
Pis'ma v ZhETF, vol. 93, iss. 2, pp. 56 { 59 c 2011 January 25Scalar tilt from broken conformal invarianceV.A.Rubakov, M.A.OsipovInstitute for Nuclear Research RAS, 117312 Moscow, RussiaSubmitted 1 November 2010Resubmitted 8 December 2010Within recently proposed scenario which explains atness of the spectrum of scalar cosmological perturba-tions by a combination of conformal and global symmetries, we discuss the e�ect of weak breaking of conformalinvariance. We �nd that the scalar power spectrum obtains a small tilt which depends on both the strength ofconformal symmetry breaking and the law of evolution of the scale factor.1. Introduction and summary. Primordial scalarperturbations in the Universe are Gaussian (or nearlyGaussian) and have nearly at power spectrum [1].These properties are nicely obtained in inationary the-ory [2]. Ination is not unique in this respect, however[3 { 9]. In particular, nearly Gaussian scalar perturba-tions with at power spectrum may be generated [7] ina theory of conformal scalar �eld with negative quarticpotential possessing some global symmetry (e.g., U(1)).If conformal invariance is exact, the latter mechanism isinsensitive to the regime of the cosmological evolution.There is a quali�cation, though, that there should existlong enough epoch preceding the hot Big Bang stage (sothat the horizon problem is solved, at least formally); themechanism is assumed to operate at that epoch. Onceconformal invariance is slightly broken (which may bequite natural), one expects that the spectrum is slightlytilted and depends on the evolution of the scale factor.The purpose of this paper is to demonstrate the latterproperties explicitly.We introduce our model and discuss in general termsthe mechanism of the generation of scalar perturbationsin Section 2. We then specify the evolution of the scalefactor and �nd the homogeneous background solution de-scribing the scalar �eld rolling down its potential. Thepower spectrum is calculated in Section 3. We indeed�nd that the spectrum is tilted, and that the tilt dependson both the strength of the violation of conformal invari-ance and the evolution of the scale factor at the epochwhen the scalar �eld rolls down.2. Model and background solution. The modelwe consider in this paper involves a complex scalar �eld� conformally coupled to gravity. Its dynamics at theepoch of interest is governed by the following action:S[�] = Z d4xp�g �g��@���@��+ R6 ���� V (�)� :(1)

It possesses global U(1) symmetry, and we assume ap-proximate conformal symmetry. To this end, we choosethe following scalar potential,V (�) = �h2j�j4+�; (2)where h is the coupling constant and the small para-meter � characterizes the deviation from conformal in-variance. The scalar potential is negative, so the homo-geneous background �eld rolls it down. Without loss ofgenerality, the background �eld �c(t) can be chosen real.The mechanism of the generation of scalar perturba-tions is as follows [7]. One assumes that the Universe ishomogeneous and isotropic at the rolling stage and thecosmological evolution is dominated by some other mat-ter during that stage and somewhat later. For � = 0,the dynamics of the �eld � = a � � = �1 + i�2 is in-dependent of the evolution of the scale factor. In thatcase, the perturbations of the imaginary part �2 behaveat early times as free massless scalar �eld in Minkowskispace. Later on, when the background �c becomes large,the perturbations of the phase �� = ��2=�c freeze out.For small h and � = 0 these perturbations are nearlyGaussian and have at power spectrum.If the potential V (�) actually has a minimumat somelarge �eld value, and the �eld � interacts with matter,the rolling stage terminates at some late time, and themodulus �1 relaxes to the minimum. Provided that theenergy density of the �eld � is still negligible at thattime, the perturbations of the modulus ��1 are irrele-vant for small h; what remains are perturbations of thephase. The phase is no longer conformal scalar �eld;instead, it minimally couples to gravity, as any otherNambu{Goldstone �eld [10]. The simplest possibility isto assume that modes of cosmologically relevant confor-mal momenta are superhorizon by the time the modu-lus relaxes, then the perturbations of the phase remainfrozen out1).1)An implicit assumption here is that there are no superhori-zon modes that grow in time. Such modes, if present, would be56 �¨±¼¬  ¢ ���� ²®¬ 93 ¢»¯. 1 { 2 2011



Scalar tilt from broken conformal invariance 57The �nal part of the scenario is reprocessing theperturbations of the phase into adiabatic perturbations.There are at least two mechanisms for that. The phasecan actually be a pseudo-Nambu{Goldstone �eld of rel-atively small mass, and serve as curvaton [11, 12]. An al-ternative is that the phase �eld � interacts with matter insuch a way that the masses and/or widths of some heavyparticles depend on � (say, M = M0 + �� and/or � == �0+ ��). If the latter particles, when non-relativistic,temporarily dominate the cosmological expansion, in-homogeneities in �, and hence in M and/or � induceadiabatic perturbations � � �M=M; ��=� [13, 14]. Ineither case2), to the linear order one has� / ��; (3)so the adiabatic perturbations have at power spectrumin the model with � = 0.In this paper we are interested in the case of slightlybroken conformal invariance, i.e., � 6= 0, butj�j � 1 :In that case, the scale factor does not drop out from the�eld equation, and we have to specify the cosmologicalmodel. We choose for de�niteness contracting Universe�lled with matter with sti� equation of state w > 1,e.g., some version of the ekpyrotic/bouncing Universescenario [15, 4, 9]. In terms of conformal time, the evo-lution of the scale factor isa(�) = A(��)p; (4)where p = 21 + 3w ; A = const :We begin with the homogeneous background solutionthat rolls down the scalar potential.It is convenient to perform the following change ofvariables: � = a� 6�6+�	 ;d� = a��d� ; (5)where � = 2�6 + � :dangerous, as they would make the Universe strongly inhomoge-nious. However, this problem is avoided at the contracting epochto be discussed below, provided that the dominant matter has sti�equation of state. This is pricisely the reason for our choice of themodel for the background.2)Note that both the pseudo-Nambu{Goldstone curvaton mech-anism and modulated decay mechanism require explicit breakingof global U(1).

The motivation for this change of variables is to get ridof the �rst time derivative in the �eld equation and si-multaneously remove the time variable from the scalarpotential. The action in new variables isS[	] = Z d�d3x�j	0j2 � a2�j@i	j2 + h2j	j4+� ++"�(6 + 2�)(6 + �)2 �a0a �2 � �6 + � a00a # � j	j2) ; (6)where prime denotes the derivative with respect to �,and the second term vanishes for the homogeneous back-ground solution. As the �eld rolls down its potentialtowards large values, the last term in (6) becomes sub-dominant compared to the third term. Hence, at laterolling stage the equation for the background reads	00c � (2 + �=2)h2 �	3+�c = 0; (7)where we assume that the background �eld 	c is real.The late time attractor solution to this equation is	c(�) = [h(1 + �=2)(�� � �)]� 22+� ; (8)where �� is the intergation constant. We assume in whatfollows that �� < 0; (9)so that the entire rolling epoch occurs at the contractingstage.We have checked numerically that homogeneous so-lutions to the complete �eld equation derived from theaction (6) indeed approach the asymptotics (8) as the�eld rolls down its potential.3. Scalar perturbations. Our main purpose is tostudy linear perturbations of the �eld � in the back-ground (4), (8). In line with the above discussion, weconcentrate on the perturbations of the imaginary part.In terms of the variables (5), they obey the followingequation (in momentum representation)�	002 + k2a2� � �	2 � (2 + �=2)h2	2+�c � �	2 = 0;(10)where we again neglected the contribution that comesfrom the last term in the action (6). Indeed, the lattercontribution is of order �	2 � �=�2. In view of (8), thisis small compared to the last term in the left hand sideof Eq. (10), which is of order �	2 � 1=(�� � �)2.For the same reason, there is the inequality� a0a � 	0c	c :�¨±¼¬  ¢ ���� ²®¬ 93 ¢»¯. 1 { 2 2011



58 V.A. Rubakov, M.A.OsipovThis inequalitymeans that the function a2� slowly variesin time as compared to 	2c . This suggests the followingapproach for obtaining the solution to Eq. (10). At earlytimes, when k2a� � h2	2+�c ; (11)one neglects the last term in the left hand side of Eq. (10)and makes use of the WKB approximation. Note thatthe inequality (11) can be considered as the conditionthat the mode of conformal momentum k is in sub-"horizon" regime, the e�ective \horizon" being due tothe evolution of the background �eld 	c. At late times,when the inverse inequality holds, one neglects the sec-ond term in Eq. (10). To match the two solutions,one solves Eq. (10) at intermediate times around the\horizon" exit, using the approximation of the time-independent scale factor. In fact, the last two steps canbe combined: since the term involving the scale factor isirrelevant at late times anyway, the solution to the equa-tion with the time-independent scale factor is valid bothat intermediate and late times.The WKB solution in the sub-"horizon" regime (11)is �	2 = 1(2�)3=2p2ka� � exp�ik Z a�d�� Âyk + h.c.;(12)where Âyk and Âk are creation and annihilation opera-tors obeying the standard commutational relations. Thissolution is equivalent to��2 � �(a�2) = 1(2�)3=2p2k � eik�Âyk + h.c. (13)This is the expected result, since by neglecting the scalarpotential in the sub-"horizon" regime, we are dealingwith the theory of massless scalar �eld conformally cou-pled to gravity, whose modes are given precisely by (13).At the time around the \horizon" exit and later weneglect the dependence of a� on time and seta�(�) = a�(��) � a�� ;where the \horizon" crossing time �� is found from therelation k2a2�� = h2	2+�c (��) � 1(�� � ��)2 : (14)Then Eq. (10) becomes�	002 + k2a2�� � �	2 � 2 + �=2(1 + �=2)2 � 1(�� � �)2 �	2 = 0:(15)

Its solution that matches (12) at ka��(�� � �)� 1 is�	2 = 14�r�� � �2 �H(1)� hka��(�� � �)i Âyk + h:c:;(16)where the index of the Hankel function equals� = 12 � 6 + �2 + �:We �nd from (16) that the late time asymptotics of theperturbations of the phase is given by�� � �	2	c = 14�3=2 h 22+�k�a��� Âyk + h:c:; (17)were we neglected correction of order � in the numericalpre-factor. As explained in Ref. [7], the fact that thephase freezes out at late times is due to the global U(1)symmetry of the action (1).To proceed further, we have to �nd the \horizon"exit time ��. It is determined by the relation (14). Weproceed under the assumption that the relevant scalesare superhorizon in conventional sense by the end of therolling stage. This implies, in particular, thatkj��j � 1;where �� is the moment of conformal time correspondingto � = ��. The latter inequality implies j��j � j��j, sowe obtain from (14) thatka�� = j��j�1 = k1�p�A� ;where we keep the terms of the �rst order in � in the ex-ponent. Finally, according to (17), the power spectrumof the perturbations of the phase isP(k) = h2(2�)2 (Ah)�� � k�(1+p):In accord with our expectation, violation of conformalinvariance leads to the tilted power spectrum.As discussed in Section 2, perturbations of the phaseare assumed to be reprocessed into adiabatic scalar per-turbations at later epoch of the cosmological evolution,see (3). The adiabatic perturbations inherit the tilt ofthe spectrum, and we obtain �nallyns � 1 = �(1 + p):We see that the tilt depends not only on the conformalsymmetry breaking parameter � but also on the evolu-tion of the scale factor parametrized by the exponent pin our case. �¨±¼¬  ¢ ���� ²®¬ 93 ¢»¯. 1 { 2 2011



Scalar tilt from broken conformal invariance 59We conclude by noticing that breaking of coformalinvariance may result, instead of the power-law poten-tial (2), in the logarithmic e�ective potentialV (�) = �g2 ln ��;where � is assumed to be small. This possibility is, infact, quite natural from the viewpoint of quantum �eldtheory. The logarithmic potential can be obtained bytaking the formal limit �! 0, �h2 = const. The result-ing power spectrum also has logarithmic behavior,P(k) = g2(2�)2 (1 + p) ln kk� :where k� � �g(a�kp) is almost independent of k, andk=k� is large for small �. Hence, logarithmic violationof conformal invariance implies very mild deviation ofthe scalar power spectrum from the Harrison{Zeldovichform. This possibility is disfavoured by the cosmologicaldata [1], in view of the absence of tensor perturbationstypical for our type of models.The authors are indebted to A.Barvinsky,S.Dubovsky, E.Komatsu, M. Libanov, S. Ramazanovand P.Tinyakov for helpful discussions. V.R. is gratefulto the organizers of the Yukawa International Seminar\Gravity and Cosmology 2010", where part of this workhas been done, for hospitality. This work has beensupported in part by Russian Foundation for BasicResearch grant 08-02-00473.1. E. Komatsu et al., arXiv:1001.4538.2. V. F. Mukhanov and G.V. Chibisov, JETP Lett. 33,532 (1981) [Pisma v Zh. Eksp. Teor. Fiz. 33, 549(1981)]; S.W. Hawking, Phys. Lett. B 115, 295 (1982);A.A. Starobinsky, Phys. Lett. B 117, 175 (1982);A.H. Guth and S.Y. Pi, Phys. Rev. Lett. 49, 1110(1982); J.M. Bardeen, P. J. Steinhardt, M. S. Turner,Phys. Rev. D 28, 679 (1983).3. F. Finelli, Phys. Lett. B 545, 1 (2002) [arXiv:hep-th/0206112]; J. L. Lehners, P. McFadden, N. Turok,and P. J. Steinhardt, Phys. Rev. D 76 (2007) 103501[arXiv:hep-th/0702153].4. E. I. Buchbinder, J. Khoury, and B. A. Ovrut, Phys.
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