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On the electronic spectrum in curved graphene nanoribbons
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Using the formalism of the Dirac equation for curved space-time in the Friedmann model of a non-stationary

universe, we calculate the electronic spectrum and density of states in curved graphene nanoribbons. Based on

the obtained density of states we further study the current-voltage (IV ) characteristics of the nanoribbon –

metal tunnel junction. The dependence on the geometric characteristics of the nanoribbon has been revealed,

showing a great influence of such parameters like the number of carbon atoms and the characteristic frequency

of distortion.
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I. Introduction. Discovery of graphene and its

unique characteristics [1, 2] allows to consider it as a ba-

sis for the electronics of the future. Nowadays the inter-

est of researchers has increasingly shifted toward study-

ing the properties of graphene, which can be modified

in many different ways: impurities, defects, graphene

nanoribbons, etc. [3, 4]. The latter is due to the fact

that the pure graphene has no energy gap in its band

structure and, consequently, the creation of various de-

vices (e.g. analogs of transistors) is hardly feasible. The

band structure of graphene in the Dirac points is de-

generate, but any perturbation removes the degener-

acy and results in the appearance of an energy gap

in the spectrum. This particular specificity arises in

graphene nanoribbons, which are restricted to one di-

mension. This leads to the quantization of the electron

energy spectrum along a given direction, which therefore

yields the appearance of an energy gap. Also, it is well

known that the flat structure of graphene sheets is un-

stable [5, 6]; so that normally graphene has a wave-like

curved surface. All these circumstances have stimulated

recently the study of different modifications of a curved

graphene [7, 8]. The long-wave approximation, which

is widely used to describe the properties of electrons

in graphene, leads to an analog of the Dirac equation,

which in turn makes it easy to produce a generaliza-

tion to the case when the graphene surface is curved [9].

Note that in this case the degeneracy in the Dirac points

is removed and therefore it becomes possible to create

various structures with different band gaps. Curvature

of the graphene (see, e.g., [7]) leads also to a change in
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the electron density of states and, therefore, it is possi-

ble to change the whole set of electrical characteristics

of the graphene sample. Apparently, the easiest way for

an experimental verification of changes in the density

of states is to study the tunneling current [10] through,

e.g. a contact with the metal. All of the above form the

impetus for the present study.

II. Electron spectrum. We consider the graphene

nanoribbon in the Friedmann model of non-stationary

universe [11]. Properties of electrons in the graphene

nanoribbon in the long-wave approximation in the vicin-

ity of the Dirac point will be described on the basis

of the generalized Dirac equation for a curved space-

time [9]:

γµ(∂µ − Ωµ)Ψ = 0, (1)

where ∂µ is the partial derivative with respect to the co-

ordinate µ, Ωµ is the spin connection, and Ψ = (φ, ψ)T

is the spinor, containing the wave functions describ-

ing the electrons in different sublattices of graphene

near the Dirac point K. Dirac gamma-matrices γµ in

a curved space-time are determined from the relation

γµγν + γνγµ = 2gµν , where gµν is the metric tensor.

As we know from the literature [9, 12], once the met-

ric tensor gαβ is given, i.e.

ds2 = gαβdx
αdxβ ,

gαβg
βγ = δγα,

(2)

one can define the field of frames (tetrads)

gαβ = eaαe
b
βηab,

gαβ = eαae
β
b η

ab,

ηabη
bc = δca,

(3)
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where for the 2D curved surface ηab = diag(1,−1,−1).

Then

Ωµ =
1

4
γaγbe

a
λg

λσ
(

∂µe
b
σ − Γλ

µσe
b
λ

)

, (4)

where

Γλ
µσ =

1

2
gλν (gσν,µ + gνµ,σ − gµσ,ν) , γµ = eµaγa.

For a strained/curved graphene, constantly under

the influence of an external variable mechanical force,

the effect of this force leads to a periodic change in

the distance between the atoms of graphene, which, in

turn, leads to a change in the Fermi velocity, vF. Using

the analogy with a curved space-time, we can say that

this force leads to a periodic change of spatial intervals,

which, as is well known, is adequately described in the

frame of the Friedmann non-stationary model. The met-

rics in the Friedmann non-stationary universe model has

the form:

ds2 = dt2 − ef(t)
(

dx2 + dy2
)

, (5)

where

ef(t) = 1 + a sinω0t.

Here a stands for the relative amplitude of the strain,

while ω0 is the characteristic frequency of oscillatory de-

formation. Then, the only following non-zero Christoffel

symbols are

Γ0
11 = Γ0

22 =
1

2
ef(t)f ′(t); Γ1

01 = Γ2
02 =

f ′(t)

2
,

so that

Ω0 = 0; Ω1 = −1

4
γ0γ1f

′(t)ef(t)/2;

Ω1 = −1

4
γ0γ2f

′(t)ef(t)/2.

Let us choose γ0 = σ3, γ1 = −iσ2, γ2 = −iσ1, where σi
are the corresponding Pauli matrices. Then we obtain

the following set of equations

v−1
F
∂tφ+ e−f(t)∂x1

ψ +
1

4
f ′(t)e−f(t)/2φ+

+ ie−f(t)∂x2
ψ − i

4
f ′(t)e−f(t)/2φ = 0,

v−1
F
∂tψ − e−f(t)∂x1

φ− 1

4
f ′(t)e−f(t)/2ψ +

+ ie−f(t)∂x2
φ− i

4
f ′(t)e−f(t)/2ψ = 0, (6)

where we explicitly introduced the Fermi velocity for

the flat graphene via ∂0 = v−1
F
∂t.

The solution of the system (6) can be found in the

form
(

φ

ψ

)

→
(

φ

ψ

)

exp (ipxx+ ipyy) ,

yielding

v−1
F
∂tφ+ ipxe

−f(t)ψ +
1

4
f ′(t)e−f(t)/2φ−

− pye
−f(t)ψ − i

4
f ′(t)e−f(t)/2φ = 0,

v−1
F
∂tψ − ipxe

−f(t)φ− 1

4
f ′(t)e−f(t)/2ψ −

− pye
−f(t)φ− i

4
f ′(t)e−f(t)/2ψ = 0. (7)

Let the function φ can be ansatz-sought through the

equation

φt + gφ = 0,

where

g = αvFf
′(t)e−f(t)/2, α =

1− i

4
.

Then the substitution φ → φ exp
(∫

gdt
)

, applied the

set of Eq. (7) yields the non-linear Shrödinger equation

with the excitation term (second one):

φtt + φt (f
′ + g∗ − g) + |g|2e−2fφ = 0. (8)

Let us choose the trial unexcited function in the form

φ(t) = φ0e
iωt. In the non-perturbed case (f = 0), we

obtain the spectrum

ω2 = |p|2.

The wave vector p is found from the boundary condi-

tions at the ends of the nanoribbon. In our particular

case we have chosen the armchair-type ribbon [8, 13],

hence

pn =
2π

3a0

(

2M + 1 + n

2M + 1

)

, (9)

where a0 is the interatomic distance in the carbon lat-

tice, M is the number of atoms along the nanoribbon

axis, and n is the quantum number.

Let us calculate the first energy correction V =

=
∫

ψ†V̂ ψdx with ψ = A sin(pnx1) and V̂ = (f ′ +

+ g∗ − g)∂t. The integration is done over the interval

[0, (3M + 1)a0], and results in

V =
pn

2L

aω0 cosω0t

1 + a sinω0t

(

1 +
1√

1 + a sinω0t

)

sin(2pnt).

(10)

The dependence of the energy correction on the atom

numbers M is demonstrated in Fig. 1. This dependence
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Fig. 1. Dependence of the energy correction V , caused by

the perturbation V̂ , on the number of atoms M along the

axis of the nanoribbon (n = 1)

has a step-like form, which is associated with the quan-

tization of the electron spectrum in graphene nanorib-

bons according to Eq. (9). Note that this is similar to

the dependence of the energy gap in zigzag-type carbon

nanotubes [14], which also arises from the quantization

of the electron spectrum in the direction along the cir-

cumference of the nanotube.

Furthermore, it is worth characterizing the depen-

dence of V on the parameters ω0 and n. This depen-

dence is shown in Fig. and demonstrates that with the

Fig. 2. Dependence of the energy correction V , caused by

the perturbation V̂ , on the parameter ω0 for M = 20,

n = 1 (1) and n = 3 (2)

increase of the characteristic frequency ω0, we observe

a periodic change of the correction to the energy of the

electrons. With increasing quantum number n, we ob-

serve a shift to the right and a remarkable increase in

the amplitude.

III. Tunnel characteristics. Within the frame-

work of the Kubo response theory [15], the current is

given by

J = 4πe|T |2
∫ ∞

−∞

dEν(A)(E + eV )ν(B)(E) ×

× {nf (E)− nf (E + eV )} , (11)

where nf (E) is the equilibrium distribution of fermions

with the energy E . Here the tunnel densities of states

ν(A,B) are given by

ν(A)(E) =
∑

p

δ
(

E − E(A)
p

)

, ν(B)(E) =
∑

q

δ
(

E − E(B)
q

)

.

Let us take the electronic spectrum for the graphene

nanoribbon given by Eq. (8) while accounting for the

correction term given by Eq. (10). Note, we consider

that the electron in a metal with a contact is supposed

to have the free-like spectrum

E(A)
p =

p2

2m
. (12)

After computing the integrals in Eq. (11), we obtain the

current-voltage characteristics of the contact shown in

Fig. 3. It shows the asymmetric behavior of current ver-

Fig. 3. IV -characteristics of a curved nanoribbon-metal

tunnel junction

sus voltage applied to the contact. This is due to both,

the peculiarities of the electronic structure (density of

states) of the metal and graphene nanoribbon, and the

processes of carrier recombination in the transition con-

tact, which dominates over the thermal processes when

V > 0. Similar behavior is observed for germanium,

and especially for silicon diodes. Note that this depen-

dence can have important practical applications in the

study of nanocontacts and the design of diodes based

on graphene nanoribbons.
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IV. Conclusions. In conclusion, we formulate the

main outcomes of the work done.

i) We have derived the effective equation describing

the electrons in a curved graphene nanoribbon for the

tunneling current through the nanoribbon-metal con-

tact within the frame of the non-stationary Friedmann

model.

ii) The dependence of the electronic spectrum of the

nanoribbon on the space curvature is revealed. In gen-

eral, the first correction to the spectrum is determined

by the number of atoms along the axis of the nanorib-

bon M , as well as by the characteristic deformation fre-

quency ω0.

iii) We derive the IV -characteristics for a graphene

nanoribbon-metal contact, which is similar to the well-

known characteristics of classical diodes.
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