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Recent results of the experimental study of capillary turbulence on superfluid helium-4 surface are pre-
sented. For the first time wave energy accumulation was observed in the wave turbulent spectrum at high
frequencies when the surface was excited by harmonic pumping. We suggest a qualitative explanation of
this phenomenon in the frames of weak wave turbulence approach that takes into account discreteness of the
eigenfrequencies spectrum of surface oscillations in the cylindrical resonator.

Wave turbulence (WT) is a non-equilibrium state of
the weakly nonlinear wave system wherein scales of en-
ergy pumping and energy dissipation are well-separated
[1]. Examples of this nonlinear phenomenon can be
found in diverse fields such as plasma physics, nonlinear
optics, ferro-magnetism, and hydrodynamics. In partic-
ular, an ensemble of nonlinear capillary waves on the
liquid surface is a well-known system in which wave
turbulence can be realized. For capillary waves the
main processes of the nonlinear interaction are three-
wave processes of decay and merging that satisfy the
conservation laws of frequency w and wave-vector k:
wi + ws = ws, k1 + ks = ks. The WT theory pre-
dicts that direct turbulent cascade is formed in the iner-
tial range between the energy pumping scale and energy
dissipation scale with the wave spectrum described by
power law function of frequency (Kolmogorov-Zakharov
spectrum). In recent years, due to the development of
technical equipment and computational tools for data
processing, capillary turbulence has been in focus of
experimental studies of capillary waves on the surface
of water [2—4], ethanol [4], silicon oil [5] and mercury
[6]. Our previous experiments [7, 8] showed that the use
of quantum fluids (liquid *He and liquid hydrogen) for
investigations of capillary turbulence can provide addi-
tional advantages with respect to traditional liquids due
to their low viscosity. In the present paper we focus
on the peculiarities of the shape of the turbulent wave
energy distribution at high frequencies observed in ex-
periments with He-II, a superfluid phase of liquid *He
(preliminary results were published in [9]). For the first
time we observed that under certain conditions a devia-
tion from the power law spectrum is formed at frequen-
cies of the order of the viscous cut-off scale. We also sug-
gest a qualitative model of this phenomenon that takes
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into account the influence of discreteness arising due to
the finite sizes of the experimental cell.

In the reported experiments with superfluid “He we
used the similar technique as in our previous studies
of capillary turbulence on the surface of liquid hydro-
gen [10]. The measurements were made at tempera-
ture T ~ 1.7 K (for comparison, the temperature of
the normal- to-superfluid state transition for liquid *He
at saturated vapor pressure is equal to T, = 2.17K). At
this temperature superfluid helium has kinematic vis-
cosity v = 8.9 - 10° cm?/s, density p = 0.145g/cm?,
surface tension o = 0.32din/cm [11]. Liquid helium
was condensed into a copper cup of inner diameter
D = 30mm and depth 4mm. At the bottom of the
cup a radioactive thin plate was placed. Emitted from
the plate B-electrons ionized *He atoms which led to
formation of positively charged ions and electrons. Be-
tween the cup and the upper electrode (a copper plate
placed in vapor at a distance of 3mm above the liquid
surface) constant DC voltage U ~ 600V of appropri-
ate polarity was applied, so that the liquid surface was
charged by positive ions. By applying low-frequency
AC voltage with amplitudes from 1 up to 20V to the
cup, in addition to DC voltage, the capillary waves were
excited on the charged surface. The advantage of this
method of wave pumping is that the surface is excited
directly by the driving force, but not through an insta-
bility as in the experiments with parametrically excited
waves [2, 4, 5] and not by blade-wavemakers as in [6]
which probably resulted in any motion in the bulk. Os-
cillations of the surface were detected by measurements
of the power of the laser beam reflected from the sur-
face. The laser beam fell on the surface at sliding angle
a & 0.15 producing an elliptic spot of size 1 mmx7 mm.
Typical wavelengths of capillary waves in the experi-
ments were smaller than the spot dimensions. The laser
beam reflected from the oscillating surface was focused
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Fig.1. Turbulent spectrum of capillary waves on the He-II surface (T = 1.7 K) obtained when the surface was pumped by sinu-

soidal force with frequency 80 Hz, amplitude of pumping voltage 11 V. The dashed line corresponds to power law P2 ~ w

predicted by the theory for narrow-band pumping

by the lens on a Si photodiode (Hamamatsu s3590-08).
Time variations of the signal from the photodiode were
amplified by a SR570 amplifier and then digitized by
a 24-bit analogue-to-digital converter Leonardo-II [12]
with discretization frequency 102.4kHz. Obviously, the
amplified signal from the diode was proportional to the
time variations of the reflected laser beam power P(t).
Signal P(t) was recorded to the hard disk into the series
of 16 files of approximately 5 seconds long each. From
Fast Fourier Transform (FFT) of every data file, power
spectrum |P,|? was computed, and averaging was per-
formed over all the 16 files. As it was shown in our
previous works (see, for example, [8, 10]) the reflected
laser beam power spectrum |P,|? was proportional to
the spectrum of the correlation function of surface ele-
vation I, = |n,|2, hence |P,|*> ~ |n,|%.

In the reported measurements two types of low-
frequency driving force were used. In the first type ex-
periments the surface was driven by a sinusoidal force
with frequency wpump that was equal to one of resonant
frequencies of the cell. In the measurements of the sec-
ond type driving by a noisy force was used. In this case
the electrical noise was produced by a programmable
noise generator.

Fig.1 shows the turbulent spectrum of capillary
waves P2 obtained in our experiments when the sur-
face was pumped by AC voltage at frequency 80 Hz and
amplitude 11 V. Turbulent distribution P2 looks similar
to that observed earlier in our experiments on the sur-
face of liquid hydrogen [7] and in our first experiments

—3.7

on the surface of liquid *He [8]. The spectrum consists
of equidistant harmonics: the first harmonic frequency
corresponds to the pumping frequency, while other har-
monics are generated due to the nonlinear interactions
at frequencies multiple to the pumping frequency. In the
inertial range the amplitudes of the harmonics depend on
frequency as power law function P2 ~ w™™ with index
m & 3.7 which is in accordance with the theoretical pre-
diction for narrow-band pumping [13]. At frequencies of
about 4 kHz the wave amplitudes were reduced signifi-
cantly due to viscous dissipation and tended to the level
of instrumental noise.

When the amplitude of pumping was decreased to
10V, the shape of the turbulent spectrum was changed
(Fig.2). The high-frequency edge of the turbulent cas-
cade shifted towards low frequencies which was in ac-
cordance with our previous experiments [8, 14]. But a
new phenomenon was observed, namely formation of a
well pronounced local maximum in the wave amplitudes
at frequencies of the order of high-frequency edge of tur-
bulent cascade wy (shown by the dashed curve in Fig.2).
With further reduction of the pumping amplitude, the
local maximum shifted towards low frequencies. Even-
tually, at very low pumping amplitudes the spectrum
consisted only of a few harmonics, and no local maxi-
mum was found.

Formation of a local maximum was seen in a num-
ber of experiments with harmonic pumping. The com-
mon feature observed in the experiments was that the lo-
cal maximum was formed near the high-frequency edge
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Fig.2. Turbulent spectrum after reduction of pumping amplitude. Frequency of pumping 80 Hz, amplitude of pumping voltage
10 V. At frequencies of about 2.5 kHz a local maximum is observed (emphasized by dashed curve). The dashed straight line

corresponds to P2 ~ w37

(arb. units)

<
—

—_—

10
10
1000
100

A L Y 9 o0 O

P,

10

LRLLL BRI R R L L

0.1 —

—_—
S

100

1000 10*

o/2nt (Hz)

Fig.3. Turbulent spectrum in the case of pumping at wpump/2m = 34 Hz. Formation of a maximum at the spectrum is clearly
seen on the main plot (circled) and in the inset on an enlarged scale

of the turbulent cascade although the shape of the lo-
cal maximum and its exact position depended on the
pumping frequency as well as on the pumping ampli-
tude. For example, when the surface was pumped by
the sinusoidal force at 34 Hz, the wave spectrum with a
distinct local maximum was obtained (Fig.3). However,
the local maximum was located in the dissipation region
of turbulent distribution rather than in the inertial range
as it is shown in Fig.2.
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In the case of noisy pumping, we never observed a
local maximum. To illustrate this, in Fig.4 we present
a turbulent distribution obtained when the surface was
pumped by a noisy signal in the frequency range 60—
130Hz. The amplitude of pumping force was chosen
so that the high-frequency edge of inertial interval was
located approximately at those frequencies at which it
was seen in Figures2,3. The spectrum differs dramati-
cally from the spectra observed in the experiments with
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Fig.4. Turbulent spectrum of capillary waves in the case of noisy pumping at 60-130 Hz

harmonic pumping: it is continuous and the spectrum
shape at high frequencies is more smooth.

The formation of the local maximum can be in-
terpreted as wave energy accumulation at the high-
frequency edge of the turbulent cascade where transi-
tion from the nonlinear wave energy transfer to viscous
damping occurs. In the theoretical work [15] it is shown
that viscous dissipation (which leads to finiteness of the
inertial range) can in principle result in the energy ac-
cumulation due to the bottleneck effect. However, it is
not clear how the dependence of formation of the lo-
cal maximum on pumping amplitude observed in our
measurements can be explained by the influence of vis-
cous dissipation. On the other hand, it was pointed
out by Kartashova [16, 17] that there are peculiarities
in weakly nonlinear wave interactions in resonators due
to discreteness of wavenumber space. Theory of dis-
crete wave turbulence was developed later in a number
of works, but of particular interest for us is the work
[18] where the model of “frozen” turbulence was pro-
posed. From this model it follows that, at small ampli-
tudes of pumping, discreteness of wavenumber space can
result in an oscillatory wave spectrum. We suppose that
the local maximum is also caused by the discreteness of
Fourier space. However, in the mentioned above work
[18] it was considered the case of waves on the surface
with square boundary, when wavenumber space is two-
dimensional. Otherwise, in our experiments the bound-
ary geometry is cylindrical, surface oscillations should
be described by Bessel functions, and wavenumber space
is one-dimensional. It is known that the form of basin
boundary strongly influences on the density of resonant

wavenumbers [17]. Therefore, we performed the follow-
ing alternative estimations to understand the influence
of the discreteness on spectrum in our experiments. We
suppose that the phenomenon is caused by detuning of
harmonics frequencies (shown in Figures 1,2,3) and the
resonant frequencies of the cell. For surface waves in a
cylindrical resonator with diameter D the eigenvalues of
wavenumber k are the roots of boundary condition equa-
tion Jy(kD/2) = 0, where J1(z) is a Bessel function of
the first order. When k is large, the asymptotic form
of the Bessel function can be used, and the resonance
wavenumbers are equidistant with step Ak ~ 27n/D.
Hence, the distance between two neighbour resonance
frequencies should grow with increase of frequency as

1/3
Ow Ow 27 (E) W5 (1)
p

3T
Aw = ﬁAk NED-D
Thus, in the case of capillary waves the resonant fre-
quencies are not equidistant which is in contrast to the
frequencies of harmonics that are multiple to the pump-
ing frequency wpump (it should be mentioned, that in our
experiments Aw < Wpymp)-

Obviously, such detuning is important at frequen-
cies where broadening of resonance dw is smaller than
the distance between two neighbour resonances Aw (see
Fig.5)

dw/Aw < 1. (2)

Resonance broadening dw can be presented as a sum

of viscous broadening dw, and nonlinear broadening
§wnl,

dw = dw, + dwny.

3)
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Fig.5. When broadening of resonance dw is smaller than
distance between two neighbour resonances Aw some har-
monics are out of the resonances of the surface oscillations
in the experimental cell

Viscous resonance broadening corresponds to vis-
cous damping [19]

2/3
Sw, = dk? = dv (B) wt/3, (4)
o

and relates to characteristic time of viscous dissipation
7, as 6w, = 7, !. Nonlinear resonance broadening cor-
responds to nonlinear transfer of wave energy and is
determined from characteristic time of nonlinear inter-
action 7,; as dwp = T;ll. We suppose that for the case
of harmonic pumping nonlinear time 7,; ~ w'/6 [20] and
consequently dw,; ~ w /%, With increase of the am-
plitude of pumping A the nonlinearity should increase,
too, therefore it can be assumed that

Swnt ~ €(A) - w6, (5)

where €(A) is the increasing function of driving ampli-
tude A.

Thus, by substituting (1), (3)-(5) in (2), we obtain
that detuning is important at frequencies where

4V(P/0’)2/3w4/3 + €(A) . w—1l/8
(/D) (o) /Pl B

<1 (6)

At cut-off viscous frequency wp, where damping of
the turbulent cascade is observed, the nonlinear en-
ergy transfer is changed by viscous dissipation. There-
fore, it can be assumed that the characteristic viscous
time is close to the characteristic nonlinear time at wy,
Ty (wp) & Tni(wp). Thus, although function €(A4) is un-
known, it can be estimated from the condition that at the
cut-off frequency wp nonlinear broadening dw,; = 'r;ll
and viscous broadening éw, = 7, ! are equal,

dw,, (wp) ~ dwn(wp). (7)

Mucema B KIIT® Tom 91 BeRID.5-6 2010

From our estimations it follows that in our experi-
ments condition (6) is satisfied in the frequency domain
near cut-off viscous frequency wj (both below and above
wp, see Fig.6). In this frequency domain the detuning
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Fig.6. Results of the estimation of relative broadening
dw/Aw. The ascending thin curve represents viscous rela-
tive broadening dw, /Aw, the descending thin curve — non-
linear relative broadening dwp;/Aw, the thick curve with
minimum — total relative broadening dw/Aw

of the harmonic frequencies and the resonant frequen-
cies becomes essential and determines specific shape of
turbulent distribution P2. However, based upon simple
qualitative reasoning it is impossible to predict exact
shape and position of the local maximum. Thus, it is
needed detailed theoretical studies and numerical sim-
ulations to understand mechanism of formation of the
local maximum.

The model proposed implies that the following con-
ditions should be satisfied for observation of energy ac-
cumulation in the case of capillary turbulence: low vis-
cous broadening (low viscosity of liquid), low nonlinear
broadening (harmonic pumping with a moderate ampli-
tude), and large distance between the resonant frequen-
cies (a relatively small size of the cell). In our experi-
ments these conditions are fulfilled. It is interesting to
note that the use of superfluid *He allowed us to regis-
ter the energy accumulation in turbulent cascade due to
its very low viscosity in the comparison with classical
liquids.
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