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The question whether alloy disorder is screened or unscreened is of fundamental importance. Therefore, we

calculate the mobility of the interacting two-dimensional electron gas as realized in AlxGa1−xAs quantum wells

and heterostructures in the presence of alloy-disorder scattering. For the screening we use the random-phase

approximation and we include many-body effects due to exchange and correlation. We propose to determine

the alloy disorder potential VAD from mobility measurements. If we use VAD = 1.04 eV we can explain re-

cent experimental results obtained for quantum wells and heterostructures with ultrahigh mobility. From the

anomalous linear temperature dependence of the mobility measured in heterostructures we conclude that the

alloy disorder is screened. More experiments are needed to confirm the screening of the alloy disorder and we

propose some measurements.
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Disorder and interaction effects (screening) are fun-

damental issues in the two-dimensional electron gas

(2DEG) [1]. Alloy disorder (AD) scattering is an im-

portant scattering mechanism in some semiconductors

and has been discussed for the 2DEG since a long

time. Sometimes the alloy disorder was considered to

be screened [2–4], sometimes screening effects were ne-

glected and it was argued that AD as a short-range po-

tential is unscreened [5–7]. In this paper we argue, using

recent experimental results [8, 9], that AD is screened.

The fractional quantum Hall effect in the 2DEG is due

to Coulomb interaction effects and depends on disor-

der, see the discussion in Ref. [9]. Therefore, one may

wonder why AD should be unscreened in the 2DEG, as

supposed in Refs. [8, 9]. In a recent atomic approach in

connection with the transport scattering time for AD in

three-dimensional Si1−xGex an unscreened electron gas

was considered and the effects due to Coulomb interac-

tion were neglected from the beginning [10]. All these

arguments show that the screening issue for AD is an

open issue. Is AD screened or unscreened, that is the

question. This is certainly an important topic for all al-

loy systems in two and three dimensions.

Recently, AD scattering was studied by mobility

measurements at low temperatures using ultra-high

mobility samples made by Al0.33Ga0.67As/AlxGa1−xAs

heterostructures (HS’s) (mobility µ ≤ 3.7 · 106 cm2/Vs

at electron density N ≈ 1.2 · 1011 cm−2) [8] and

Al0.24Ga0.76As/AlxGa1−xAs/Al0.24Ga0.76As quan-

tum wells (QW’s) (µ ≤ 1.6 · 107 cm2/Vs at

N ≈ 2.8 · 1011 cm−2) [9]. In these structures the

2DEG is confined in the region of the AlxGa1−xAs.

In changing the Al content 0 < x < 0.01 the typical

1/x(1 − x) behavior of AD was found using low-

temperature mobility measurements. Such samples

are very useful to get information about AD. The HS

samples have been used in studies of the quantum

Hall effect [11]. The AD scattering in HS’s and QW’s

was compared in Ref. [9] using the unscreened model,

without taking into account that the form factor for

the AD in QW’s and HS’s is quite different. We will

find that for QW’s the mobility is independent of the

electron density for the unscreened 2DEG, but strongly

dependent on the electron density for the screened

2DEG. Unfortunately, in the experiments the electron

density was not modified. Therefore, some of our results

are predictions to be tested in the future.

Let us stress that earlier calculations were

made for AD in the barrier region, for in-

stance for Al1−xGaxAs/GaAs HS’s [2] or for

AlxGa1−xAs/GaAs/AlxGa1−xAs Qw’s [3]. For the

samples studied in Refs. [8, 9] the scattering in the bar-

rier can be neglected. In the present paper we compare

our theory for AD within the well for the interacting

2DEG [4] with the recent experimental results [8, 9].

We present some suggestions for future experiments in

order to clarify the importance of interaction effects.

We consider a 2DEG with parabolic dispersion and

an effective mass m∗ = 0.067me with me as the free

electron mass. For the valley degeneracy we use gv = 1.
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The 2DEG is embedded into an insulating background

with effective dielectric constant εL = 12.8. The in-

teraction effects of the 2DEG are treated within the

random-phase approximation (RPA) [12] and a finite

local- field correction (LFC) [13] for many-body effects.

The importance of many-body effects are described by

the Wigner–Seitz parameter rs ≡ 1/
√
πa∗2N , where

a∗ ≡ 0.53 Å εLme/m
∗ ≈ 101 Å is the effective Bohr

radius. For N = 2 · 1011 cm−2 the Wigner–Seitz param-

eter takes the value rs ∼= 1.25. The LFC G(q) describes

many-body effects (exchange and correlation) beyond

the RPA. These effects can be neglected for very high

electron density rs ≪ 1 and we apply in the present

paper analytical expressions of the LFC according to

the numerical results given in Ref. [14]. We study the

transport properties of the 2DEG in the xy-plane in the

presence of AD scattering at zero temperature. Exten-

sion effects of the electron gas perpendicular to the in-

terface are described by an envelope wave function Ψ(z).

In the case of a QW of width L, with infinite barriers for

z < 0 and z > L, we apply Ψ(0 ≤ z ≤ L) ∝ sin(πz/L).

For a HS, with an infinite barrier for z < 0 and a trian-

gular potential well for z > 0, we use the Stern–Howard

expression Ψ(z > 0) ∝ z exp(−bz/2) with the extension

parameter b [15]. We note that b ∝ (NDepl+11N/32)1/3

depends on the electron density N and the depletion

density NDepl. The AD random potential 〈|U(q)|2〉 is

characterized by the strength parameters VAD and the

lattice parameter a = 5.65 Å by [2–4]

〈|U(q)|2〉 = x(1 − x)
a3

4
V 2

ADFAD. (1)

The AD form factor is defined as FAD ≡
∫

dz|ψ(z)|4.
For a QW one gets FAD = 3

2L [4] and for a HS one finds

easily FAD = 3b
16

[7]. We stress that the form factor in

the case of a HS is electron density and depletion den-

sity dependent. In Ref. [9] experimental results for the

mobility due to AD in QW’s and HS’s were compared

without taking into account the different form factors.

Penetration effects into the barriers have been neglected

in our calculation. Note that the AD random potential

is proportional to x(1 − x) and this factor was stud-

ied in the experiments [8, 9] as the characteristic sign of

AD. The transport scattering time τt, which defines the

mobility µ = eτt/m, is expressed by [4]

~

τt
=

1

2πεF

2kF
∫

0

dq
q2

√

4k2F − q2
〈|U(q)|2〉
ε(q)2

, (2)

with ε(q) = 1 + qS [1 − G(q)]FC(q)/q as the dielectric

function. εF represents the Fermi energy, kF is the Fermi

wave number, qS = 2gV /a
∗ is the screening wave num-

ber, ~ is Planck’s constant, and FC(q) represents the

form factor for the Coulomb interaction due to the fi-

nite width of the 2DEG. FC(q) for QW’s depends on L

and can be found in Ref. [16]. For HS’s FC(q) depends on

b and can be found in Ref. [15]. The limiting behaviour

is FC(q → 0) = 1. For the non-interacting 2DEG on

can use Eq. (2) with ε(q) = 1. Note that for a QW the

mobility is independent of electron density in case of

a non-interacting 2DEG. In the case of a HS, due to

the density dependent factor b, the mobility is density

dependent even for the non-interacting 2DEG.

In Fig. 1 we show the mobility versus electron den-

sity for a QW of width L = 300 Å and x = 0.01 (1%)

Fig. 1. Mobility µ versus electron density N of the 2DEG

in the AlxGa1−xAs quantum well with x = 0.01 of width

L = 300 Å for alloy disorder. For the solid line the full

local-field correction is taken into account. The dashed

line is for the Hubbard approximation and the dotted line

represents the calculation where the local-field correction

is neglected. The dashed-dotted line represents the un-

screened 2DEG. The solid dot represents the sample of

Ref. [9], however scattering for x = 0 is subtracted, see

text, and scaling to x = 0.01 was performed

as the solid line with the complete LFC. The dotted

line represents AD scattering with the LFC neglected

[2] and the dashed line represents the Hubbard approx-

imation of the LFC [4], where only exchange is taken

into account and correlation is neglected. The AD po-

tential VAD was used as a fit parameter in order to ex-

plain the experimental result of Ref. [9] and we obtain

VAD = 1.04 eV. The value VAD = 1.04 eV in Fig. 1 was

obtained by finding agreement between experiment and
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theory using screening within the full LFC for one x

value where experimental results are available. Because

in experiment [9] the characteristic x(1−x) behavior for

AD scattering was verified, there is agreement between

experiment and theory for all other x values. Therefore,

we only show one x value in Fig. 1 (and in Fig. 3). All

other values of x can be obtained using the x(1 − x)

behavior. If we would apply the RPA to fit the exper-

imental result one would need a larger value for VAD

than VAD = 1.04 eV. Fig. 1 illustrates that it is very im-

portant to take into account the LFC, which should be

tested in the future: for N = 2 · 1010 cm−2 a factor 5

already exists between the RPA and the theory using

the full LFC.

We stress that the mobility in a QW scales as

µ ∝ L/x(1 − x) and Fig. 1 predicts the mobility of

AlxGa1−xAs QW’s for different values of x and different

values of L; just simple scaling should be applied. The

value VAD = 1.04 eV is in good agreement with an ear-

lier estimation in Ref. [17]. We stress that for the data

point we have reduced the inverse scattering time by

the x = 0 value 1/τt = 2.5 ns−1 and we have scaled to

x = 0.01 (1%). The dashed-dotted line in Fig. 1 is for the

unscreened case and VAD = 1.04 eV. In order to explain

the experimental results of Ref. [9] using an unscreened

AD potential one would need VAD = 0.9 eV.

For HS’s the mobility depends on the density and

the depletion density. In Fig. 2 we show the inverse

Fig. 2. Inverse transport scattering time 1/τt versus de-

pletion density NDepl of the 2DEG in the AlxGa1−xAs

heterostructure with x = 0.0085 for alloy disorder and

N = 1.2 ·1011 cm−2. The dotted line represents the exper-

imental result of Ref. [8], reduced by the x = 0 scattering

rate

transport scattering time versus depletion density for

N = 1.2 · 1011 cm−2 and x = 0.0085. The dotted

line represents the experimental result of Ref. [8], re-

duced by the x = 0 scattering rate 1/τt = 7.0 ns−1,

probably due to interface-roughness scattering. We see

from Fig. 2 that we get agreement with experiment for

NDepl ≈ 2.3 · 1011 cm−2. This is a reasonable value for

the depletion density.

The mobility versus density for AlxGa1−xAs HS’s

is shown in Fig. 3 for different depletion densities. The

Fig. 3. Mobility µ versus electron density N of the 2DEG

in the AlxGa1−xAs heterostructure with x = 0.01 for

alloy disorder for different depletion densities: NDepl =

= 1 ·1011 cm−2 for the dashed line, NDepl = 2.3 ·1011 cm−2

for the solid line, and NDepl = 0 for the dotted line. The

solid dot represents the sample of Ref. [8], however the

scattering rate for x = 0 was subtracted, and scaling to

x = 0.01 was performed

experimental result of Ref. [8] is given as a solid dot.

We stress that our theory has strong predictive power,

especially for N < 2 · 1011 cm−2, where the mobility

strongly depends on the electron density and the deple-

tion density. We propose that mobility measurements at

low density could be used to get information about the

depletion density in a given sample.

Due to anomalous screening [18] and the Kohn sin-

gularity [19, 20] in an interacting 2DEG on expects an

anomalous linear temperature dependence of the trans-

port scattering time as [19]

τt(kBT ≪ εF) = τt(0)

[

1− C(α,N)
kBT

εF
+O(T 3/2)

]

.

(3)
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For a non-interacting 2DEG the linear temperature de-

pendence is absent and C(α,N) ≡ 0. The coefficient

C(α,N) was predicted to be density dependent and also

depends on the kind of disorder: α = 0 for AD scat-

tering and interface-roughness scattering and α = −1

for charged-impurity scattering. Numerical results con-

cerning C(α,N) have been published long ago [19]. We

conclude that the presence of the linear temperature de-

pendence of the mobility according to Eq. (3) is a strong

hint for the existence of screening.

In the HS’s studied in Ref. [8] a linear temper-

ature dependence has been observed, with a round-

ing at very low temperatures. From the data we esti-

mate that C(α, 1.25 · 1011 cm−2) ≈ 2.5−4.5, which is

in reasonable agreement with the prediction [19] for

α = 0: C(0, 1.2 · 1011 cm−2) ≈ 3.3. For x = 0.85,

0.33, 0% we find from the experimental data the values

C(α, 1.25 · 1011 cm−2) ≈ 2.5, 3.6, 4.5, respectively. In

principle we expect a constant value for C(α,N) when

one scattering mechanism (AD) is dominant, indepen-

dent of x. On the other hand, it is known from the

2DEG in silicon that with increasing disorder the lin-

ear temperature dependence disappears. The fact that

in Ref. [8] even for x = 0 a linear temperature depen-

dence is found might have its origin in impurity scat-

tering (α = −1), or/and interface-roughness scattering

(also α = 0) or/and the presence of some Al even for

x = 0, see the discussion in Ref. [9]. We believe that

more systematic measurements are needed, especially

for QW’s. In general this linear temperature dependence

is observed for a 2DEG as realized in silicon due to im-

purities at the Si/SiO2 interface or at the Si1−xGex/Si

interface. We stress that such a linear temperature de-

pendence is not found when remote doping is dominant

[21], which confirms that in the HS’s used in Ref. [8] a

short-range random potential (α = −1 or 0) is present

for x = 0. We claim that the observation of the linear

temperature dependence in the mobility of (i) the right

sign and (ii) the right order of magnitude is in favor for

the presence of screening effects for AD.

Concerning another disorder of short-range, we men-

tion that for interface-roughness (IR) scattering in thin

GaAs QW’s a nearly linear temperature dependence was

measured [22], for the authors of that paper of unknown

origin. This linear temperature dependence is of (i) the

right sign and (ii) the right order of magnitude. There-

fore, we believe that it is due to anomalous screening.

From the experimental data we estimate C(α,N) for the

two thinnest QW’s as C(α, 5.5 · 1010 cm−2) ≈ 0.8−1.4.

In fact, due to the large value of ∆Λ = 600 Å2 [22],

the product of the two IR parameters, we believe that

kFΛ > 1 applies and the value of C(0, N) is strongly re-

duced by exp(−k2FΛ2) = 0.25 compared to kFΛ ≪ 1. For

more details, see Ref. [16]. We note that it was argued

that kFΛ ≪ 1 [22], but this is impossible with ∆ ≈ 3 Å

for one monolayer and the density of the sample. We

conclude from the temperature dependence of the scat-

tering time that IR scattering in GaAs is screened, as

in silicon [19].

The mobility data [8, 9] shown in Figs.1–3 are taken

at the temperature of 0.3 K. Note that the Fermi tem-

perature for the HS is about 50 K which results in

C(α,N)kBT
εF

≈ 0.02. Therefore we can directly com-

pare experimental values with our theoretical results

obtained at zero temperature, as done in Figs. 1–3.

There exists another scattering time in the 2DEG,

the single-particle relaxation time τs, which is measured

by SdH oscillations in a weak perpendicular magnetic

field [23]. This time is related to the Dingle tempera-

ture TD via kBTD = ~/2πτs. For the transport scatter-

ing time backscattering is most important, while small

angle scattering is less important. All scattering events

contribute for the single-particle relaxation time. For

AD scattering, and neglecting many-body effects, it was

shown that

2/3 < τt/τs < 1, (4)

where τt/τs → 1 is reached at high density [4]. Using ex-

isting samples [8, 9] the theory can be tested in measur-

ing the single-particle relaxation time. For instance, this

was done for the 2DEG as realized in GaxIn1−xAs [24].

Numerical results for the ratio τt/τs versus density

for the HS are shown in Fig. 4. We see that for different

depletion densities nearly the same value for the ratio is

found. The small deviations for different depletion densi-

ties are due to small differences in the form factor FC(q)

of the Coulomb interaction. For a non-interacting 2DEG

one gets τt/τs ≡ 1, independent of the electron density,

the dotted line in Fig. 4. We conclude that the measure-

ment of both scattering times allow to test the presence

of interaction (screening) effects. For a QW, not shown

in Fig. 4, we have checked that one finds practical iden-

tical values as for HS’s, because the form factor of the

AD cancel out in the ratio and the Coulomb interaction

only weakly depends on extension effects.

In conclusion we have shown that the mobility data

in specially designed AlxGa1−xAs QW’s and HS’s with

ultrahigh mobility can be interpreted by an interacting

2DEG with an alloy disorder potential VAD = 1.04 eV.

The electron density dependence of the mobility is pre-

dicted and can be tested in experiment. Mobility mea-

surements might be used to determine the depletion

density in heterostructures. The linear temperature de-

pendence of the mobility found in experiment is in favor
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Fig. 4. Ratio τt/τs of the transport scattering time and

the single-particle relaxation time versus electron density

N for alloy disorder in the interacting 2DEG as realized in

AlxGa1−xAs heterostructures for different depletion densi-

ties. The dotted line represents the non-interacting 2DEG

of interaction effects, indicating that the alloy disorder

is screened. We propose to study the single-particle re-

laxation time in order to get more insight.
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