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 2009 November 10Osmotic pressure of matter and vacuum energyG.E.Volovik1)Low Temperature Laboratory, Helsinki University of Technology, FIN-02015 HUT, FinlandLandau Institute for Theoretical Physics RAS, 119334 Moscow, RussiaSubmitted 15 September 2009Resubmitted 24 September 2009The walls of the box which contains matter represent a membrane that allows the relativistic quantumvacuum to pass but not matter. That is why the pressure of matter in the box may be considered as theanalog of the osmotic pressure. However, we demonstrate that the osmotic pressure of matter is modi�ed dueto interaction of matter with vacuum. This interaction induces the nonzero negative vacuum pressure insidethe box, as a result the measured osmotic pressure becomes smaller than the matter pressure. As distinctfrom the Casimir e�ect, this induced vacuum pressure is the bulk e�ect and does not depend on the size of thebox. This e�ect dominates in the thermodynamic limit of the in�nite volume of the box. Analog of this e�ecthas been observed in the dilute solution of 3He in liquid 4He, where the super
uid 4He plays the role of thenon-relativistic quantum vacuum, and 3He atoms play the role of matter.PACS: 05.70.�a, 12.60.�i, 67.60.�g1. Introduction. In q-theory, the relativistic quan-tum vacuum is considered as a self-sustained medium[1, 2]. This medium is described by the variable q, whichis a conserved quantity analogous to particle density nin condensed matter, but as distinct from n the vacuum`density' q is the relativistic invariant quantity. The vac-uum medium obeys the thermodynamic Gibbs-Duhemrelation �vac(q) � �q = �Pvac, where �vac(q) is the vac-uum energy density and � is the vacuum chemical po-tential { the variable which is thermodynamically conju-gate to q. Dynamical equation for q demonstrates that qgives rise to the cosmological term in the Einstein equa-tions of general relativity with cosmological \constant"� = �vac � �q = �Pvac [3]. The self sustained prop-erty of the quantum vacuum provides a natural nulli�-cation of the cosmological constant in equilibrium due toa self-adjustment mechanism: the vacuum variable is au-tomatically self-tuned to nullify in equilibrium any con-tribution to the vacuum energy from di�erent quantum�elds. Dynamical equations also demonstrate how thecosmological `constant' relaxes from its original Planckscale value in the non-equilibrium vacuum to the zerovalue in the �nal equilibrium state [3]. This providesthe natural solution of the cosmological constant prob-lem.Till now we considered the homogeneous in spacevacuum states, which were relevant for the homogeneousand isotropic Universe. Now we shall discuss the case,when the vacuum variable q may vary in space. This1)e-mail: volovik@boojum.hut.�

occurs when matter (say, cold atomic gas) is con�ned inthe box with non-penetrable walls. All the known wallswhich may con�ne matter, are however permeable forthe vacuum. Thus the walls of the box which containsmatter represent a semipermeable membrane that allowsthe vacuum (analog of solvent { water) to pass but notmatter (analog of solute). The pressure of matter in thebox becomes equivalent to the osmotic pressure { pres-sure that must be applied to a solution to prevent theinward 
ow of water.In equilibrium, the chemical potential � of the vac-uum substance must be the same inside and outside thewalls, while the values of the vacuum variable q are dif-ferent because of interaction between vacuum and mat-ter inside the box. As a result, the total (osmotic) pres-sure of the gas inside the box is modi�ed due to thevacuum: the negative vacuum pressure is added to thepressure of matter.This mechanism is of the thermodynamic origin anddoes not depend on whether the vacuum is relativis-tic or not. That is why it is also applicable to con-densed matter systems, in particular to a dilute solutionof 3He in super
uid 4He at zero temperature. In thissystem, super
uid 4He at T = 0 plays the role of thenon-relativistic quantum vacuum, and the gas of the 3Hequasiparticles plays the role of matter. The negative con-tribution of the `vacuum' to the osmotic pressure of 3Heis given by the same equation (10) as for matter in therelativistic vacuum, but the vacuum compressibility (11)introduced in [1] is substituted by the compressibility ofliquid 4He. This negative contribution to the osmotic�¨±¼¬  ¢ ���� ²®¬ 90 ¢»¯. 9 { 10 2009 659



660 G.E.Volovikpressure of 3He in liquid 4He has been experimentallymeasured.2. Correction to matter pressure due to vac-uum. Let us consider the box, which contains matterwith a particle density n, say a cold gas (Figure top).The total energy density of matter and vacuum is�(n; q) = �vac(q) + �mat(n; q); (1)where �vac(q) is vacuum energy, i.e. the energy densityin the absence of matter:�vac(q) � �(n = 0; q); �mat(n; q) � �(n; q)� �(n = 0; q);(2)and we take into account that the parameters of matterand thus the energy density of matter �mat depend onthe vacuum state and vacuum variable q. The vacuum
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n3 = 0Osmotic pressure of matter in the vacuum and its con-densed matter analog. In both cases the negative contri-bution to osmotic pressure is given by (10). Top: matterinside the box. Vacuummay penetrate the walls of the box,and thus the vacuum chemical potential � is the same in-side and outside the box. The pressure of matter inside thebox (analog of osmotic pressure) is reduced, Posm < Pmat,due to the negative contribution of the vacuum pressure,Pvac(q1) < 0, which is induced by interaction of vacuumwith matter. Bottom: dilute solution of 3He atoms in liq-uid 4He in the left box is connected by superleak to theright box with pure liquid 4He. Super
uid 4He plays therole of the vacuum, which is disturbed by matter { by3He atoms { inside the left box. Super
uid 4He may 
owthrough the superleak, and thus its chemical potential �4is the same in two boxes. Osmotic pressure of 3He insidethe left box is reduced, Posm < P3, due to the negativecontribution P4 < 0 of the background liquid 4He causedby interaction between liquid 4He and 3He atoms

pressure is determined by Gibbs-Duhem thermodynamicrelation [1]:Pvac(q) = �~�vac(q) = ��vac(q) + �q; (3)where � is the chemical potential in thermodynamics,and the integration constant in dynamics [3]; the ther-modynamic potential ~�vac(q) = �vac(q) � �q enters Ein-stein equations as cosmological constant, � � ~�vac(q) [3].Outside of the box, where matter is absent, the value ofq = q0 in the equilibrium self-sustained vacuum is de-termined by the zero pressure condition:Pexternal = ��vac(q0) + q0 d�vac(q)dq ���q0 = 0: (4)Since vacuum penetrates the walls of the box, its chem-ical potential � = @�=@qjn must be the same across thewall. This gives the condition:� = constant = d�vac(q)dq ���q0 = (5)= d�vac(q)dq ���q1 + @�mat(n; q)@q ���q1 ;where q1 is the equilibrium value of q inside the box,which is determined by (5). For small deviations jq1 �� q0j � q0, eq. (5) gives:(q1 � q0)d2�vac(q)dq2 ���q0 = �@�mat(n; q)@q ���q0 : (6)Let us �nd the pressure inside the box. The conven-tional pressure of matter isPmat = ��mat(n; q1) + �matn == ��mat(n; q1) + n@�mat(n; q1)@n : (7)However, the pressure inside the box, which is the ana-log of the osmotic pressure of matter, di�ers from matterpressure due to the modi�ed vacuum pressure. The totalpressure inside the box isPosmotic = ��(n; q1) + �q1 + �matn = Pvac(q1) + Pmat:(8)Expanding Pvac(q1) in q1 � q0 one obtains:Pvac(q1) = �q1 � �vac(q1) �� �q0 � �vac(q0) + (q1 � q0)��� d�vac(q)dq ���q0��� 12(q1 � q0)2 d2�vac(q)dq2 ���q0 == �12(q1 � q0)2 d2�vac(q)dq2 ���q0 ; (9)where we used (3), (4) and (6). Using (6) for q1�q0 oneobtains the following expression for the negative contri-bution to the osmotic pressure due to the induced vac-uum pressure:�¨±¼¬  ¢ ���� ²®¬ 90 ¢»¯. 9 { 10 2009



Osmotic pressure of matter and vacuum energy 661Posmotic = Pmat + Pvac = Pmat �� 12�vac �q @�mat(n; q)@q �2q=q0 ; (10)where �vac is vacuum compressibility [1]:��1vac = �q2 d2�vac(q)dq2 �q=q0 � 0 : (11)3. Mapping to dilute solution of 3He in super-
uid 4He at T = 0. There is the following correspon-dence with the dilute solution of 3He in super
uid 4He atT = 0. Super
uid 4He represents the vacuum, and 3Hequasiparticles represent matter living in the backgroundof the super
uid 4He `vacuum'. Thermal phonons whichalso represent `matter' are absent at T = 0. In typicalexperimental situation, the box which contains mixtureis connected with pure liquid 4He by the Vicor glasssuperleak, which is not penetrable by 3He atoms, butsuper
uid 4He may 
ow through the superleak (Figurebottom).The role of the vacuum variable q is played by theparticle density of 4He atoms in pure super
uid 4Heand in mixture, q � n4. The vacuum chemical poten-tial � is equivalent to the chemical potential of 4He,� � �4. It is the same in pure 4He and in mix-ture, since super
uid 4He may 
ow through the su-perleak, �4 = constant. The vacuum energy densitycorresponds to the energy density of pure liquid 4He,�vac(q) � �(n3 = 0; n4). The helium liquid obeys thesame equation of state as relativistic quantum vacuum:~� = �P , where ~� = ���4n4. This is the consequence ofthermodynamic Gibbs-Duhem relation at T = 0, whichis valid for any system, relativistic and non-relativistic.The matter density is played by the particle densityof 3He atoms in mixture, n � n3. The energy densityof matter is determined as correction to the energy den-sity of the `vacuum' when the 3He atoms with density n3are added to liquid 4He: �mat(n; q) � �(n3; n4)� �(n3 == 0; n4). The matter pressure Pmat � Pquasiparticles isdetermined as the pressure of the Fermi liquid (non-idealFermi gas) with the same parameters as the non-idealFermi gas of 3He quasiparticles, i.e. with the same den-sity, e�ective mass and the other Fermi liquid parame-ters. These parameters depend on the `vacuum variable'n4, which in particular enters the energy spectrum offermionic 3He quasiparticles [4, 5]E(p; n4) = E3(n4) + p22m�(n4) + : : : (12)It is assumed that the pure 4He outside the superleakhas zero pressure, though this assumption is not very im-portant for measuring the osmotic pressure which is thedi�erence between the inside and outside pressures. If

the pressure of pure liquid 4He outside is zero, then thepressure in the mixture Pinternal = Posmotic is osmoticpressure of 3He. Using the above correspondence, thecorrection to the osmotic pressure due to the modi�edpressure of super
uid 4He in the mixture can be foundfrom (10), where the vacuum compressibility must besubstituted by compressibility of pure super
uid 4He,�vac � �4 = n24d�4=dn4.In the limit of small concentration, n3 ! 0, the maincontribution to the induced `vacuum pressure' in the rhsof (10) comes from the `vacuum' dependence of the para-meter E3(n4) in the quasiparticle spectrum (12). Sincein the dilute limit one has �3(n4) � E3(n4), one obtains@�mat(n3; n4)=@n4 � n3dE3=dn4 � n3d�3=dn4. Thenequation (10) gives the following correction to the os-motic pressure at small concentrations of 3HePosmotic � Pquasiparticles � n232 (d�3=dn4)2d�4=dn4 ; n3 ! 0 :(13)The reduction of the osmotic pressure in dilute solu-tions of 3He in super
uid 4He due to the modi�cationof the super
uid background has been experimentallyobserved [6 { 8].4. Discussion. We discussed the phenomenon sim-ilar to the Casimir e�ect, in which the walls also inducethe vacuum pressure. However, as distinct from the orig-inal Casimir e�ect where the vacuum pressure dependson the dimension L of the box, PCasimir / L�4, the vac-uum pressure induced by matter is the bulk e�ect anddoes not depend on the size L of the box. This e�ectresults from the interaction between the vacuum andmatter and it dominates in the thermodynamic limit ofthe large volume of the box. The interaction between thevacuum and matter occurs in particular due to the de-pendence of the parameters of Standard Model matter onthe vacuum variable q, for example via the ultra-violetcut-o� which enters the running coupling constants.In the present Universe this e�ect is extremely small.Since the present atomic matter is very dilute comparedto the vacuum, the interaction between matter and vac-uum produces only small perturbation of the vacuumstate. The estimation gives Pvac � ��vac�2mat, with�vac � E�4Planck if the vacuum variable has the Planckenergy scale, or �vac � E�4QCD in case of gluon conden-sate in quantum chromodynamics as a soft component ofthe vacuum substance with the characteristic QCD scaleEQCD [9]. However, the modi�ed pressure of gluon con-densate may be considerable inside the neutron stars,where qd�mat=dq and 1=�vac are both determined by theQCD scale and may have the comparable magnitudes,qd�mat=dq � 1=�vac � E4QCD. It may also in
uence the�¨±¼¬  ¢ ���� ²®¬ 90 ¢»¯. 9 { 10 2009



662 G.E.Volovikmodels for the interior of black holes and black-hole can-didates [10, 11]. In principle the vacuum density q mayvanish in the center of the black hole singularity.The vacuum e�ect on the order of �2mat=E4Planck ap-pears also in the nonequilibrium Universe, see e.g. [12].Such e�ects were essential in the early Universe, and iffor some reasons the vacuum energy was frozen at laterevolution, this could give the reasonable estimate for thepresent magnitude of the vacuum energy and cosmolog-ical constant �. The dependence of the matter energydensity on the vacuum variable q which enters the in-duced vacuum pressure in (10), should appear at thetemperature of the electroweak crossover Tew, where theemerging masses of elementary particles depend on q.The vacuum pressure estimated at this temperature isPvac � ��2mat=E4Planck � �T 8ew=E4Planck. Similar resultsbut from a di�erent argumentationwere obtained in Ref.[13], where it was demonstrated that the electroweakcrossover necessarily generates the vacuum energy den-sity ~�vac = � � T 8ew=E4Planck. This vacuum energy iscomparable with the present value of the cosmologicalconstant �. If the freezing mechanism for the vacuumenergy suggested in Ref. [13] is con�rmed, this will sup-port the theories where the dark energy is related to theelectroweak physics, such as in Ref. [14].The analogous reduction of the osmotic pressure hasbeen experimentally observed in the dilute solution of3He in super
uid 4He, where super
uid 4He at T = 0plays the role of quantum vacuum, and 3He atoms playthe role of matter. The observed negative correctionto the osmotic pressure is usually described in termsof the additional e�ective interaction between the 3Hefermionic quasiparticles, which is mediated by the back-ground super
uid 4He, e.g. by an exchange of the virtual4He excitations { phonons [15, 5, 16, 17]. However, inthe considered case of matter in the background of rela-tivistic quantum vacuum, introduction of the additionalinteraction between the matter �elds for the descriptionof the e�ect seems unreasonable. First, for the particu-lar choice of the q-�eld in terms of the 4-form �eld [1, 3],there is no propagating excitations of the q-�eld whichcan mediate the interaction, but the e�ect takes place.Second, the introduced interactions will be di�erent fordi�erent species of matter and may be even non-local.It is more physical to describe the negative contri-bution to matter pressure in the general framework ofthe response of the quantum vacuum to perturbations.In the same manner the Casimir e�ect both in quan-tum vacuum and in condensed matter systems [18, 19]is better described in terms of the properties of quan-tum vacuum rather than in terms of van der Waals orother forces between the matter �elds. The Casimir ef-

fect, when the walls perturb the quantum and thermal
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