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We cons ider  the  in f l -uence, 'o f -  d isc re te  sur face  s ta tes  t l  -  4 l  on  the  lm-
p e d a n c e o f a s e m ! - . i n f l n i t e s a n p l e y : 0 l n a n . e x t e r n a l m a g n e t i c f i e l d p a r a l l e l
to  the  sur face ,  f i  l . l  , .  The charac t6r  o f  such s ta tes  ln  superconductors  was

ana lyzed.  in  de ta i f  in  ta l .  We choose the  na tura l  gauge A*  =  A* (V) '  Ay  =  A,  =

0 ,  and then the  proJec t lonsof the  momenta  o f  the  exc i ta t lons  on  the  x  and z

. i "J ' ie . " " i ia - i ; r ) -  a re  conserved,  wh11e the  energy  spec t rum e  =  er r (P* ,  Pr )  has

the  fo rm shown in  F ig .  I  t4 l .  The magnet ic  f le l -d  Hz  a t  wh ich  the  gap 1n  the

energy  spec t rum van i ihes  is  Hz  ' t ,  Qo/6E0,  where  Qo is  the  f lux  quantum,  6  1s

tfre deptn of penetrat ion, and 6o 1s the coherence length
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s p e c t r u m  1 n  a  s u p e r c o n d u c t o r :
a  -  H  <  H z ,  b  -  H  >  H z .  T h e
quas id i sc re te  l - eve l s  a re  shown
d a s h e d .
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The poss ib i l l t y  o f  t rans l t ions
is obvious already from the form
coruesponding slngular i t ies in the
magnitude of the magnetic f le ld,  on
qu i te  un i -que.  Wi thout  s topp ing  to

of the resonant and of the threshold type
of the energy spectrum, and this leads to
surface imped.ance. Thelr  dependence on the

the tenper.ature, and on the frequeney is
descr ibe  the  ca lcu la t lons ,  we present  the

f inal  result  for the resonant increment AZres of the surface impedance:
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na(e)  j -s  the  Fermi  d is t r ibu t ion  func t ion .  Formula  (1 )  was  ob ta ined under  the

assumption that the resonant frequency onn - (em - e)/h = o, where ur is the
f requency  o f  the  wave inc ident  on  the  superconductor ;  fo r  the  same reason as  in
cyc lo t ron  resonance [5 ] ,  the  l ine  broaden lng  and the  sh i f t  o f  the  resonant
f requency  as  the  resu l t  o f  the  smear ing  o f  the  1eve ls  can be  descr ibed by  a
rel-axat ion t lme t .  The relat ive ampl i tude of the resonance 1s of the order of

a /6 -  fo r  a  spher lca l  Ferml  sur face  and o f  the  order  o f  (a /6 - )6 -  fo r  a
Lr ' 

L' llin

cy l i nd r i ca l  su r face .  On  the  o the r  hand ,  t he  de r i va t i ve  o f  t he  resonan t  pa r t  o f
t he  impedance  su r face ,  as  usua l ,  l s  l a rge r  by  a  f ac to r  o - -T  t han  the  resonan t
l nc remen t  i t se l f .

The l ine shape in formula (1)  determines the dependence of  the energy
spectrum on one ( for  a cy l indr lca l -  Fermi  sur face)  or  two ( for  an arb i t rary
Fpnmi  q r rn fAna )  eon t i nUgus  pa rame te rs  P - .  and  P_ .  FOr  t he  Same reason ,  t he  f r e -' v v l l x . . . . . z .

quency  o f  t rans i t ion  f rom the  n- th  to  the  m- th  leve1,  wh ich  cor responds to  the
ex t remal  dens i ty  o f  s ta tes  tak ing  par t  1n  the  resonance,  and wh lch  is  ex t remal
in  P_-  and P_,  w i l l  be  resonant .  f f  m,  n  >> I  and m -  n  << f l ,  t ,  then  thex z '
c lass ica l  o rb l ts  cor respond ing  to  the  leve l -s  be tween wh ich  the  t rans i t ion  takes

fF

p lace  a re  pe r i - od  i n  coo rd i -na te  space ,  i . e . ,  ; . ,  =  . l v . . d t  =  0 ,  v -  +  0 .  The  ap -'  x  0 x  '  z
p rec iab le  d .ependence  on  (m  -  n )  i n  f o rmu la  (1 )  makes  1 t  poss lb le  appa ren t l y  t o
obse rve  expe r imen ta l l y  on l y  t r ans l t i ons  be tween  nea res t  l eve l s .  '

The temperature dependence of  the ampl i tude of  the resonance is  determlned
by  the  d i f f e rence  o f  t he  occupa t i on  numbers  o f  t he  co r respond ing  1eve1s
[ n p , ( e r . )  -  r f , 1 e * ) J .  T h e r e f o r e  a t  T  =  0  t h e  r e s o n a n c e  i s  p o s s i b l e  o n l y  i f  e *  >  0

and  e -  1  0 ,  co r respond ing  to  a  t r ans i - t i on  f r om a  f i l l ed  l eve l  t o  an  emp ty  one .

Tfr is  means that  the resonant  t ransi t ions are possib le when there are a l ready
d i s c r e t e  l e v e l - s  u n d e r  t h e  F e r m i  b o u n d a r y  ( e  =  0 ) ,  i . e . ,  ( s e e  F i g .  f ) ,  a t  H  >
Hz .  f f  t he  t empera tu re  d i f f e r s  f r om ze ro ,  t hen  some o f  t he  s ta tes  w l t h  ene r -
c r i  e s  r  )  O  e n e  f i ' l ' l  a r i  r ^ r i  t h  n a < i e C t  t O  t e m p e f a t U r e  ( a n d  a C C O f d i n g l y  S O m e  O fY r f  v r r  r  v v I

t h e  s t a t e s  w i t h  e r r . 0  a r e  e m p t y ) ,  a n d  r e s o n a n c e  i s  r e a l l z e d  a l s o  a t  H  <  H z .

The  tempera tu re  dependence  en te rs  no t  on l y  i n  t he  occupa t i on  f ac to r  bu t ,  1n
a c c o r d a n c e  w i t h  [ 6 ] ,  a l s o  i n  t h e  v a l u e  o f  t h e  g a p ,  i n  t h e  d e p t h  o f  p e n e t r a t i o n ,
and by the same token in the resonant  f requencies.  The exponent  of  H, /Hz-de-
pends  on  the  d i s t r i bu t i on  o f  t he  magne t i c  f i e l d ,  bu t  i t  i s  a lways  o f  t he  o rde r
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Flg .  2 .  Phase t raJec tor i -es  cor respond ing  to - the  fo l low ing

1eve1s:  a  -  o rscrL ie ,  b  -  quas l -d lsc re te '  The leve1 w id th

l s d e t e r m l n e d b y t h e . p r o b a n i r i - t y o f t h e t r a n s l t l o n f r o m t h e
s t a t e l - t o t h e s t a t e - 2 r a n d l s e x p o n e n t l a l l y s m a l l i n t h e
quas ic lass lca l  approach.

F lg .  3 .  Dependence o f  the  der iva t lve  o f  the
l"" tr ,"  magnet lc f ie l t l .  The monotonlc part

on ly  ten ta t l ve .

o f  un l ty ,  and the  presented  va lue  2 /3  1s  ob ta ined in  the  case o f  exponent la l

A*; i ;g"or tr ,"  r le ia,  and 1s more readl ly an est imate'

B e s l d e s t h e t r a n s i t i o n b e t w e e n t h e s t a t e s o f t h e d i s c r e t e s p e c t r u m ' r e s o -
nance occurs  a lso  in  t rans i t ions  f rom quas id isc re te  s ta tes  to  d lsc re te  ones

f f i ; ; . - i - ; ;  t i :  Every th ing  s ta ted  aUove can be  ex tended w l thout  change a lso

to  th ls  case,  exeept  tha t  the  cor respond lng  resonant  f requenc ies  are  ' r " "  >  2L '

Another type of s ingular i ty is c-onnected with threshold effects '  whi-ch

are  due to  t rans l t lons  f ron  s ta ies  o f  the  d isc re te  spec t r "um to  the  cont lnuous

s p e c t r u m . T h e p l c t u r e c h a n g e s w h e n o o r H c h a n g e s , a n d f o r c o n c r e t e n e s s w e
shal l -  consider the change with i"uq,r" t t"v.  -  with" increasing frequency r. . l ( rr t ' r  < 2A) '

s ta r t ing  a t  a  cer ta in  i i s ta " t  r i  b i * , - - "suc f r  a  t rans i t lon  beeomes f l rs t  a l lowed '

and then the number of the tranSit ion" l t ' """ases perlodical ly with ol  wlth in-

c reas ing  t r r .  A t  the  same t ime, ; ; ;  sur face  lmpedance a lso  lnc reases '  A t  zero

temperature, ao io"g as H < Hz, the ampl i tudes of the lncrements are exponen-

t la1ly sma1l.  The point 1s that the wlve funct ions that enter ln the matr lx

elements that determines trre transi- i io" probabiLi t ies are not covered in

s lmi la r  fash ion- ; t - i l ; -  t raJ" " to= i "s  - r  r ig .  2 .  I f  I . l  { . ,  the .n  the  lmpedance

increment  i s  o f  the  same order  as  the  resonance anp l l tude.  4 t 'T  /  0 ,  owlng  to

the  tempera ture  f i l l i ng  o f  the  leve ls ,  ius t  as  ln  ihe  case o f  resonance '  the

lncrements occurr lng in tne magnet:-c i i6fas H < H2 are l ikewise not smal-I '

From the character of the energy spectrum. i t  is seen that there are al to-

gether nN(N - :-:l7z al.:�rerent """o""i"t singularil^1,": ?19""\'rl i::?|l?Z?tlf"-
i a r i t l e s ,  w l t h  U  t f t e  n u m b e r  o f  d i s c r e t e  l e v e l s  ( N  t u  ( t t , / H " ) - ' ' \ o L / a ) '  r r

H < Hz and N " t@iQT-e tffiI if H > He '

In  conc fus ion  we no te  tha t  the  exper ine l ta l l y  observed.  s lngu la r i t les  o f

the surface impedance in "rrpu""or i"" to" '= tz,  B] ha;e apparent ly a threshold

charac ter .  To  observe  t f re  resonance i t  wou ia  le  nec"s ia ry  to  decrease the  f re -

quency  o f  the  ex terna l  f ie ld  i " ' - i7 ; -8 j ,  s lnce  the  employed f requenc les  cor re -

s p o n a -  t o  l a r g e  m  -  n  i n  ( 1 ) '
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