN+ & (x) = A" "B(x) = B(x) - Ayex), (5)

X =X + ex

1)For a review of the properties of this group in Lagrangian field theory

see [5].
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where the constant A¢ is the unknown critical index of the field ¢. The ob-

vious generalization of (5) for conformal transformations is

5(x)= ¢°(x") - d(x)= 244 (@x) s (x). (6)

It will be shown below that the field-~theory equations are invariant
against the equal-~time transformations (2) and (6), and therefore the correla-
tion functions are not altered by these transformations.

Before we present the proof, let us investigate the consequences of the.
statements made above.

We consider a three-point correlator of arbitrary fields a, b, ¢ with di-
mensionalities Aa’ Ab, and AC

Glll(ru' r13' rzs)‘<a(rl)b(r2)c(t3)>' (7)
The conformal transformation shifts the points Fl, ?2, and ;3 and the relative
distances r,, change in accordance with (3). The corresponding change of G is
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This quantity should equal the change of ¢ as a result of the transformation (5)

86y =238,& 1, Gy s (9)

Equating the coefficients in front of a;i in (9) and (8) we obtain a simple
system of equations for G

1
TIT® the unique solution of which is

-A ~A) (A ~A -~ A, -
Gy = const "(1Af o= 8y ,(135 A.-4) ,(ZA; 4,-8) . (10)

Formula (10) is confirmed in the flat Ising model, where an expression for the
correlator <ego> is known, where £ is the energy density and o is the magnetic

moment [6, 7]. For a four-point function, analogous arguments yield the re-
sult

(Ay+By A +p) (FA-A, A =A)(FA =B, =B A,)
Cry=ri®  Tr Tery oty ")'ue " o x (11)
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where F 1s an arbitrary function. In the case of N-point correlators, the con-
formal invariance leaves a function of [N(N - 3)]1/2 variables invariant.
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The field-theory equations describing fthe phase transitions express the
exact amplitudes in terms of one another [3, 4]. One such equation is shown
in Fig. 1, where the lines correspond to the correlators of the magnetic moment.
If the series in Fig. 1 converges then, as proved in [3], the equations admit
of a group of scale transformations and lead to the physical picture of [1, 2].
We shall show that under the same assumptions the equations are conformally
invariant, 1.e., amplitudes of the type (10) and (11) duplicate themselves when
substituted in the diagrams. For the proof, it suffices to verify that any
element of the diagram containing exact amplltgdgs for example the one shown
in Fig. 2, is multlplled by the quantity 2ZA (a- r, ) when the coordinates of

the end points of rl are changed in accordance w1th (2).

In the coordinate representation, the contribution of Fig. 2 can be
written in the form

[518% 0,61y (1 1,0, B ) HB = B Gy (15 7) (12)
where
[ 770 6y (- )0, = 8(7-37),
GIV and GII are correlators of four and two magnetic moments.

Let us displace the points ;i in accordance with (2) and simultaneously
make the following change of variables in (12):

Bl =P, +ap] - 2@ 3 (13)
The integral (12) changes because
Gl’v =G, (1+2 AIZ:, +2A47),

H'-Hp+2w-A)aw;+sg] . (14)

Soid p; = o8 p, [1 - 63(5,+ 7,)]

Su gstltutlng (14) in (12), we see that the coefficients in, front of a~31 and
d*p. vanish and the entire integral is multiplied by 2AZa- Ty, q.e. d.

By building up more complicated diagrams out of the simple ones and re-
peating the preceding arguments, we can verify that each term of the series in
Fig. 1 has conformal properties.

The author 1s grateful to A.I. Larkin, A.A. Migdal, and V.L. Pokrovskii
for a discussion and to H. Kastrup (West Germany) for explalining the mathe-
maties of the conformal group.
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