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We have obtained the folloving properby, asymptotic for real s 'r e, of the phase of the

scattering arnplltude A(t, s)l for a^ny single-vaIued, possibly discontinuous, deflnit ion of

the argr:rnent 0 (tr s) a arg {A(t, s)} in the t-p}ane, and for real s, the roarcLnuo c(s) =

nax {0 ( t ,  " ) }  is  bounded f ronbelov vhen l t l  .  "  Uy
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,  ( r )
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vhere o^-.(s) ana o-,(s) are respectively the total elastic scattering cross sections of
t o l -  e l . '

particles of mass u. Since preaent notions concernlng the behavior of the total a.nd elastic

cross sect ions,  inc l icate that  u2o2aoa{") /our(s)  * - ,  th ls  property  means lnf in l te  osc l l la t ions

of the amplitude asymptotically as s + -. ftre fotlowlng analytlc properties are proposed for

the aroplltude A(t, s): 1) A(t, s) is analytic ln t for all- s outslde the real cuts

( \u2,  + - )  and ( - - ,  -s)  in  the t -p lane;2)  the modulus l . l ( t ,  s) l  lncreases more erovly  than

any exponent ia l  in  t ;  3)  o(e)  = o(s)  as s *  o.

The inequality (f) v111 be clerivecl in the folloving fashion. We represent the anplitud,e

A(t ,  s)  in  the fom

A ( t , s ) - P n { t , s 7  
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en(t, s) is a polynonial in t vith roots,' i*(e) coincialing vith the zeroE or A(t, s) ln the

c i r c l e  l t l  .  " 1  i . € . g

t{
P n / t , s ) =  I I ( t - t / t r k ) ) .

l = l

t l re  fwrct ion 1n {A( t ,  s) /e*( t ,  s) }  is  analyt ic  in  the c i rc le l t l .  " ,  v i th  a cut ,  a ,nd a < l is-

persion relation ca,n be written for it. Ihe integral over the circle then t€nds to zero as

s * -r a.nd then modulus of the anplitude lA(t, s)l ls expressed, at phyeical values of t in

the s-channel, ln terns of the roodulus of the polynonlal P*(t, s) and the lntegral of the

functi.on g(t, s) = are {A(t, s)} along the cuts. l{e then obtaln fron the fact that the phase

is bounclecl (O(t, s) < a(s)), the lover bound. for o", (s) for a^n arbltrary polynonial PN (t, s).

Let  t , . (s)  be the zeros of  l ( t ,  s) ,  I I  =  N(s)  the nunber of  zeros ln  the c i rc le l t l  .  " ,
I N

ano P*(tr s) = 
*lr(t 

- t/to(s)) a polynonial in t. We write donn the Cauchy integral for the

fuct ion 1/ t  fn{A( t ,  s) / f * ( t ,  s) } ,  which is  analyt ic  in  the c i rc le l t l  .  "  wi th a cut

(1u2, ") (the integration contour C is shorvn in the figure)
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By virtue of assunptions 2) antl 3), the integraf over

the c i rc le l f l  =  "  is  o(s)  &s s + - ,  i t  is  necessarJr  to

take into account here the fact that arg{PN(6, s)} < 2c(s)

= o(s), since the nunber of zeros of ten amplitucler antl

consequently of the polynonial, does not exceed c(s)/n in

principle. fhus, recognlzlng that P*(tr, s) is analytic on

the cut, ne obtain
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( ve  used  Pn (O ,  s )  =  1 ) .

For physical valuee of t (In

modulus of the anplitutte l l(t '  s)l
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t = 0r -s < Re t < 0) ve obtain a representation of the

in terts of the integral of itg argruent
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Let us nrite out an e:qrression for tbe elestic a,nd total cross sections ln tems
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'rJe put
t  =-1p2x,  t  *  (s  )  -  -  1p2,  x  k  ) ,  K -  Za(s l /  a ,

lPn ( r )  l ?  '  lPx  ( -4p2  x ,  s  )12 .

fhen,  subst i tu t ing (6)  in  (5) ,  ve get
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is  bourated f rom bel - - -  - : -^-  |  ̂  r  - - t t |  
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ov, since lP, (x)l- is a positive-deflnite polynonial of degree 2N, so

that  P, , (O) = 1.  L€t
itl
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To obtain nin {I(s)} for arbitrary an we can assune that all the zeros of x* are reel- and

consequently the coefficlents &n are also real: .i = .o.

If we calculate the ihtegral I(e) in explicit form in terms of the coefficients arrr

then the conditlon on min I(s) conetitute a system of N Linear equations in arr:

0 t ( s )

" " - " ' o ' n - 1 " " ' l V '

Taking these equatlons lnto accbunt in'the expreesion for I(s), we express

6  e  m i n l ( s )

linearly in tenns of arr. We thus obtain a system of N + I llnear equation relative to the

II + l unknowns a' and b. Solvlng this systen vith respect, to b, we get

I
6 =  -

| ( ( N +  l )
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since N, in accordance with the principle of the argument, does not exceed a(s)/n (see aboye).

Conseguently
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ff ve assurne that

# " & s 5 + o
then a(s) * - and ve obtaln inequality (f) ror the loner asymptotic bound of the naxinun o(s)

of the argurnent of the arnplltud,e A(t, s) in the t-pLane.


