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The Begge-po1e theory has brought into being the coneept of partlcles with conpler

spin, which are regardetl elther as virtuat or as ungtable. The notlon of a coq>lex sptn nay

also be of interest fro a.n entlrely different point of vier: it is possible that ttparticlestt

with conplex spin, rhi.ch have prqrerties that exclude their tlirect observabilityrrnay serve ag

Itmaterial-tt for the construction of reaf particlee (i.e., play the role of quarks)*'. In order

to na^ke a quantrn-mechanical consicleratibn of such rrpartlclest' possible, a group lnterpretation

of the ccnplex spin is necessary.

-....-6-i€ 
idea was advanced by r. s. shapiro
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Several recent p&pers are devoted to seBrches for such an interpretation. These papers

cons idered e i ther  a  loca l  representa t ion  (R)  o f  the  SU(2)  g roup (c f . ,  e .s . ,  [1  -  3 ] )  o r

the R of the Lie algebra of this group (e.g., [ l r ]) ,  or el"se a.n irreducible representation

( fn )  o f  the  $J( ] ,  1 )  g roup (e .g , ,  $ ,61) .  I lovever ,  none o f  these cons t ruc t ion  y ie lds  the

law governing the transformation of the state of a ttparticlett vith a cornplex spin und"er

arbitrary rotation. A possible vay out nigbt be the consicleration of a fanily of 1ocal R

compatible vith one another and covering as an aggregate the entire SU(2) group. In this

.paper, holrever, ve propose a.nother scheme.

In our scherae, as i.n those propsed earlier, i.t is inpossible to specify the law of

transformation under arbitrary rotation satisfied by the spint' wave fwrction of a trparticlett

vi th unphysical spin ( i .e.,  one not equal to an integer or a half- integer)1 therefore the

vave fwtction should not be considered at all in this scheme. i{onever it is possible to

introduce bilinear quanti.ties, a.nd. in many cases it is sufficient to consid,er Just such

qua^ntities. ile can specif! also their transforrnational properties ruder arbitrary rotation,

generallzing the 1aw of transformation of the bilinear quantities at physical values of the

spin. Such bi l inear qua.nti t ies include, for exa,mple, the density matrix and the Greenrs

flrnction of one particle and the vave firnction of a system of two particles vhose spJ.ns

differ by an integer or a half- integer; i t  is possible to construct fron the sa,ne quanti t ies

1,hs emFlitudes of processes in vhich ttparticlestr vith conplex spin take part.

Ihe possibi l i ty of such a construction is based on the fact that, on the one hand, the

bj.linear quantities transform in accord rith a representation that is the direct product

of tvo IIir and on the other hancl it is possible to extend the concept of a direct product

of tvo IR of veights s, ancl s, (but not of an inclividual IR) to includ.e complex s, ancl s,

(if s. a.nd s. is an integer or half-integgr). We shall show how to carry out such an ex-
L Z

tention for the case sI = s2, nBrnely, ue shal l  bonsider the polari .zat ion natr ix of a
ttpart iclett  with conplex spin s.

If ve realize Ili of the SU(2) group of veight s in the space of polynonials of the

complex variable z of degree not higher tiran 2s, then the operator of the respresentation

viIl act in accord.ance with the forrnula

iu't v1,1 -- (Bz +;r"vffi) , ' 
(r)

=(# +) 'su(2)'
An attempt of a direct extension of the rra.nsfonnation lav (f) to unphysical s encounters

the fol lowing obstacle: i f  2s is non-integer the expression (Bz * d)2" has no unique mean-

ing. In the sane real izat ion, the density natr ix

2 . + l
p(2,  z- ' l  =n l r r ,  V^{z) f f i . )  Q)

(vhere v-(z) - basis functions, say the eigenfunctions of the spin-proJection operator)n

2 l-'We 
refer throughout only to the spin d,egree of freed.our.
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:.s a function of z and Zf, vhich, by virtue of its po\ynornial characterr can be unique\y

reconstructed from its values p(zt z) at '  zt = z. I t ,  fot lor,rs fron (I) that the law of

:raasformation of the function p(2, Z) is

t i l , r$ i r ' t '  t  pF, 7) =t(g:+i)(g-z+ c)1" l " ' -B;z--61"'(ffi*, e)
iiere ve have raised to the pover 2s a real non-negative numberl the result of such an oper-

ation is unique\y clefined for any complex s, a.nd therefore formula (3) ca.n be accepted as

the transfonnation lav for tkre polarization density uratrix of a Itparticlerr with arbitrary

courplex spin.

Frorn the group-theoreticalrpot"t 
il,,;i"" 

formula (l) can serve a.s a definition of the

operator of the representation T\o' O T\D/ , which is a product of an III of cornplex weight

s by i ts  conJugate ' ' ;  th is t tproductr t tcannot  be factor iz"U.r .T i  f ind the aggregate of  the

functions naking up to space of the representation Tto' O T\o/- ve note that at integer

values of 2s this representation is a narroning of the group SL(2, C) of weight (2sr 2s) on

the SU,(z) group. Extend.ing this statement to complex s (lt nov Eerves a"s a d.efinition of

vhat is raeant by the representation *(s) " ,(s)*, we arrive *.tn "l. ln" tri l i forlation raw

(3), anal also to a d,efinit ion of the space D of the representation T\o/ O T\o' , nane\r,

i t  co inc ides v i th  the space of  the IR of  group SL(2,  C) ,  i .e . ,  i t  consis ts  of  the funct ions

p(zr Z), vhich are infinitely d.ifferentiable in the entlre plane together with their ln-

vers ions f , (2,  z)  = (zZ)Ps p GL/2,  - r /7 , ) .

We can again i,nterpret as density matrices those of the ftrnctions p(zr Z) vhich

satisfy a nunber of conditions (extending the conditions of nornalization, herrnit icity, and

non-negativlty)i an example is the density natrix of a ttparticlerr vith nagnetic moment y,

vhich is in therrnodynaraic equilibriun ir1 a mametic field:

sh(ull/2Tl uHltr y ri._rH/zrrzt. (L)eiz ,z l  
f f i , .

We carl also specify a rnethod of calculating the nean values of the "obsenrablestt in each of

such statesg for example,

(s,) - " l#;;T-(,{',"i) - 2 ry). ( 5 )

We calculate analogously the mean values of other spin proJections or of any po\rnonial of

the spin-proJection operators.

Iloveretr a clirect calculation of tbe probabitities of d.ifferent ltmeasurenent resultsrl

is inpossible, for this r.rould requi.re proJection of the given clensi.ty matrix on a pure

state, and there is no place for pure states in the space D. For exan,ple, s pule state with

proJectlon of the spin o on the z ocis should be ctescribed. by a density matrix

p(x, z-1 =
I (Zs + l ) ( r i ) ' ' 'o  ,

l ( s - o + l l l ( s * o + l )

--=tr 
note that the rR ,(s)* i." eouivalent to the renresentatio.r r(t).
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but this firnction does not belong to D for a.ny value of o. Therefore the tenns ttd.ensity

matrixtt and rrmean valuett are to a consid.erable degree arbitrary.
-v{e note that the representatiorr" T(") o r(")* irrttoduced above are eguival-ent to one

another at a1t wrphysical s, na,ne\r, each of then is a,n infinite direct sum of all the

single-valued. IR of a rotation group

7 l t 6 7 c ) ' = 3 e r r l t .  f t )
l ' o

but the fomulas for the caLculatlons of the rnean values are different for different s (cf.,

e . s . ,  [ 5 ] ) .

An analogous construction can be presented also for other quanti.ties that are bilinear

in the vave function. For exarnple, functions from the space D can be interpreted not as

density matrices of one particle, but as spin vave functions of a systen of two particles

with spin s. It then follows fron the expansion (?) tt,at such a system can be in a state

vith arbitrary integer value of the total spin.

A more detailed exposition of this scheme vil l  be the subJect of another paper.

TLre author tha.nks I. S. fihapiro who attracted his attention to the problen of cornplex

spin for interest in the vork and for valuable cliscussions.
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