
Pis'ma v ZhETF, vol. 96, iss. 11, pp. 771 { 777 c 2012 December 10Non-linear BFKL dynamics:color screening vs. gluon fusionR.Fiore1), P.V. Sasorov+1), V.R. Zoller+1)Dipartimento di Fisica, Universit�a della CalabriaIstituto Nazionale di Fisica Nucleare, Gruppo collegato di Cosenza,I-87036 Rende, Cosenza, Italy+Alikhanov Institute for Theoretical and Experimental Physics, 117218 Moscow, RussiaSubmitted 25 October 2012A feasible mechanism of unitarization of amplitudes of deep inelastic scattering at small values of Bjorkenx is the gluon fusion. However, its e�ciency depends crucially on the vacuum color screening e�ect whichaccompanies the multiplication and the di�usion of BFKL gluons from small to large distances. From the �tsto lattice data on �eld strength correlators the propagation length of perturbative gluons is Rc ' (0:2�0:3) Fm.The probability to �nd a perturbative gluon with short propagation length at large distances is suppressedexponentially. It changes the pattern of (dif)fusion dramatically. The magnitude of the fusion e�ect appearsto be controlled by the new dimensionless parameter � R2c=8B, with the di�raction cone slope B standing forthe characteristic size of the interaction region. It should slowly / 1= lnQ2 decrease at large Q2. Smallnessof the ratio R2c=8B makes the non-linear e�ects rather weak even at lowest Bjorken x available at HERA. Wereport the results of our studies of the non-linear BFKL equation which has been generalized to incorporatethe running coupling and the screening radius Rc as the infrared regulator.1. Introduction. In processes of deep inelas-tic scattering (DIS) the density of BFKL [1] gluons,F(x; k2), grows fast to smaller values of Bjorken x,F(x; k2) / x��, where, phenomenologically, � � 0:3.The growth of F(x; k2) will have to slow down whenthe gluon densities become large enough that fusionprocesses gg ! g become important. It was the origi-nal parton model idea of Refs. [2, 3] developed furtherwithin QCD in [4, 5]. The BFKL dynamics of satura-tion of the parton densities has been discussed �rst in[6{8], for the alternative form of the fusion correction seeEq. (A10) of Ref. [9]. The literature abounds with sug-gestions of di�erent versions of the non-linear evolutionequation, see e.g. [10].There is, however, at least one more mechanismto prevent generation of the high density gluon states.This is well known the vacuum color screening. Thenon-perturbative uctuations in the QCD vacuum re-strict the phase space for the perturbative (real andvirtual) gluons introducing a new scale: the correla-tion/propagation radius Rc of perturbative gluons. Theperturbative gluons with short propagation length, Rc �� (0:2�0:3) Fm, as it follows from the �ts to lattice dataon �eld strength correlators [11], do not walk to largedistances, where they supposedly fuse together. The fu-sion probability decreases. We show that it is controlled1)e-mail: roberto.�ore@cs.infn.it; sasorov@itep.ru;zoller@itep.ru

by the new dimensionless parameter R2c=8B, with thedi�raction cone slope B standing for the characteristicsize of the region populated with interacting gluons.The e�ects of �nite Rc are consistently incorporatedby the generalized color dipole (CD) BFKL equation(hereafter CD BFKL) [12, 13]. In presence of a newscale the saturation phenomenon acquires some new fea-tures and the goal of this communication is to presenttheir quantitative analysis.2. CD BFKL and phenomenology of DIS. Wesketch �rst the CD BFKL equation for q�q dipole-nucleoncross section �(�; r), where � = ln(x0=x) and r is theq�q-separation. The BFKL cross section �(�; r) sumsthe Leading-log(1=x) multi-gluon production cross sec-tions within the QCD perturbation theory (PT). Conse-quently, as a realistic boundary condition for the BFKLdynamics one can take the lowest PT order q�q-nucleoncross section at some x = x0. It is described by theYukawa screened two-gluon exchange�(0; r)��0(r) = 4CF Z d2k(k2 + �2G)2�S(k2)�S(�2)�� [1� J0(kr)] [1� F2(k;�k)] ; (1)where �G = 1=Rc, �S(�2) = 4�=�0 ln(�2=�2QCD) and�2 = maxfk2; C2=r2g. The two-quark form factor ofthe nucleon can be related to the single-quark form fac-tor F2(k;�k) = F1(uk2): (2)�¨±¼¬  ¢ ���� ²®¬ 96 ¢»¯. 11 { 12 2012 771



772 R.Fiore, P.V. Sasorov, V.R. ZollerThe latter is close to the charge form factor of the pro-ton F1(q2) � Fp(q2) = 1=(1+ q2=�2)2, where �2 = 0:71GeV2 and in Eq. (2) u = 2Nc=(Nc � 1) for the colorgroup SU(Nc) [14].The small-x evolution correction to �(�; r) for theperturbative 3-parton state q�qg is as follows [12, 13]@��(�; r) = Z d2�1 j (�1)�  (�2)j2 �� [�3(�; r;�1;�2)� �(�; r)] ; (3)where the 3-parton (q�qg-nucleon) cross section is�3(�; r;�1;�2) == CA2CF [�(�; �1) + �(�; �2)� �(�; r)] + �(�; r); (4)where CA = Nc and CF = (N2c � 1)=2Nc. Denotedby �1;2 are the q-g and �q-g separations in the two-dimensional impact parameter plane for dipoles gener-ated by the �q-q color dipole source. The radial lightcone wave function  (�) of the dipole with the vacuumscreening of infrared gluons is [12, 13] (�) = pCF�S(Ri)� ��RcK1(�=Rc); (5)where K�(x) is the modi�ed Bessel function. The one-loop QCD coupling�S(Ri) = 4�=�0 ln(C2=�2QCDR2i ) (6)is taken at the shortest relevant distanceRi = minfr; �ig. In the numerical analysis C = 1:5,�QCD = 0:3GeV, �0 = (11Nc � 2Nf )=3, and infraredfreezing �S(r > rf ) = �f = 0:8 has been imposed(for more discussion see [15]). The scaling BFKLequation [1] is obtained from Eq. (3) at r; �1;2 � Rcin the approximation �S = const { the dipole picturesuggested in [16].3. Perturbative and non-perturbative. Theperturbative gluons are con�ned and do not propa-gate to large distances. Available �ts [11] to the lat-tice QCD data suggest Yukawa screening of pertur-bative color �elds with propagation/screening radiusRc � (0:2�0:3) Fm. The value Rc = 0:275Fm has beenused since 1994 in the very successful color dipole phe-nomenology of small-x DIS [17{21]. Because the propa-gation radius is short compared to the typical range ofstrong interactions the dipole cross section obtained as asolution of the CD BFKL equation (3) would miss the in-teraction strength for large color dipoles. In [17, 18] thismissing strength was modeled by the x-independent di-pole cross section and it has been assumed that the per-

turbative, �(�; r), and non-perturbative, �npt(r), crosssections are additive,�tot(�; r) = �(�; r) + �npt(r): (7)The principal point about the non-perturbative compo-nent of �tot(�; r) is that it must not be subjected tothe perturbative BFKL evolution. Thus, the argumentsabout the rise of �(�; r) due to the hard-to-soft di�u-sion do not apply to �npt(r). We reiterate, �nite Rcmeans that gluons with the wave length � & Rc are be-yond the realm of perturbative QCD. A quite commonapplication of purely perturbative non-linear equations[6, 7] to the analysis of DIS data without proper separa-tion of perturbative and non-perturbative contributionsis completely unwarranted.Speci�c form of �npt(r) motivated by the QCD stringpicture and used in the present paper is as follows:�npt(r) = a�2S(r)r2=(r + d): (8)Here d = 0:5Fm is close to the radius of freezing of therunning QCD coupling rf and a = 5Fm.Our choice Rc = 0:26Fm leads to a very good de-scription of the data [22{26] on the proton structurefunction F2(x;Q2) at small x shown in Fig. 1. Shownseparately are the nonperturbative contribution (8) andthe contribution from DIS o� valence quarks [27]. Thee�ects of quark masses important at low Q2 are takeninto account [28]. The linear CD BFKL description ofF2(x;Q2) (dashed line) is perfect at moderate and highQ2, where it is indistinguishable from the solid line rep-resenting the non-linear CD BFKL results (see below).Two lines diverge at low Q2 where the account of thenon-linear e�ects improves the agreement with data.Recently a global analysis of HERA DIS data hasbeen reported [29]. In [29] a purely perturbative non-linear equation is solved with some phenomenologi-cal initial conditions. A very soft infrared regular-ization with the infrared cuto� � ��1QCD allows non-perturbatively large dipoles to be governed by the per-turbative QCD dynamics. The non-perturbative com-ponent of solution evolves perturbatively to smaller x.Good agreement with data was found.4. CD BFKL and the partial-wave amplitudes.Following [30, 31] we rewrite the Eq. (3) in terms of theq�q-nucleon partial-wave amplitudes (pro�le functions)�(�; r;b) = 1�S(�; r;b) related to the scattering matrixS(�; r;b). We introduce the impact parameter b de�nedwith respect to the center of the q-�q dipole. In the q�qgstate, the qg and �qg dipoles have the impact parameterb+ �2;1=2. In the large-Nc approximation �3 in Eq. (4)�¨±¼¬  ¢ ���� ²®¬ 96 ¢»¯. 11 { 12 2012



Non-linear BFKL dynamics: color screening vs. gluon fusion 773

Fig. 1. The CD BFKL description of the experimental data on F2(x;Q2). Black triangles and circles are ZEUS data [22, 23],open triangles and circles show H1 data [24, 25] and open squares refer to E665 results [26]. Dashed lines represent the linearCD BFKL structure function F2. Shown by solid lines are the non-linear CD BFKL structure functions F2. At high Q2 thenon-linear e�ects vanish and both dashed and solid lines are indistinguishable. The valence and non-perturbative correctionsare included into both the CD BFKL and the non-linear CD BFKL description of F2. The contribution to F2 from DIS o�valence quarks [27] is shown separately by dash-dotted lines. Shown by dotted lines are the non-perturbative contributionsto F2reduces to �3 = �(�;�1)+�(�;�2), what corresponds tothe factorization of the 3-parton (q�qg) scattering matrix,S3(�; r;�1;�2)=S ��; �1;b+12�2�S ��; �2;b+12�1� :(9)Then, the renormalization of the q�q-nucleon scatteringmatrix, S(�; r;b), for the perturbative 3-parton state q�qgis as follows@�S(�; r;b) = Z d2�1 j (�1)�  (�2)j2 � (10)
� �S ��; �1;b+12�2�S��; �2;b+12�1��S(�; r;b)� :For the early discussion of Eq. (10) see [6, 7]. The sub-stitution S(�; r;b) = 1� �(�; r;b) results in@��(�; r;b) = Z d2�1 j (�1)�  (�2)j2 �� ����; �1;b+ 12�2�++���; �2;b+ 12�1�� �(�; r;b)��� ���; �2;b+ 12�1����; �1;b+ 12�2� : (11)�¨±¼¬  ¢ ���� ²®¬ 96 ¢»¯. 11 { 12 2012



774 R.Fiore, P.V. Sasorov, V.R. ZollerWe identify the corresponding partial waves using theconventional impact parameter representation for theelastic dipole-nucleon amplitudef(�; r;k) = 2 Z d2b exp(�ibk)�(�; r;b): (12)For the predominantly imaginary f(�; r;k) == i�(�; r) exp(�Bk2=2) the pro�le function is�(�; r;b) = �(�; r)4�B(�; r) exp �� b22B(�; r)� ; (13)and �(�; r) = 2 R d2b�(�; r;b).Integrating over b Eq. (11) yields [32]@��(�; r) = Z d2�1 j (�1)�  (�2)j2 ����(�; �1) + �(�; �2)� �(�; r) �� �(�; �1)�(�; �2)4�(B1 +B2) exp �� r28(B1 +B2)��; (14)where Bi = B(�; �i). The above de�nition of the scat-tering pro�le function, Eq. (13), removes uncertaintieswith the radius R of the area within which interactinggluons are expected to be distributed (the parameterS? = �R2 appearing in Eq. (25)). In di�erent analysesof the non-linear e�ects its value varies from the real-istic R2 = 16GeV�2 [33] down to the intriguing smallR2 = 3:1 GeV�2 [34]. Besides, the radius R is usuallyassumed to be independent of x. In our approach thearea populated with interacting gluons is proportionalto the di�raction cone slope B(�; r).5. The di�raction cone slope. The di�ractionslope for the forward cone in the dipole-nucleon scatter-ing [30] was presented in [31] in a very symmetric formB(�; r) = 12hb2i = 18r2 + 13R2N + 2�0IP�: (15)The latter provides the beam, target and exchange de-composition of B: r2=8 is the purely geometrical termfor the color dipole of the size r, RN represents thegluon-probed radius of the proton, the dynamical com-ponent of B is given by the last term in Eq. (15), where�0IP is the Pomeron trajectory slope evaluated �rst in[30] (see also [31]). The order of magnitude estimate[31] �0IP � 316�2 Z d2r�S(r)R�2c r2K21 (r=Rc) �� 316��S(Rc)R2c ; (16)clearly shows the connection between the dimensionful�0IP and the non-perturbative infrared parameter Rc.

The increase of B with growing collision energy is knownas the phenomenon of shrinkage of the di�raction cone.We determine �0IP as the � ! 1 limit of the localRegge slope �0e�(�; r) = @�B(�; r)=2 [31]. At � ! 1,�0e�(�; r) tends to a r-independent �0IP = 0:064GeV�2.The onset of the limiting value �0IP is very slow andcorrelates nicely with the very slow onset of the BFKLasymptotics of �(�; r) [12]. An interesting �nding ofRef. [31] is a large sub-asymptotic value of the e�ec-tive Regge slope �0e�(�; r), which is by the factor � 2�3larger than �0IP.In Eq. (15) the gluon-probed radius of the proton isa phenomenological parameter to be determined fromthe experiment. The analysis of Ref. [35] gives R2N �� 12GeV�2.6. Non-linear CD BFKL: small dipoles,r � Rc. The term quadratic in � in Eq. (14), modelsthe process of the gluon fusion. The e�ciency of this\fuser" di�ers substantially for r � Rc and for r & Rc.Consider �rst the ordering of dipole sizesr2 � �2 � R2c (17)corresponding to the Double Leading Log Approxima-tion (DLLA) [36]. Eq. (14) reduces to@��(�; r) = CF� �S(r)r2 �� Z R2cr2 d�2�4 �2�(�; �)� �(�; �)28�B � : (18)First notice that the functiong(�; �) = ��2�(�; �) (19)is essentially at in � and the second term in the rhs ofEq. (18) is dominated by � � Rc,18B Z R2cr2 d�2�4 �(�; �)2 ' R2c8Bg(�; Rc)2 (20)with B = B(�; Rc). Thus, the new dimensionless para-meter �c = R2c=8B (21)enters the game. Its geometrical meaning is quite clear.Remind that the unitarity requires (see Eq. (13))�(�; �) � 8�B: (22)Smallness of �c makes the non-linear e�ects ratherweak at HERA even at lowest available Bjorken x (seeFig. 1). Comparison of the linear and quadratic terms�¨±¼¬  ¢ ���� ²®¬ 96 ¢»¯. 11 { 12 2012



Non-linear BFKL dynamics: color screening vs. gluon fusion 775in the right hand side of Eq. (18) shows that the rela-tive strength of non-linear e�ects decreases to smallerr2 � Q�2 logarithmically� = quadr.lin. / �c ln�1(Q2R2c): (23)Therefore, we are dealing with the scaling rather thanthe higher twist, 1=Q2, e�ect.7. Saturation scale and observables. The para-meter � in Eq. (23) should not be confused with anotherparameter frequently used to quantify the strength of thenon-linear e�ects. It decreases with growing Q2 muchfaster than � in Eq. (23). Namely,� � 1=Q2: (24)The estimate (24) comes from equating the linear andnon-linear terms in rhs of the equation [4, 5]@�@�G(�; �) = cG(�; �)� aQ2G(�; �)2; (25)where � = ln(Q2=�2QCD), c = �SNc=�, a = �2S�=S?,G(�; �) is the integrated gluon density and Eq. (25)comes from Eq. (18) as for small dipoles g(�; �) �� �2Nc�S(�)G(�; �). The corresponding value of Q2 de-noted by Q2s = aG(x;Q2s)=c (26)is called the saturation scale. The non-linear saturatione�ects are assumed to be substantial for all Q . Qs(see e.g. [37]). Obviously, Eq. (23) asserts somethingdi�erent. The point is that Eqs. (23) and (24) de-scribe the Q2-dependence of strength of the non-lineare�ects for two very di�erent quantities: the integratedgluon density G(�; �) and the di�erential gluon densityF(�; �) = @�G(�; �), respectively. The gluon densityG(�; �) is a directly measurable quantity. For example,the longitudinal DIS structure function is FL(x;Q2) �� �S(Q2)G(x;Q2) [38]. On the contrary, the di�erentialgluon density F(�; �) is related to the observable quanti-ties like F2(x;Q2) rather indirectly, by means of the wellknown transformations leaving a weak trace of Eq. (24)in F2(x;Q2).A possibility to test Eqs. (24) and (26) provides thecoherent di�ractive dijet production in pion-nucleon andpion-nucleus collisions [39]. Both helicity amplitudesof the process are directly proportional to F(x; k2).The same proportionality of di�ractive amplitudes toF(x; k2) was found for real photoproduction with point-like q�q vertex in [40]. Therefore, there is no real clashbetween Eqs. (23) and (24). The sharp Q2-dependence

of the nonlinear term in Eq. (25) does not imply vanish-ing non-linear e�ects in G(x;Q2) for Q2 � Q2s.8. Non-linear CD BFKL: large dipoles,r & Rc. The interplay of the color screening and gluonfusion e�ects at large r & Rc, where the non-lineare�ects are expected to be most pronounced, requiresspecial investigation. In high-energy scattering oflarge quark-antiquark dipoles, r � Rc, a sort of theadditive quark model is recovered: the (anti)quarkof the dipole r develops its own perturbative gluoniccloud and the pattern of di�usion changes dramat-ically. Indeed, in this region the term proportionalto K1(�1=Rc)K1(�2=Rc) in the kernel of Eq. (3) isexponentially small, what is related to the exponentialdecay of the correlation function (the propagator) ofperturbative gluons. Then, at large r the kernel will bedominated by the contributions from �1 . Rc � �2 ' rand from �2 . Rc � �1 ' r. It does not depend onr and for large Nc the equation for the dipole crosssection reads@��(�; r) = �SCF�2 Z d2�1R�2c K21 (�1=Rc)����(�; �1) + �(�; �2)� �(�; r) �� �(�; �1)�(�; �2)4�(B1 +B2) exp �� r28(B1 +B2)��; (27)where Bi = B(�; �i). For a qualitative understanding ofthe role of color screening in the non-linear dynamics oflarge dipoles we reduce Eq. (27) to the di�erential equa-tion. First notice that the dipole cross section �(�; r) asa function of r varies slowly in the region r � Rc, whilethe function K1(y) vanishes exponentially at y � 1 andK1(y) � 1=y for y � 1. Therefore, Eq. (27) can be castin the following formc�1@��(�; r) = �(�; Rc) +R2c@r2�(�; r) �� �(�; Rc)�(�; r)=8�B; (28)where c = �SCF =� and for simplicity B = B(0; Rc).The solution of Eq. (28) with the boundary condition�(0; r) = �0(r2), where �0(r2) comes from Eq. (1), is�(�; r) = �0(r2 + c�R2c) + v(�)1 + v(�)=8�B ; (29)where v(�) = ec� Z c�0 �0(R2c + zR2c)e�zdz: (30)From Eq. (1) it follows that at r � l == minfRc=p2;pu=�g�0(r2) � 4�2CF�0 r2�S(r=pA) ln �S(l)�S(r=pA) ; (31)�¨±¼¬  ¢ ���� ²®¬ 96 ¢»¯. 11 { 12 2012



776 R.Fiore, P.V. Sasorov, V.R. Zollerwhere A � 10 comes from properties of the Bessel func-tion J0(y) in Eq. (1) [41]. For large dipoles �0(r2) satu-rates at r2 ' Al2,�0(r2) � 4�CFR2c�f�S(Rc)h(a); (32)where �f = 0:8 (see Eq. (6)) and the interplay of twoscales, Rc and ��1, in Eq. (1) results in h(a) = 1 �� (a2 � 1 � 2a lna)=(a � 1)3 with a = u=R2c�2. Thiskind of saturation is due to the �nite propagation radiusof perturbative gluons.With growing � the dipole cross section �(�; r) in-creases approaching the unitarity bound, � = 8�B. Toquantify the strength of the non-linear e�ects we intro-duce the parameter � = ��=�; (33)where �� = � � �nl and � represents the solution of thelinear CD BFKL Eq. (3), while �nl stands for the so-lution of the non-linear CD BFKL Eq. (14). Therefore,our � gives the strength of the non-linear e�ects with thenon-perturbative corrections switched o�� = ��=� = v(�)v(�) + 8�B �� 4��cCF�0 �S(Rc=pA)(ec� � 1): (34)The magnitude of non-linear e�ects is controlled, like inthe case of small dipoles, by the ratioR2c=B (we assumedR2c � u=�2).Numerical solution of Eqs. (3), (14) gives the r-dependence of � = ��=� shown in Fig. 2 for several val-ues of x and for two correlation radii Rc = 0:26 and0.52Fm. For ��=� � 1 the law ��=� / R2c=B holdstrue. At large r & Rc the toy-model solution, Eq. (29)(dashed lines) correctly reproduces the �-dependence of�. At small r � Rc the ratio ��=� decreases slowly as itis prescribed by Eq. (23). In Fig. 2 also shown is the evo-lution of the unitarity ratio �nl(�; r)=[4�(B1+B2)] withB1 = B(�; Rc), B2 = B(�; r) and denoted by �=8�B.High sensitivity of �nl(�; r) to Rc is not surprising inview of the toy-model solution (29).9. Summary. To summarize, the purpose of thepresent paper has been an exploration of the phenom-enology of saturation in di�ractive scattering whichemerges from the BFKL dynamics with �nite correla-tion length of perturbative gluons, Rc. The non-lineare�ects are shown to be dominated by the large sizeq�q � g uctuations of the probe (virtual gauge boson).They should very slowly, / 1= lnQ2, decrease at largeQ2. The magnitude of the non-linear e�ects is con-trolled by the dimensionless parameter �c = R2c=8B.

Fig. 2. The dipole size dependence of the non-linear correc-tion � = ��=� to the linear CD BFKL dipole cross section� for two correlation radii Rc and for � = 6, 8:5, 11, 13,15:5, 20. Dashed lines correspond to the approximationv(�) � �0(R2c)(ec� � 1) in Eqs. (29), (30). Shown sep-arately is the \unitarity ratio" �=8�B (see text) for twovalues of Rc and for the same set of �The area populated with interacting gluons is propor-tional to the di�raction cone slope B. Smallness of �cmakes the non-linear e�ects rather weak even at low-est Bjorken x available at HERA. The linear BFKLwith the running coupling and the infrared regulatorRc = 0:26Fm gives very good description of the pro-ton structure function F2(x;Q2) in a wide range of xand Q2.VRZ thanks N.N.Nikolaev and B.G. Zakharovfor useful discussions and the Dipartimento di Fisicadell'Universit�a della Calabria and the INFN { gruppocollegato di Cosenza for their warm hospitality whilea part of this work was done. The work was sup-ported in part by the Ministero Italiano dell'Istruzione,dell'Universit�a e della Ricerca, by the RFBR grants#11-02-00441, #12-02-00193 and by the DFG grant#436 RUS 113/940/0-1.1. E.A. Kuraev, L.N. Lipatov and V. S. Fadin, Sov. Phys.JETP 44, 443 (1976); 45, 199 (1977); Ya.Ya. Balitskiiand L.N. Lipatov, Sov. J. Nucl. Phys. 28, 822 (1978).2. O.V. Kancheli, Sov. Phys. JETP Lett. 18, 274 (1973);Pisma Zh. Eksp. Teor. Fiz. 18, 465 (1973).3. N.N. Nikolaev and V. I. Zakharov, Phys. Lett. B 55, 397(1975); V. I. Zakharov and N.N. Nikolaev, Sov. J. Nucl.Phys. 21, 227 (1975).4. L.V. Gribov, E.M. Levin, and M.G. Ryskin, Phys. Rep.100, 1 (1983).5. A.H. Mueller, J. Qiu, Nucl. Phys. B 268, 427 (1986).�¨±¼¬  ¢ ���� ²®¬ 96 ¢»¯. 11 { 12 2012
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