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 2010 September 25q-Breathers and thermalization in acoustic chains with arbitrarynonlinearity indexM.V. Ivanchenko1)Theory of Oscillations Department, Univeristy of Nizhniy Novgorod,603950 Nizhniy Novgorod, RussiaSubmitted 2 August 2010Nonlinearity shapes lattice dynamics a�ecting vibrational spectrum, transport and thermalization phenom-ena. Beside breathers and solitons one �nds the third fundamental class of nonlinear modes { q-breathers {periodic orbits in nonlinear lattices, exponentially localized in the reciprocal mode space. To date, the studies ofq-breathers have been con�ned to the cubic and quartic nonlinearity in the interaction potential. In this paperwe study the case of arbitrary nonlinearity index 
 in an acoustic chain. We uncover qualitative di�erence inthe scaling of delocalization and stability thresholds of q-breathers with the system size: there exists a criticalindex 
� = 6, below which both thresholds (in nonlinearity strength) tend to zero, and diverge when above.We also demonstrate that this critical index value is decisive for the presence or absense of thermalization. Fora generic interaction potential the mode space localized dynamics is determined only by the three lowest ordernonlinear terms in the power series expansion.Nonlinearity is a key player in a number of funda-mental dynamical and statistical physical phenomena in-cluding thermal conductivity, wave excitation and prop-agation, electron and phonon scattering. Its impact isoften counterintuitive. E. Fermi, J.Pasta and S.Ulam(FPU) hypothesized that it underlies thermalization incrystals and ran the celebrated computational experi-ment with oscillatory chains with nonlinearity in cou-pling [1]. Paradoxically, the low wave number q excita-tions did not spread over the spectrum, staying localizedin several neighbor modes. More than that, it showed al-most exact recurrencies of the energy to the initial modeat large times.At present we know that this scenario is generic andholds in a certain parameter domain. There exist weakand strong stochasticity (chaos) thresholds in the en-ergy/nonlinearity strength: above the former oscillationsbecome chaotic, but stay localized in the mode space;only above the latter the oscillations delocalize rapidlyand thermalization occurs [2 { 4].Despite certain achievements in the continuum-limitapproximation with integrable soliton dynamics [5] andanalytic and numeric estimates of the strong chaosthreshold [6 { 11], only the recently developed theory ofq-breathers (QB) has explained all main ingredients ofthe FPU problem [12].QBs are exact periodic solutions, continuations ofthe linear modes in the nonlinear regime, exponentiallylocalized in the q-space and stable in the suitable para-meter range. FPU trajectories were shown to be small1)e-mail: M.Ivanchenko@leeds.ac.uk

perturbations near stable QBs, hence the absence of ther-malization and recurrencies. The instability of QBs wasfound to coincide with the weak stochasticity threshold,and delocalization { with the strong stochasticity oneand thermalization.However, there is a principal question that has neverbeen addressed: what is the impact of arbitrary nonlin-earity in the interaction potential? Indeed, all studieswere done with the cubic and quartic ones. A genericnonlinear interaction potential yields higher order non-linear terms in the Taylor series expansion about equi-librium. As the magnitude of these terms increases withthe energy it could be expected that these terms, and notthe qubic and quartic, determine the delocalization andstability of QBs, and, broadly, thermalization propertiesof the systems.In this Letter we present the theory of QBs inacoustic chains with arbitrary nonlinearity index in theinteraction potential, exemplifying in the FPU chain.We demonstrate that there exists a critical nonlinear-ity index 
� = 6, such that for lower order nonlinearitiesthe delocalization and stability thresholds of QBs ap-proach zero as the chain length scales to in�nity, whilefor higher orders they diverge. We �nd that the crit-ical index value plays similar role in thermalization ofthe chain, which is rapid below it and non-observableabove. It follows that only three lowest order nonlinearinteraction terms are decisive for localization of energyor thermalization of generic acoustic chains.The FPU system models an atomic chain by N equalmass particles coupled by springs with linear and non-linear interaction terms:�¨±¼¬  ¢ ���� ²®¬ 92 ¢»¯. 5 { 6 2010 405



406 M.V. Ivanchenko�xn = (xn+1 � 2xn + xn�1) + �[(xn+1 � xn)
�1 �� (xn � xn�1)
�1]; (1)where xn is the deviation of the n-th particle fromthe equilibrium, and the boundary conditions are �xedx0 = xN+1 = 0. The classic �� and ��FPU modelsarise for 
 = 3, 
 = 4 respectively.Canonical transformationxn(t) =r 2N + 1 NXq=1Qq(t) sin� �qnN + 1�de�nes the reciprocal space of N normal modes with theamplitudes standing for coordinates Qq(t). Dynamicalequations in this case read�Qq + !2qQq = � �!q[2(N + 1)]
=2�1 �� NXq1;::: ;q
�1=1Bq;q1;::: ;q
�1 
�1Yk=1 !qkQqk ; (2)where !q = 2 sin (�q=2(N + 1)) are the normal modefrequencies, andBq;q1;::: ;q
�1 = [
=2�1]Xm=0 X� (�1)m�q�q1�:::�q��1;2m(N+1)(3)are the intermode coupling coe�cients, de�ning the long-range coupling between q-oscillators.In order to establish the continuation of QB in thenonlinear regime we set � = 0, the energyEq0 = E in thenormal mode q = q0, while the other q-oscillators are atrest. These initial conditions correspond to the periodictrajectory in the phase space of the linear system. Fol-lowing [13], the absence of resonances n!q0 6= !q 6=q0 isa su�cient condition for the continuation and the latterholds for generic �nite N [14].Following this argument we develop the perturba-tion theory for (2) in powers of the small parameter� = �=[2(N + 1)]
=2�1: Q̂q(t) = P1i=0 �iQ(i)q (t).The frequency of the nonlinear mode is sought in theform !̂q = P1i=0 �i!(i)q (t) by means of the Lindstedt-Poincare method. Take the low-frequency q0 � N lin-ear mode Qq0(t) = A0 cos!q0t; Qq(t) = 0; q 6= q0and its linear frequency !(0)q0 = !q0 as a zero-orderapproximation. The structure of the coupling coe�-cients determines that the only non-zero �rst order termsare Q(1)(��1)q0(t), where � = 4; 6; : : : ; 
 for even and� = 3; 5; : : : ; 
 for odd 
. The coupling coe�cients wrapup as B(��1)q0;q0;::: ;q0 = C(
��)=2
�1 , and, �nally, the equa-tions of motion get the form of linear forced oscillators:

�Q(1)(��1)q0 + !2(��1)q0Q(1)(��1)q0=� !(��1)q0C(
��)=2
�1 �� (!q0A0 cos!q0t)
�1 : (4)The amplitude of the response on the resonant frequency(�� 1)!q0 readsA(��1)q0 = �!(��1)q0 �C(
��)=2
�1 �2 !
�1q0 A
�102
�2 h(�� 1)2!2q0 � !2(��1)q0i �� � 12(N + 1)3 �C(
��)=2
�1 �2 !
�1q0 A
�102
�2�3q30(�� 1)�(�� 2) ; (5)and the frequency of the periodic orbit is given by!̂q0 = !q0 "1 + �2
�1 �C
=2
�1�2� EN + 1�
=2�1# : (6)Rewriting (5) in terms of linear mode energies Eq == !2qA2q=2, we obtain localization factors �
;�:E(��1)q0 = �2
;�Eq0 ;�
;� = 3��C(
��)=2
�1 �2E
=2�1q02
�4�2q20�(�� 2)(N + 1)
=2�3 : (7)One can also de�ne the localization length in themode space �
;� such that E(��1)q0 = e(��2)q0=�
;�Eq0 .Then it follows �
;� = �(�� 2)q0=(2 ln�
;�).Delocalization criterion is, thus, max� f�
;�g � 1.It corresponds to strong interaction between the linearmodes and the breakup of perturbation theory.The crucial property of (7) is the scaling of localiza-tion factor � with the system size. For 
 < 6 there isa delocalization threshold in N above which the corre-sponding QB delocalizes. For 
 = 6 the localization isindependent of the system size in the leading order ap-proximation, while for 
 > 6 the localization strengthsin longer chains.Existence of the critical 
� = 6 is of principalimportance for the general problem of thermalizationand equipartition. As indicated above, the thermaliza-tion/strong chaos threshold in �- and �-FPU is directlyrelated to delocalization of QBs. It follows, that abovethe critical nonlinearity index the onset of strong chaos isretarded to much higher energies; moreover, the thresh-old in energy will grow with the system size. The secondconsequence is that for a generic nonlinear interactionpotential the thermalization threshold will be fully deter-mined by the three lowest-order nonlinear terms (
 < 6)in the Taylor expansion about an equilibrium.Let us illustrate theoretical predictions with numeri-cal results. First, we compute the QBs in (1) for di�er-ent nonlinearity index, following the numerical scheme�¨±¼¬  ¢ ���� ²®¬ 92 ¢»¯. 5 { 6 2010



q-Breathers and thermalization in acoustic chains : : : 407developed in [12]. It is clearly seen that localizationweakens for 
 < 6 and improves for 
 > 6 with theincrease of the system size N (Fig.1).
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Fig.1. Localization of QBs in dependence on the chain sizefor the nonlinearity index below and above the critical
 = 6. Here q0 = 1; � = 0:001, 
 = 4 and 
 = 10To probe the dependence of the thermalizationprocess on the nonlinearity index directly we performthe long-time integration of (1) with the initial condi-tions corresponding to the lowest mode excited to theenergy E = 1. The other parameters are N = 1000,� = 1 and the integration time t = 107 is of the or-der of 5000 oscillation periods of the seed mode. Tocharacterize the number of e�ectively excited modes wecalculate the time dependence of the so-called participa-tion number: P = 1=(PNq=1 e2q), where eq = Eq=E arethe normalized modal energies. (It is easy to see, thatif, say, m modes are excited to the same energy and theenergy of the others is 0 then P = m). This measureallows us to visualize the mode excitation process andthe results clearly show thermalization for 
 < 6 and itsabsence (on the observed timescale) for the higher ordernonlinearities (Fig.2).Let us study the linear stability of QBs for even non-linearity indexes (note that instabilities are suppressedfor odd 
 = 3 in the whole region of existence of thelocalized QB solution [12]). We keep in mind that itis tantamount to the onset of weak chaos, when chaotictrajectories stay localized in the mode space on the com-putationally accessible times, but are believed to ther-malize through Arnold di�usion, eventually [7, 12]. Forthat we linearize equations of motion (2) around the QBsolution Qq = Q̂q(t) + �q(t), centered at q0 and havingthe frequency !̂q0 :
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=2�1 NXq1;::: ;q
�1=1Bq1;::: ;qn�� "
�1Yk=2!qk Q̂qk#!q1�q1 : (8)For 
 = 4 the strongest instability comes from primaryparametric resonance in (8) and involves pairs of reso-nant modes ~q; ~p = q0 �m; m = 1; 2; 3; : : : . For higherindexes the number of potential instabilities increasesand one needs to take into account all pairs of the type~q; ~p = (��2)q0�m; m = 1; 2; 3; : : : ; � = 4; 6; : : : ; 
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 � 1)2
�3 � EN + 1�
=2�1 �C(
��)=2
�2 �2 ;h = 14 hC
=2�1
�2 =C(
��)=2
�2 i2 : (10)Standard stability analysis [12] reveals that the �rst in-stability to happen corresponds to � = 4 and m = 1 sothat the instability condition reads:�C
=2�2
�2 �2 (
 � 1)�2
�5�2 E
=2�1(N + 1)
=2�3 > 1 (11)Remarkably, the same critical nonlinearity index
� = 6 characterizes the scaling of the instability thresh-old �� with the system sizeN , as it does for localization.�¨±¼¬  ¢ ���� ²®¬ 92 ¢»¯. 5 { 6 2010



408 M.V. IvanchenkoFor 
 < 6 the instability threshold gradually diminishesasN grows; for any �xed set of the energy and nonlinear-ity parameters there exist such N above which all QBswill become unstable. On the contrary, for 
 > 6 theinstability threshold grows with the system size; even ifQBs were unstable in small systems they will attain sta-bility if the chain length exceeds a threshold determinedby (11). Recalling the relation between instability andthe onset of weak chaos, we come to similar conclusionsas to the strong chaos threshold. Namely, for the FPUsystems with the nonlinearity index higher than the crit-ical one, weak chaos gets suppressed in large chains. Incase of generic nonlinear coupling potential only threelowest order nonlinear terms in the expansion about theequilibrium in
uence and cause the development of weakchaos regime.Finally, we report numerical results on the QB sta-bility. We compute Floquet multipliers for QBs centeredat q0 = 3 in dependence on the nonlinearity coe�cienttaking E = 1, N = 16; 32; 64, and 
 = 4; 6; 8. In ac-cord with (11), the instability threshold maxf�g > 1increases with N for 
 = 4 and decreases for 
 = 8(Fig.3). The quantitative agreement between the the-
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 = 8. Circles mark N = 16, squares {N = 32, triangles { N = 64oretical predictions for �� and numerics is very good(Fig.4).In conclusion, we develop the theory of q-breathersin acoustic chains with arbitrary nonlinearity index inthe coupling potential. Theoretical and numerical stud-ies of the mode space localization and stability revealthat there exists the critical nonlinearity index 
� = 6,below which q-breathers lose localization and stability
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Fig.4. Theoretical (11), solid lines, and numerical, symbols,instability thresholds in dependence on the nonlinearity in-dex 
as the system size is increased. In a marked contrast,these properties strengthen in larger chains for higherorder nonlinearities. According to the direct relation be-tween delocalization/instability and strong/weak chaosthresholds, the latter must demonstrate the same regu-larities. Indeed, the long-time evolution from the lowestmode excitation show fast thermalization below the crit-ical nonlinearity index and its absence above. For ageneric interaction potential, localization of energy andthermalization processes are determined only by threelowest order nonlinear terms in its power series expan-sion; if they are absent, then thermalization is stronglysuppressed in large systems and extremely high energiesare required for it to be observed.Beside the fundamental physical problems of ther-malization and ergodicity, the results build on the the-ory of nonlinear oscillations and energy localization inspatially discrete systems with the high demand com-ing from experiments and applications with micro- andnano-scale electro-mechanical oscillator arrays [15 { 17].I thank S. Flach, O.I.Kanakov and K.G.Mishagin foruseful discussions. The work was supported by the Fed-eral Program `Scienti�c and Scienti�c-diductional brain-power of innovative Russia' for 2009-2013 (contracts14.740.11.0075, �2308)', and by the RFBR (grant #10-02-00865).1. E. Fermi, J. Pasta, and S. Ulam, Los Alamos Report LA-1940, (1955); also in: Collected Papers of Enrico Fermi,ed. E. Segre, Vol. II, University of Chicago Press, 1965,p. 978; Many-Body Problems, Ed. D.C. Mattis, WorldScienti�c, Singapore, 1993.2. J. Ford, Phys. Rep. 213, 271 (1992).�¨±¼¬  ¢ ���� ²®¬ 92 ¢»¯. 5 { 6 2010
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