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A number of recent papers Lt, Z1 discuss rnagnetic surfa,ce levels in supercond.uctors,
analogous to those in no:mal netals (see,[j l ]. ,We shov in this paper that ln superconiluctors
there can exist a principal.\y nev type of bound states, due to a self-conslstent interaction
of exeitations via a nagnetie field H, anct not present in rnormal metal-s. In this case a bancl
consisting of Iocal levels is aclJacent to the continuous spectrun at lel 5 a. Its vid.th is
of the order of therrinteraction constantrr vhich is proportional to II2. ftre presence of such
a spectrum Leads to a resonence (see the encl of the article).

To obtain the spectrun ne turn to Gorrkovrs equatlons for the vave firnctl'ons U of the
quasiparticJ.es. We put

It*l crpli (r,r I p.z)/lr I 1f' 
-A 1 _ ---

t . lu] _o, €' l  3, € = ,  * v.2- 42.

We then have in veak field.s, in the approxfunation }inear in the field (11near f,or the
equation but not for its solution):
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Here 6 is the energy, A the gap, p the chemical potentlal,  p the general izet l  nomentum,

i the vector potential, and B = B, the magnetic incluction (this is Just the quantity that

enters in al l  the equations, i .e.,  the self-averaged nagnetic f ield - see [\ ] ,  vi th c,rt t  i  -
-) ->

(t+n/c)J x 6 = curl i l  = O); the superconductor f i l ls the half-space y : 0.

For a,ny l. l t A, ES. (2) has a sofution that increases as y + -@ and satisfies the boun-

dary cond.it ion, vhicb ve shall vrite for concreteness in the forn qr(O) = 0. For lel . A, tfre

corresponding solution (continuous together vith the first derivative) is

o f

ao= k;texp( -  iokoyl Is in(kov') f  Jv ' ldr '  + l ; t  Gintrof v-v ') l f  Jv ' ldvi  ( : )

o  =  t  l , ko  =  t /2npr /h2 . .

Let us vrite down Eq. (3) for Fo = 0* - so4- (s = r] d.etermines the rruppertt or t ' lover"

split barid). When rd << 1 ve have in the nain approxination

o

F+  =  zs lm  l e rp ( i& -  y ) l  k - " r  !  o0 ' )  s i n ( [ o  ' / ' )F  + (y ' ) dy '  t

F -  =  i zs l -o t  lRe Iexp ( t t -  v ) l  I  o ( y ' ) s i n ( koy ' ]F  a (y ' ) dy '  +

,
+_ f  o (y ' ) s i n [1 . ( ] ,  -  y ' ) l F * ( y ' ) dy ' l  ,
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, .  e  =  s ( A  -  c , ) ,
t - z 1 /  2 L e '

o

6  =  t o ( y ) d y / o o , o  o  :  o ( 0 )  .

Fron (5)  ve get  F*  = D r rn[exp( ik-y) ] ,  where D is  areal  constant j

and the loca1 (at specified p* ancl p") level (see Fie. 1)

^ - 8m2 As (fi 2lo )'2'! o (y) sin( to y)sin I yRet- ldr,

i ' -  (koxth2 t ' t  t r^ l i t  t  Ker- ' r ( l  ,  +)  { t  *  roa)  - '  ,  (B)
l o 8 -

e ' - o o p t ( k . 8 r 2  + ( & o A  + p )  - 2 1 - l  
,  p  =  e o L ? ' ? ,  7 - f i 7 / Q m 8 2 ) ,

2s - s1-11,
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which exists (since r > 0 by definit ion) on\y wben sign a = sign s, i.e., at a definite sign

of p*, a.nd corresponds to the ground state. The constant D is clete:rninetl frcm the normali-

zat ion of  0.

The method.  is  par t icu lar ly  luc id in  the case vhen 6 + 0r  i .e . ,  a(y)  = 6aO6(V) (O(V) iE

the delta function). Using the sarne nod.el- rrith -L < y < 0, it ls convenient to traee the
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:baracter of the spectnrm. Going over to the Fourier represent-

at ion in  (2) ,  we obta in

l':.^,' ,- ; :l oo  (e  2  +  A2  )E  l 2n2
-  o ;  , .  -  - ; : -  ,  €n=  - - :  - r r " { l 0 l

1 /  e z - L J F ( "  
"  

2 n L 2

Equation (ro) ean be written in the form F(e) = a6*; its

graphic solution is shovn in Fig. 2. When L + ', in the case

vhen Irl t a, the continuous spectrum remain" (rrr*l - en * O)

and Eq. (f) aeternines essentially I* or I-, whereas vtren lel

< A there appears a local self-consistent t'zero-soundt' leve1

(si.nce a sum is obtained over all krr), correspond.ing to an

interaction via the nagnetic field.

lhe static cunent density

i  -  L 
,1.^" ,o;(p- iA)o-t th, ,

receives fron the loca1 levels a contrlbutlon of the ortler of

xexp(ary), whicb is cancelled, however, by the contlnuous-

spectrun states located. near A, so that ] nes the usual form.

(A slow1y-danpea i night appear nhen account is taken of the de

dpendence of the quasiparticle reflection coefficient on the angLe of their incitlence on the

surface, vhen snall kO are separated..) At resonance, the 1ocal Levels are separated, ancl this

gives rlse to current-density and magnetic field components that penetrate into the metal,

are oscillatory in t il, Urrt are vealtly darnpetl (i., *-1 ).

Let  us t le ter-mine the densl ty  v(e r .  I  o f  the 1ocal -s tate bancl :  v(e ' )  = JJOter  -  e  |  ( tO)1 t
. ,  -  - 1

dp*dpr/hz. When ko = [ * 6-], vhen ihe entire wave is in the skin layer, e'(fr.) (see fig. 2)

is maxinal , and v(e') has a singuJ-arity. The density of states has a singularity (Jlmp) also

at the bounclary of the spectrun vith respect to k'r at kO = t<, = 6vfr. finally, the sin-

gularity of the density of states may be connected with the nonspecular character of the

reflection starting vith certain not-too-sna1-1 kO I kr. The singularity ot' v(e') d.enotes

the possibility of a lesonance in a superconductor placecl in a consta.nt nagnetic field a^nd in

a veak high-frequency fieJ-d. H1 .. H, at a frequency dor = e'(i) (t = kf apparently corresponds

to diffuse reflection, thereby exclucling resonance), anil anonalies in the high-frequency

characteristics when hrrl tu et(k+).

The cond.lt ion for the applicabil ity of the foregoing theory is r << 6-', i .e.,

I  <<  g t r r  pk  =  (1  +  koo )z .  ( g )

I{hen p n, p* the next 1ocal level-s split avay fton the gap, so that tbe quasiclassical

approaeh hold.es when p tt pf (O attenuates more rapidly than a); calculations:for thls case,

at any aO/A, are givenin [Z]. Stle appearance of the next band of local states occurs at

ko6 t f (tne entire vave is in the skin layer), when pk " 1. fbe origin of such a paraneter

ls clear alrea{y fron (2) when thi.s equation is written in relative coordinates y ='6y.,, if

c-Jc-zc4 ct czgral

cr= rliltrit!
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account ie taken of the fact tbat nax {F,

"o/81 :  6- � ,  so that  6 nexp( i r ly1 + r2 l1)r

r r  -  i rz  = [ (koo )2 -  ipL/21r /2 i  tne value of  12

detennines the sitrration. When kO6 I 1 and p

>> 1 the nunber of fevels and' the dls'tarce

betveen them are of the order of p1/\ *a aoo-r/\

respectlvely - see FiB. 3. (We note that p a' Ht

ancl that'pT, f is reacbed when aO n, e.tf6 '

a(o2xr /Eo) '2,  Eo is  the pai r  t l inension,  i .e . ,  when

g,r, chtot"o'rfi)-1 n, to-5 - ro-\ oe). with increasing ko, the nwober of leveos decreases, a'nd

when ko , 6.-tit/zthere remains one of the levels calcuLated above ( ff pr/z < 6ku and the

reflectiqr diffirseness that snears out the local leve1s does not become appreciable at smal'ler

kO). When H increasee, all the nev bande move anay fron the bottorn of tbe gapt and all' tbe

culves of Fig. 3 move apart and shifb utrxrard.

Calculs,tion of the density of stetes, the assessnent of i.ts singularitiee and of the

possibllity of resonance a.ntl a,nalogous to those of the preceding case. 'Ihe most convenientt

apparent\y, are observatlon of resonance at kO n,6-1, at the frequencies l lo t naOP 
1/4r t 

lr,,r  , l .

1, ... . pL/'r at a natural- Ievel rridth t1/t, vhich Ls snalL compared. vith the distance "n9-"*

betveen levels. In flelds II ' \, I Oe, thie corresponds to t, ' ! fO9 - fOU sec-l and. t f6-8 -

10-10 sec.

Inasnuch as the local levels correspond to finite notion of the quasiparticles ancl to

their collisions with the 6urface, a etudy of the resonance yields infotmation on the charac-

ter of quasiparticle reflection [:].:- When 16 < f the planarity of the surface is extremely-

irnportant, for in the tvo-dinensii:nal cabe,et becmes exponential\y snall relative to (16)-',

and accord.i.ngly the llnltation e' >> 4/t beccmes exceedingly stringentr whlle in the three-

climenslonal case, when a = a(xr !, z), there are no local levels at all.
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