Vortex statistics in rotation helium

V. K. Tkachenko

Institute of Solid State Physics, USSR Academy of Sciences
(Submitted February 9, 1976)
Pis’ma Zh. Eksp. Teor. Fiz. 23, No. 6, 334-335 (20 March 1976)

The statistical mechanics of a two-dimensional system of vortices (negative
temperatures) explain the reverse turning, previously observed by the author, of a
float in rotating helium. The problem of the statistical distribution of vortices of
like sign in a circular cylinder is solved.

PACS numbers: 67.40.Li

The principles of statistical mechanics of a two-dimensional system of vor-
tices in a bounded vessel were established by Onsager 11in 1949. He has shown
that negative temperatures have a meaning for such systems. Indeed, the vortex
system is a Hamiltonian system, and its phase volume is finite. When the vortex
interaction energy E— i+, the phase volume tends to zero. This means that at
a certain E; the phase volume is maximal, meaning in turn that at E >E the
system is in a state with negative temperature,

In 1970, vortex systems have attracted the interest of plasma~theory spe~
cialists, [*1 inasmuch as a two-dimensional plasma in a strong magnetic field
is described by the same equations. This yielded soon a non-trivial result,
namely: a system of vortices of positive and negative circulation tends to break
up at negative temperature into two clouds, one of vortices with positive cir-
culation and the other with negative circulation, 13,41 This result follows quali-
tatively from the fact that at negative temperature the system tends to occupy
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the state with the maximum energy, and such a state comprises indeed the two
clouds described above, In"®? it was reported that a float in rotating helium
turns in the opposite direction. This result can be explained precisely on the
basis of the foregoing considerations. The helium dynamics can evolve, for
example at the following manner. At the start of the rotation, a Taylor insta-
bility arises in the liquid, i.e., macroscopic vortices, consisting of many ele-
mentary ones, are produced along the wall of the rotating cylinder. The planes
of these vortices are perpendicular to the rotation axis, and the signs alter-
nate. The interaction energy of the elementary vortices is large, meaning that
the temperature is negative. Under the influence of the normal component, the
vortices gradually become aligned along the rotation axis, retaining the negative
temperature, Condensation of the negative-circulation vortices into a cloud
takes place at the center of the vessel, and the float begins to rotate in the op-
posite direction, The irregularity in the reproducibility of the effect indicates
that deviations from the described picture are possible,

The float rotation observed in!®! was quasistationary, with a velocity several
times smaller than the angular velocity of the vessel itself. This uneven rota-
tion of the liquid can also be described statistically.

We consider the following problem: A circular cylinder of radius R contains
N positive-circulation vortices, It is required to find their statistical equili-
brium distribution. We assume that this distribution is axially symmetrical.
We denote the vortex density by n(r), where 7 is the distance from the axis,
Then for the entropy, apart from a constant, we have S=-— 27rfoRn lnnr dv. The
system of vortices in the cylinder admits of two first integrals—the energy E
and the angular momentum M, If we describe the motion of the liquid macro-
scopically, then E=xp fRo%dr, and M=1Tp [F(R*=+Dnrdr. Here v(r)
=(T/7) [ nrdr is the velocity, T is the circulation of the velocity around the
vortex, and p is the density of the liquid. We need to find a vortex density dis-
tribution #(#) such that the entropy S is maximal for given N, E, and M. To
this end it suffices to find the extremum of the quantity S+(u/TYN-E/T
+QM/T, where /T, 1/T, and §/7T are Lagrange multipliers. Varying n(») by
5% in the interval (n,»+d7%), we arrive at an integral equation in (), differen-
tiation of which with respect to » yields the simple integro-differential
equation

2 7
n'n-s-r-‘-ﬂlfnrdr—rprn-— .
Tr o T

At T=0 this equation can have a unique smooth solution 2(») =2%/T, It is valid
for both positive and negative temperatures if the relation £=NT/2rR? is satis-
fied. But if Q differs from this value, then the vortex density becomes already
uneven,

We consider the case 2=0. It arises if the angular momentum A4 is not con-
served for some reason (for example, because of roughness of the vessel walls).
In this case at T== the distribution of the vortex density is uniform, as before,
but as T —+0 the vortices become concentrated along the vessel walls and the
rotation at the center is slowed down, It is possible to describe qualitatively in
this manner the rotation of the float, ascribing a certain positive temperature
to the vortex system,
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