
Pis'ma v ZhETF, vol. 92, iss. 9, pp. 650 { 653 c 2010 November 10Inuence of correlated impurities on the onset of Cooper pairingI. A. FominP.L.Kapitza Institute for Physical Problems RAS, 119334 Moscow, RussiaSubmitted 9 September 2010E�ect of two-particle correlations between impurities on the temperature of transition of a Fermi liquidin the superuid or superconducting state is analyzed. It is shown, that correlations with a radius, exceedingcorrelation length of the superconductor can have a pronounced e�ect on the transition temperature. Theequation for the transition temperature is corrected for correlations of the impurities. Possible applications ofthe new equation are discussed.1. E�ect of impurities or vacancies on thermody-namic properties of traditional superconductors is welldescribed by the Abrikosov and Gorkov (AG in whatfollows) theory of superconducting alloys [1]. Possiblecorrelations among the impurities are neglected in thistheory. Di�erence with respect to the pure supercon-ductor in this theory is characterized by one parame-ter { electron mean free path l relative to the coherencelength of the superconductor �0. It has been observedrecently [2] (and references therein), that certain impuri-ties in the high-Tc compounds demonstrate a tendency toshort-range ordering, which inuences the superconduct-ing transition temperature Tc of the compound. Evenmore clear example of such inuence is presented by thesuperuid 3He in a high-porosity aerogel [3, 4]. Aero-gel is a rigid structure consisting of strands of a diam-eter a � 3nm and the average distance between thestrands �a �40nm for 98% porosity. The latter dis-tance is usually taken as a characteristics of correlationswithin aerogel. Thermodynamic properties of 3He inaerogel, in particular dependence of the suppression ofthe transition temperature with respect to that of pure3He on �0=l demonstrate signi�cant deviation from theuniversal behavior, predicted by AG-theory. This devi-ation was attributed to the existence of structural cor-relations in aerogel with a correlation radius which iscomparable with �0 [5]. In 98% aerogel depending on apressure �0 for 3He varies from in�nity at P � 5 bar to�0 � 20 nm at solidi�cation. The condition �a � �0 ismet at P � 15 bar.In the present paper e�ect of correlations on Tc isconsidered under assumption that the correlations areweak. Parameter, which characterizes deviation fromthe AG-theory turns out to be the ratio R2=�0ltr, whereR is a length, characterizing correlation of impurities.For aerogel R � �a and the e�ect of correlations on theTc can be signi�cant. Analogous approach was used be-fore for the situation when suppression of Tc is small incomparison with the original Tc [6]. Here this restriction

is lifted and the argument is extended for arbitrary sup-pression of Tc. This generalization is necessary for 3Hein aerogel since at a pressure about 6 bar the observedTc is zero so that the suppression of Tc is equal to Tcitself.2. Transition temperature Tc is de�ned as a tem-perature of the onset of the long-range order. At thistemperature appears a pole in the thermodynamic ver-tex part �(
n;q) for scattering of two quasi-particleswith the total momentum q = 0 and the total frequency
n = 0 [7]. Equation for Tc has the standard form forall types of Cooper pairing:1=� = �(0; 0); (1)where � is a constant of the pairing interaction and po-larization operator is de�ned as�(q;
n) == TXm Z d3k(2�)3G(k+q; !m +
n)G(-k; !�m) �� TXm L(0)m (q;
n); (2)G(k; !n) etc. are thermodynamic Green functions ofquasi-particles. In what follows L(0)m (q;
n) always en-ters at 
n = 0, and a shorthand notation L(0)m (q; 0) �� tm(q) is used.E�ect of impurities is described by the potentialU(r) =Xa u(r� ra) (3)which is a sum of individual potentials of impurities, sit-uated in positions ra. These positions are random. Inthe standard technique [7] the Green functions of quasi-particles are expanded in the Born series over U(r) andaveraged over positions of the impurities. The sum ofthe obtained series can be written as:hG(";k;k0)i = 2��(k� k0)[G�10 � h�i]�1; (4)where h�i is the averaged self-energy. Two �rst termsof the Born series for h�i are represented by the dia-650 �¨±¼¬  ¢ ���� ²®¬ 92 ¢»¯. 9 { 10 2010



Inuence of correlated impurities on the onset of Cooper pairing 651grams Fig.1. Correlations among the impurities intro-duce changes in the procedure of averaging.
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k1Fig.1To every cross corresponds a functionu(k0 � k)Pa ei(k�k0)ra , where k and k0 { the in-coming and out-going momenta. Essential contributioncomes from the term with two crosses. It is propor-tional to the averaged sum: hPa;b ei(k�k1)ra+i(k1�k0)rbi.Summation over ra renders a factor (2�)3n�(k � k0).The remaining sum is a structure factorS(q) � hXb eiq(rb�ra)i; (5)where q = k1 � k. For uncorrelated impurities S(q) == 1 + (2�)3n�(q). The unity comes from the summandwith rb = ra. The term with �(q) can be dropped,because in further calculations it enters with the factoru(0), which is excluded by a shift of the ground stateenergy. When correlations are present there appears anadditional term �S(q) which is directly related to the cor-relation function in the coordinate representation. Sum-mation in Eq.(5) for rb 6= ra can be changed for integra-tion with the probability w(rbjra) to �nd a particle inthe point rb if there is a particle in the point ra. In theisotropic case w(rbjra) depends on a relative distancer = jrb � raj. At r ! 1 correlations vanish and w(r)tends to a constant. Normalization of w(r) is chosen sothat this constant is unity. A measure of correlations isv(r) = w(r) � 1 (cf. [8]). With these notations�S(q) = n Z v(r)e�iqrd3r (6)and �2(";k) == n Z u(k1�k)u(k�k1)[1 + �S(k�k1)]G(";k1) d3k1(2�)3 :(7)Integration of two crosses in one block �2 is graph-ically represented by the dashed line, connecting thecrosses (cf. Fig.1). To this line corresponds now thesum 1 + �S(q). The averaged Green function has thesame form as for uncorrelated impuritieshG(!n;k;k0)i = (2�)3�(k� k0)(i!n � �+ i2� sgn!n)�1;(8)

except that the average inverse time between the colli-sions includes �S(q):1� = 2�n�0 Z ju(�)j2[1 + �S(�)]d
4� : (9)Here � is the angle between k1 and k.The new term �S(�)takes into account e�ect of interference of de Broiglewaves of quasiparticles scattered by di�erent impurities.This e�ect can be formally included in the de�nition ofcross-section ju(�)j2 = ju(�)j2[1+�S(�)]. It is determinedby the properties of the normal phase and does not de-pend on Tc. The e�ect of interference is usually small,since the average distance between the impurities a islarge in comparison with the wave length of quasipar-ticles, and �S(q) vanishes at jqj > 1=a. Contributionof �S(q) to the integrand in Eq. (7) is comparable withunity only at angles � � 1=akF . For small concentrationof impurities x the relative contribution of correlationsis on the order of x2=3.At the averaging of the polarization operator ex-cept for substitution of the averaged Green functionsin Eq.(2) it is necessary to take into account the contri-bution of \ladder" diagrams of the type represented bythe �rst diagram in the r.h.s. of the equation Fig.3. Thedashed lines bring in the factor 1+ �S(k�k1), which canalso be included in the cross-section ju(k1 � k)j2. Forde�niteness the explicit analysis here is made for the p-wave pairing. That makes possible to apply the obtainedresults to the superuid 3He in aerogel. The interactionleading to the p-wave pairing is proportional to the scalarproduct of unit vectors k̂; k̂0: V (k;k0) = 3V1(k̂ � k̂0). Asthe result the loops on the left and the right ends of theladder diagrams acquire factors k̂ and k̂0 respectively.The cross-section of scattering on the spherically sym-metric impurities can be expanded in a series of Legen-dre polynomials:ju(k1 � k)j2 = �0+3�1(k̂�k̂0))+5�2P2(k̂�k̂0))+::: (10)After the angular integration in every loop of the ladderdiagrams only �1-component remains. It enters resultsvia inverse collision time 1=�1 = 2��0�1. Summation ofthe series for �(0; 0) renders familiar equation for Tc atthe p-wave Cooper pairing:1 = 2��0V1Xn�0 1!n + 1=2�tr ; (11)where 1=�tr = 2�n�0(�0��1). For the pairing with otherangular momenta l 6= 1 a proper �l and 1=�l have to beused. In particular for the case of s-wave pairing theresulting 1=� would be zero and transition temperatureis not lowered in agreement with Refs. [1, 9].So, within the scheme of the AG theory, correlationsamong the impurities enter the equation for Tc only im-�¨±¼¬  ¢ ���� ²®¬ 92 ¢»¯. 9 { 10 2010 2�



652 I. A. Fominplicitly, via the mean free path, determined by the nor-mal phase.3. A non-trivial e�ect of correlations occurs whenthe contribution of diagrams with four crosses is takeninto account in �(q;
n). Of particular interest for thepresent discussion are the diagrams with three dashedlines as shown on the Fig.2.
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Fig.2Without correlations it would correspond to thefourth order correction to the amplitude of scatteringof two quasiparticles with zero total momentum on thesame impurity. For interacting quasiparticles in theintermediate state instead of the product of two sin-gle particle Green functions Gn(k1 + q1)G�n(�k1) thetwo-particle Green function GII (k1 + q1;�k1; !l;�!l;k2 + q1;�k2; !m;�!m) has to be used. As a functionof q1 GII is singular at q1 = 0. This singularity cor-responds to formation of a virtual Cooper pair. It in-creases the weight of states with q1 � 1=�0 in the in-tegral, corresponding to this diagram. If the impuritiesare correlated on a distance � �0 there remains a nete�ect of interference of the waves with q1 � 1=�0 scat-tered by impurities. Depending on a sign of correlationsit can decrease or increase the destructive e�ect of im-purities. The aim of the following discussion is to �ndout when the e�ect of interference is essential.Interaction of electrons conserves the total momen-tum q1 and the total frequency 
 = 0 but, unlikethe elastic scattering by impurities, it does not con-serve each of the frequencies !l. As the result thepolarization operator became a sum over two indices:�(0) = T 2Plm Llm(0), where Llm(0) is a block, repre-sented by the black rectangle in the Fig.3.
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In analytic form the equation Fig.3 can be writtenas: �Lm = tm(0)� tm(0)TXj Mmj �Lj ; (12)whereMmj = n�21 Z tm(q)�(q)[1 + �S(q)]tj(q) d3q(2�)3 ; (13)�Lj = TPm Ljm(0) and tj(q) = Bj(q)=[1 � n�1Bj(q)]with Bj(q) = 2��0vq arctg� vq2j~!jj�. In a limit q ! 0 ittends to tj(0) = 2��0=j~!j j with ~!j = !j + 1=2�tr.The matrixMmj is proportional to �21 , which bringsin a small factor (�0=ltr)2. A special situation ariseswhen the impurities are correlated on a distanceR whichis greater than �0. In this case �S(q) is enhanced in a re-gion q � 1=R. In the limiting case R � �0 all functionsunder the integral in Eq.(13) except for �S(q) and �(q)can be taken at q = 0 so that Mmj = n�21tm(0)Qtj(0),where Q = R �(q)�S(q) d3q(2�)3 . At the transition tempera-ture and at small q �(q) = �=�0(�0q)2 with coe�cient = 12=7�(3). A singular behavior of �(q) at q ! 0increases the weight of small q in the integral and since�S(q) is enhanced at q � 1=R the value of the integralis also enhanced. For estimation of integrals, containing�S the form �S(q) = A�(q � q0) with q0 = 1=R is con-venient. The coe�cient A is determined from the nor-malization condition R �S(q)d3q = (2�)3nv(0), so thatA = 2�2R2nv(0). Omitting insigni�cant coe�cients ofthe order of unity we arrive atQ � �R2�20 nv(0)�0(2�)2 : (14)This estimation shows, that the second term in the rhsof Eq.(12) relative to the �rst is on the order of (R=l)2.At R� l Eq.(12) can be solved by iterations. As a �rstiteration we have:�Lm = tm(0)� tm(0)TXj Mmjtj(0); (15)Summation of this equation over m with account ofEq.(1) after standard transformations renders the equa-tion for Tc:ln TcTAG= �12+ 14�TAG�tr�� �12+ 14�Tc�tr��f(Tc);(16)wheref(Tc)=n�21�0 Z "TXm tm(0)tm(q)#2 �(q)[1+�S(q)] d3q(2�)3(17)and  (z) = ddz ln�(z) is di-gamma function. Equations(16) and (17) form a closed system, which for givenmaterial parameters and a given form of the structure�¨±¼¬  ¢ ���� ²®¬ 92 ¢»¯. 9 { 10 2010



Inuence of correlated impurities on the onset of Cooper pairing 653factor determines the transition temperature in a liquidwith correlated impurities. Di�erence with respect tothe standard result TAG is represented by the functionf(Tc) in the r.h.s. of Eq.(16).Further iterations of Eq. (12) render consecutiveterms in the expansion of the solution of Eq. (12) inpowers of the parameter (R=l)2. The accuracy of Eq.(12) itself is limited by a di�erent parameter. The kernel(13) takes into account interaction of the virtual Cooperpair only with two correlated impurities. Averaging ofdiagrams including interaction with three correlated im-purities requires knowledge of the three-particle correla-tion function. For estimation of the contribution of thisprocess we can decouple the three particle correlationfunction in a product of the two-particle correlation func-tions and keep only the most singular terms. The cor-rection would contain extra factor Q�0=ltr � R2=�0ltr.Higher order correlations can be neglected if this para-meter is small.For unconventional superconductors the actual sit-uation is �0 < ltr. We assume that the strong in-equality �0 � ltr is met. Then there exist a window�0 � R� ltr. In a limit R� �0 the asymptotic expres-sion for f(Ta) at (R=�0)!1 can be used. The functiontm(q) in the integrand of Eq. (17) can be taken at q = 0and the sum over m can be done explicitlyTXm t2m(0) = �202T  0�12 + 14�Tc�tr� (18)The remaining integral over q in the limitR� �0 is pro-portional to (R=2l1)2 with a coe�cient � � 1 dependingon the explicit form of the structure factor. The result-ing form of f(Tc) is then:f(Ta) = �� � R2l1 0 �12 + 14�Tc�tr��2 : (19)The sign of � depends on a limiting value of the corre-lation function v(r) at r ! 0. At v(0) = 0 � < 0, i.e. atendency of impurities to form groups favors formationof Cooper pairs and increases Tc and vice versa.4. For application of the obtained formulae to aero-gel we have to substitute its structure factor in the de�n-ition of Q. 98% Aerogel within the interval of distancesa � r � R has a fractal structure with the dimen-sionality D = 1:6 � 1:8 [5]. Its structure factor within1=R � q � 1=a varies as q�D. As a consequence theintegral Q � R dq=qD is dominated by the lower limit� 1=R. Unfortunately, the available data for the struc-ture factor are given in arbitrary units so that the valueof Q can be found only up to unknown factor. Insteadof the measured structure factor a model expression wassuggested [6], assuming that at r > R correlations de-cay as exp(�r=R) R in this model is a �tting parameter.

Simpli�ed analysis, using the limiting expression validfor R� �0 can be used only at pressures above 20 bar.In this region Eqns. (16), (19) reproduce qualitativefeatures of the experimentally observed dependence ofTc on pressure. In particular the di�erence Tc � TAGis practically constant within this interval, but the in-terval itself is not large enough for making de�nitivestatements. In a region P < 20 bar the limiting ex-pression for tm(0) is not su�ciently accurate and Eqns.(16),(17) have to be solved with the full tm(q). That re-quires rather involved numerical calculations which arenot done yet.In conclusion, it is shown that e�ect of correlationson the suppression of the transition temperature of aFermi liquid in the superuid (superconducting) stateby impurities can be essential if correlation radius Rof impurities is greater than the correlation length of asuperconductor �0. Correlations can increase the transi-tion temperature with respect to the value, given by thestandard theory of superconducting alloys. The obtainedequations express the transition temperature in terms ofthe structure factor of ensemble of impurities. The quan-titative analysis takes into account only two-particle cor-relations. Within this approximation a relative change ofTc is characterized by the parameter R2=�0ltr. This pa-rameter simultaneously determines accuracy of the ap-proximation. If R2=�0ltr � 1, the results can be usedonly for qualitative estimations. Good candidates forobservation of the discussed e�ect are superconductorswith small values of �0.I am grateful to V.P.Mineev for pointing out to methe important Ref.[2] and to I.M. Suslov for stimulat-ing discussions. This research was supported in part byRFBR grant #09-02-12131 o�-m.1. A.A. Abrikosov and L.P. Gorkov, ZhETF 39, 1781(1961), [Sov. Phys. JETP 12, 1243 (1961)].2. M. Fratini, N. Poccia, A. Ricci et al., Nature, 466, 841(2010).3. J. V. Porto and J.M. Parpia, Phys. Rev. Lett. 74, 4667(1995).4. D.T. Sprague, T.M. Haard, J. B. Kycia et al., Phys. Rev.Lett. 75, 661 (1995).5. J. V. Porto and J.M. Parpia, Phys. Rev. B 59, 14583(1999).6. I. A. Fomin, JETP Letters 88, 59 (2008).7. A.A. Abrikosov, L. P. Gor`kov, and I. E. Dzjaloshinskii,Metody kvantovoi teorii polja v statisticheskoi �zike, M.:Nauka, 1962, Ch.VII.8. L.D. Landau and E.M. Lifshitz, Statistical physics,part 1. ch. 12, { M.: Nauka, 1995.9. P.W. Anderson, Journ. Phys. Chem. of Sol. 11, 26(1959).�¨±¼¬  ¢ ���� ²®¬ 92 ¢»¯. 9 { 10 2010


