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Berry effect in acoustical polarization transport in phononic crystals
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We derive the semiclassical equations of motion of a transverse acoustical wave packet propagating in a
phononic crystal, subject to slowly varying perturbations. The formalism gives rise to Berry effect terms in
the equations of motion, manifested as the Rytov polarization rotation law and the polarization-dependent
Hall effect. We show that the formalism is also applicable to the case of non-periodic inhomogeneous media,

yielding explicit expressions for the Berry effect terms.
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I. Introduction. The well-known analogy between
the (linearized) equations of elasticity and Maxwell
equations (see e.g. [1]) gives the advantage of predicting
the acoustical analogue of many optical phenomena. In
particular, polarization phenomena in optics find their
counterparts in transverse acoustic waves. For example,
the Rytov polarization rotation law [2] and the polariza-
tion dependent Hall effect in optics, which are manifes-
tations of the Berry effect for photons [3—13], pertain
to transverse acoustic waves as well [7, 14, 15]. The
study of the influence of the intrinsic degrees of freedom
(polarization /spin) of particles on their translational de-
grees of freedom, the so-called ‘spin-orbit’ interactions,
has lead to the recently formed subject of spin trans-
port. Because of the dependence of transport on po-
larization/spin, particles in different polarization/spin
states propagate along slightly different (semiclassical)
trajectories. Examples of spin transport phenomena are
the anomalous and the spin Hall effects in solids [16 —19],
analogous effects for relativistic electrons [20], the opti-
cal [9-13] and the acoustical [15] polarization-dependent
Hall effects.

Recently, optical polarization transport in inhomo-
geneous media, in particular in photonic crystals, has
been studied via the semiclassical wave packet approxi-
mation [11, 12, 21]. The wave packet approximation had
proved to be very successful in the study of electronic
spin transport in solids, for which it was originally devel-
oped [16, 23, 22]. Here, via the same approach, we obtain
analogous results for acoustical polarization transport
in a phononic crystal formed by the periodic variation
of the density of the medium, subject to perturbations
that vary slowly in space. Phononic crystals are novel
materials that owe their name to the analogous effects
of photonic crystals on light — they permit the passage
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of waves only at certain frequencies and can be, there-
fore, employed to control and confine sound [24-28]. A
complication that arises in acoustical polarization trans-
port in inhomogeneous media is the coupling between
the transverse and longitudinal waves (here caused by
density variations), which means that polarization can-
not be maintained. However, the coupling vanishes in
the adiabatic limit of slow density variations, rendering
polarization an adiabatic invariant. The formalism gives
rise to a Berry phase term in the polarization evolution
equation, describing the rotation of the polarization vec-
tor (the Rytov law), and a Berry curvature term in the
equation of trajectory, deflecting the phonons depending
on their polarization (the polarization dependent Hall
effect). Such Berry effects have been previously estab-
lished via a different semiclassical approach (the short-
wave or post-geometric approximation) for transverse
acoustical transport in nonperiodic inhomogeneous me-
dia [15].

IT. Acoustical Bloch waves. The dynamics of the
displacement vector filed U(x,t) in an elastic medium
is governed by (see e.g. [29])

patzU, = 6j0'ij (1)

(summation convention implied), where p(x) is the den-
sity of the medium and o;; is the stress tensor. In an
isotropic medium the latter takes the form

Oij = )\5,']- OrUr + N(ain + 6]'Ui),

A and p being the Lamé coefficients (assumed constant
throughout). Let us, thus, rewrite equation (1) as

A+2
oy = AT

V(V-U)—%VX(VXU). 2)

We decompose U into a solenoidal part, U, and an ir-
rotational part, U)|, according to U = U, + U (such a
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decomposition is, of course, always possible for an arbi-
trary vector). Since the volume change in a deformation
is given by V - U, the solenoidal part of the displace-
ment field does not involve any change in volume as it
propagates in the body. It is thus termed the transverse
displacement field, which has two independent compo-
nents (polarization modes). The irrotational part, how-
ever, involves compressions and expansions in the body
and is termed the longitudinal displacement field, having
a single polarization mode. Thence, by taking the curl
and the divergence of (2), we obtain

V x (6t2UJ_—Ui VzUJ_) =
=-V x (6t2U|| - Uﬁ V2U||) = Vvﬁ X V2U||,

V(c’)fUL —’Ui V2UJ_) =
= -V (87U — v} V2U)) = -V} - V2UL, (3)

where

oG =

The curl and the divergence of the expressions in paren-
theses would vanish everywhere if the density were uni-
form, implying that the expressions must be zero iden-
tically, i.e.,

U, —vIV?UL =0, 8U —vjV’U;=0. (4)
The transverse and longitudinal modes would, thus,
propagate independently as waves with speeds v, and
v||, respectively. In presence of density variations, how-
ever, equations (3) are coupled. Nevertheless, introduc-
ing a slow (adiabatic) variation of the density, the right
hand sides of (3) may be neglected and the equations still
decouple. This decoupling is vital in acoustical polariza-
tion transport, because otherwise, polarization cannot
be maintained (to be contrasted with optics). The adia-
batic approximation eliminates the coupling between the
transverse and longitudinal modes and renders polariza-
tion an adiabatic invariant. Therefore, in the adiabatic
limit, (4) still applies where v and v are now local wave
speeds, and we shall be interested only in the transverse
wave equation, of course.

The transverse index of refraction, n, of an inho-
mogeneous medium is defined by v, (x) = ¢\ /ny(x),
where ¢, is the transverse wave speed in a reference
homogeneous medium. For convenience, we shall take
¢; = 1. Introducing the monochromatic wave solution

U,(x,t) = Z exUx(x,t) = Ze)‘u)\(x)e*i“’t,
A

A=1,2

e, being the (orthonormal) transverse polarization vec-
tors, into the transverse wave equation yields the eigen-
value equation

—;Vzu,\ = w?uy (5)

n (x)

for polarized transverse waves. The differential opera-
tor in (5) is not Hermitian. However, by introducing the
Hermitian operator,

R 1, 1

- ny(x) ni(x)

the equation can be written in the self-adjoint form

Qi = Wiy, (6)

where
Pa(x) = ny (x)uy(x).

Thus, with the weighting function n,, eigenfunctions
uy form a complete orthogonal set that is quasi (adi-
abatically) transverse. In a phononic crystal defined
by imposing periodic condition on the refractive index
through p(x), the eigenfunctions of (6) are Bloch func-
tions (Bloch’s theorem), viz.,

Pan (X, q) = eiq-wan (X, q)a (7)

where the corresponding eigenfrequencies, w,(q), ex-
hibit band structure as a result of the periodic condi-
tion. Here, q is the lattice momentum (restricted to the
first Brillouin zone), n is the band index and wx,(x,q)
is periodic in x with the periodicity of the crystal lat-
tice (viz. p). The acoustical Bloch waves (7) form a
complete orthonormal set,

/dx 1/’?\,,(& q)’d)z\’n’ (x1 ql) = 6/\)\’ 5nn’6(q - ql)

and, thus, serve as a convenient basis for constructing
phononic wave packets. In the following, we ignore the
possibility of interband transitions and consider a single
frequency band at a time, so that reference to the band
index may be dropped.

ITI. Wave packet of Bloch phonons. Let us pro-
ceed to the quantum level and introduce the ket nota-
tion, ¥a(x,q) = (x[¢a(q)), wa(x,q) = (x|wr(q)), etc.
We consider a wave packet |¥) of Bloch phonons with a
momentum k that is well defined on the scale of the
Brillouin zone. Such a wave packet must be spread
in real space over many primitive cells about a mean
value r. In the semiclassical approximation, which de-
scribes the wave packet on a spatial scale many times
its spread, the location of the packet may be specified
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by r. The semiclassical approach, thus, associates with
each wave packet a position r and a momentum k (as
well as a polarization state, see shortly), and predicts
how these parameters evolve as the wave propagates in
the medium. In the course of propagation, the wave
packet may generally experience in its neighborhood
perturbations (such as deformation strain fields) that
vary slowly within its width. Such slowly varying per-
turbations may be treated classically by being evaluated
at the wave packet’s mean position r. The semiclassical
Hamiltonian H, which determines the dynamics of the
wave packet via the time-dependent Schrédinger equa-
tion i|¥) = H|®) (h = 1), is then the sum of a periodic
(quantum mechanical) Hamiltonian and the classically
treated perturbations. Thus, H has the periodicity of
the unperturbed Hamiltonian and involves r as a para-
meter, which whence enters in the (Bloch) eigenstates
and the corresponding eigenfrequencies parametrically.

We, thus, construct the (normalized) wave packet
according to

(1)) = Z\:ZA(t) /B _dagla s, (®)

where g(q,t) and z)(t) are amplitudes with the normal-
izations

/ dalg(a,t)* =1,
BZ

Y @) =1
y

The momentum distribution |g|? is assumed to be
sharply peaked around its mean value k,

k() = / dq |gq,
BZ

which is regarded as the momentum of the wave packet.
In the complex two-dimensional polarization space, the
polarization state of the wave packet is represented
by the parameters z,. The wave packet |¥(t)) =
= |¥(R(¢))) is, thus, characterized by the parameters
R = (R,) = (r,k, z)). The location of the wave packet,
which is specified by its mean position (¥|%|¥), is self-
consistently given by

r(t) = /B _da |gf (VoS + (WiVaW)), ()

where S(q,t) is the phase of the momentum amplitude,
viz. g = |gle™iS, and [W(r,q,21)) = 5, 22w (r, )
((W|W) = 1). In view of our assumption of a well local-
ized wave packet in the momentum space, (9) reduces
to

r(t) ~ ViS(k, t) + (W(R)[iVi[ W(R)).  (10)
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ITI. Dynamics of the wave packet. The dy-
namics of the wave packet is determined by the time-
dependent Schrédinger equation which is derivable from
the Lagrangian

L(2),19),0) = i(2|¥) - (T|H|T)

via the Euler-Lagrange equation [30]. Thus, using (8),

= / da lgf? (iW[W) + 8,8 - w) ~
BZ

~ 37 (W (R0, [ W (R)) + £ - (W (R) iV, W (R))+
A
+8,8(k, )

— w(r, k).
Since,
aS(k,t) = S(k,t) —k - ViS(k, t) ~
~ S —k- (r — (W(R)[iVi|W (R)))

having used (10) in the last expression, the Lagrangian
lz_)ecomes (up to an inconsequential total time derivative
S),

LR,R,t)~R-AR) —k-r —w(r,k), (11)

where

A(R) = (W(R)[iVr|W(R))

is the Berry connection (gauge potential) in the parame-
ter space. It has components

Ar; = (W(R)[i0, W (R)) =
= " (wa(r,k)|i0y, [w(r, k) 23 21,

AN
Ak, = (W(R)[i0k, [W(R)) =

= (wa(r, k)0, [wx (r, k) 25 2ar,
AN

Az, = (WR)[iD;, |[W(R)) = iz3.

The Berry curvature tensor (gauge field) associated with
the Berry connection has components

Qu,b(R‘) = aRa Ab(R) - 6Rb Aa(R)

Clearly, only A,, and Ay, give rise to non-vanishing
components which are Q,.,, = (Ve X Ar)p = (Qr)s,
Qiir; = (Vi X Ag)r = (Qu)r (4, 4, k in cyclic permuta-
tions) and Q,,;;. By introducing matrix notation in the
polarization space, these connections can be expressed
more conveniently as

Ar.’ = <Z|A’I‘i Z), Aks’ = <Z|Ak*|z)’

where |z) is the column matrix with elements zy
representing the polarization state ((z]|z) = 1),
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~

A, (r,k) is the (Hermitian) matrix with elements
(wx(r,k)[i0p; |wr (r,k)) and likewise for Ay, (r,k). The
Lagrangian (11) can be, thus, expressed as

Lr~i{z]z) +1-Ar+k-Ax —k-r—w. (12)

Effective Lagrangians like (12), which determine the
semiclassical dynamics of the wave packets, are central
to the semiclassical wave packet approximation. The
equations of motion that follow from (12) are

|2) = i(E - Ay + k- Ay)|z), (13)
i = (Vg +k x Q)i — Qg 75, (14)
ki = (—er + T X ﬂr)z + Qr.'kj kj’ (15)

where vg(r,k) = Viw is the group velocity of the
wave packet. These are identical in form to the equa-
tions obtained in [21] for optical polarization transport
in photonic crystals. Equation (13), which describes
the time evolution of the polarization, has the solution
|2(t)) = €7]2(0)), where 4 = [, (dr - A, + dk - Ay) is
the (Hermitian) Berry-phase matrix associated with the
wave packet trajectory C in parameter space. The phase
shift includes the contribution of the directional change
of propagation (second term in the integrand) and thus
generalizes the Rytov polarization rotation law. In the
remaining two equations, the first terms on the right-
hand side reproduce geometrical acoustics. The second
term in (14) represents an anomalous velocity, which,
being polarization dependent, gives rise to an acoustical
polarization-dependent Hall effect, just as in the optical
counterpart [11, 12, 21]. The remaining terms owe to
the existence of slowly varying perturbations. They are
the second term in (15), which corresponds to a Lorentz
force, and the third terms embodying the effect of mixed
curvatures.

ITI. Non-periodic inhomogeneous media. The
above formalism is immediately applicable, just as in
the optical counterpart, to the case of slightly inhomo-
geneous media with non-periodic refractive index, too.
In absence of perturbations, this presents an exam-
ple where the Berry connection/curvature can be cal-
culated explicitly, reproducing the corresponding results
of [11, 12] for photons. In this case, a basis for the wave
packet expansion is provided by |¥x(q)) = e*|ex(q))
so that |wy) — |ex), ex being the polarization vec-
tors. The latter can be written in the helicity basis as
ey = %(ig +1iiy), ig (iy) being the zenithal (azimuthal)
unit vector in the spherical coordinates of the momen-
tum space. Thence,
cotd _ .

Ak(k) = TO’31¢,

where o3 is the Pauli matrix. This yields the Berry phase
matrix 4 = 63 [ dkg(cot 8/k), so that right/left circu-
larly polarized waves experience a geometric phase shift
of £ [, dkg(cotf/k), respectively. The non-vanishing
curvature is given by

k .
— 73 #(0)]63]2(0)),
where the final expression follows because 4 commutes
with 63. Hence, Q(k) = Fk/k® for right/left cir-
cularly polarized waves respectively, which, according
to (14), therefore propagate along different trajecto-
ries. These provide explicit examples of the Rytov law
and the polarization-dependent Hall effect for transverse
phonons. They coincide with the results of [15] obtained
via the post-geometric approximation for nonperiodic in-
homogeneous media.
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