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Observation of Zitterbegung in spin-orbit coupled atomic gas
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We show that the dynamics of an interacting atomic gas with light-induced gauge potential can be effec-

tively described by a one-dimensional nonlinear spinor Dirac-type equation. Then, it is possible to observe

atomic Zitterbewegung (ZB) with interatomic interaction. Here, the effect of two different kinds of nonlinear

interaction, repulsive and attractive, on the ZB, are investigated numerically. Therefore, our proposal provides

a more realistic situation in simulating the atomic ZB.
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The phenomenon of Zitterbewegung (ZB) is pre-

dicted for free relativistic electrons in a vacuum [1]. It

was later recognized that ZB originates from an inter-

ference of electron states with positive and negative en-

ergies. For an electron, the frequency of ZB is about

1 MeV and its amplitude is on the order of Compton

wavelength. Because of such high frequency and small

amplitude, direct experiment observation of the elec-

tronic ZB is extremely hard. However, the notion of ZB

and the resulting formalism are not peculiar to relativis-

tic quantum dynamics. Some phenomena analogous to

ZB underlying the same mathematical model with the

Dirac equation, have so far been predicted in a wide

variety of quantum and even classical physical systems.

These systems includes semiconductor quantum wells

[2, 3], trapped ions [4], graphene [5], superconductor [6],

acoustic [7], and photonic [8, 9] crystals.

On the other hand, it has been widely accepted that

the high degree of controllability in cold atomic sys-

tem provides a possibility of observing phenomena that

are experimentally inaccessible in their original counter-

part systems. Recently, the spin-orbit coupling in cold

atoms have attracted great attentions both experiment

and theoretically [10–17]. In particular, several propos-

als have been presented to simulate and observe ZB with

spin-orbit (SO) coupled ultracold atoms [18–25]. For a

practical ultracold atomic gas, the interatomic interac-

tion generally leads to nonlinearities, which may result

in many interesting phenomena. However, the effects of

nonlinear interactions on the atomic ZB, which is impor-
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tant both theoretically and experimentally, are seldom

investigated previously.

In this paper, we first propose a simple scheme to

observe large amplitude and long lifetime ZB with SO-

coupled cold atoms. The effects of nonlinear interactions

on the atomic ZB are then investigated numerically. To

be more specifically, we consider two different kinds of

nonlinear interactions, i.e. repulsive and attractive inter-

actions. Comparing with the noninteracting cases, the

amplitude of the ZB is enhanced by the repulsive in-

teraction, while it damps out more quickly, i.e., it has

a shorter lifetime. In contract, the amplitude of ZB is

reduced by the attractive interaction, while it damps

out more slowly, i.e., it has a longer lifetime. We also

find that both the repulsive and attractive interactions

almost have no effect on the frequency of the atomic

ZB. Therefore, our proposal provides a more realistic

situation in simulating the atomic ZB.

We begin with the cold atomic simulation of the

spinor Dirac-type equation with tunable parameters.

Let us consider the motion of an atomic gas with

mass m in the y−z plane, with each atom having

a Λ-level structure as shown in Fig. 1. The ground

states |1〉 and |2〉 are coupled to an excited state |3〉
through spatially varying laser field, with the corre-

sponding Rabi frequencies Ω1 = Ωcos(κyy)e
−iκzz and

Ω2 = Ωsin(κyy)e
i(π−κzz), where Ω =

√
|Ω1|2 + |Ω2|2.

As shown in Fig. 1b, the Rabi frequencies Ω1 and Ω2 can

be realized with a pair of lasers Ω1± = 1
2Ωexp[i(−κzz±

± κyy)] and Ω2± = 1
2Ωexp{i[−κzz ± (κyy + π/2)]}, re-

spectively, where κy = κ cosϕ and κz = κ sinϕ with κ

being the wave number of the lasers and ϕ being the
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Fig. 1. Schematic illustration of the system. (a) – Atom

with a Λ-level configuration interacting with laser beams

characterized by Rabi frequencies Ω1, Ω2 and a large de-

tunning ∆. (b) – Configuration of laser beams to realize a

Dirac-like equation by the lasers Ω1, Ω2

angle between the laser and the y axis. The Hamilto-

nian of a single atom reads H = P
2/2m + V (r) + HI ,

where V (r) =
∑3

j=1[VT (r)]|j〉〈j| denotes the external

potentials and the interaction Hamiltonian is given by

HI = ~∆|3〉〈3| − (
∑2

j=1 ~Ωj |3〉〈j|+ h.c.), with ∆ being

the detuning. Diagonalizing HI yields the eigenvalues of

~{[∆−
√
∆2 + 4Ω2]/2, 0, [∆+

√
∆2 + 4Ω2]/2}. Here, we

deal the Hamiltonian with the rotating-wave approxi-

mation, which just introduces negligible small error. In

the large detuning case, the two eigenstates of the first

two eigenvalues span a near-degenerate subspace, and

can be considered a pseudo-spin with spin-orbit cou-

pling induced by a gauge potential [10–12]. Under this

condition we obtain the effective Hamiltonian [14]

H =
p2y + p2z
2m

+ vyσypy + vzσzpz + γzσz + VT , (1)

where vy = ~κy/m, vz = ~κzΩ
2/(2m∆2), and γz =

= [~2Ω2/(4m∆2)][κ2
y − (1+Ω2/∆2)κ2

z] + ~Ω2/2∆. Here

we have dropped an irrelevant constant and assumed

that the potentials V (r) are spin-independent. Further-

more, the atomic gas can well be confined by a 1D op-

tical waveguide along the y axis [13, 14], so we may

further restrict our study in the 1D system. We note

that compared with the scheme with tripod atomic level

configuration [18, 19, 13], here a large detuning is nec-

essary in the Λ-configuration. However, the laser beams

are simpler and moreover, the pseudospins in the Λ-

configuration would be more robust against the colli-

sion of atoms since they are constructed by the low-

est two dressed states, while the two dark states in the

tripod configuration are usually not the ground states

[18, 19, 13].

For 1D cases, the atomic interaction can be described

by an effective interacting strength g̃ = 4π~2asN/(mV ),

where as is the s-wave scattering length, N is the parti-

cle number, and V is the effective volume. The interac-

tion between the atoms (per particle) should be much

smaller than the confinement frequency (about kHz)

[26], and thus it is much smaller than Ω (about MHz).

Therefore, the interaction can not pump the atoms out-

side of the near-degenerate subspace. In addition, we as-

sume that the bosonic atoms are condensed into a Bose–

Einstein condensate (BEC) state. Within the Gross–

Pitaevskii formalism, the interacting bosons in the near-

degenerate subspace are then effectively described by a

1D nonlinear spinor equation i~∂tΨ = HeffΨ [27], where

Heff = − ~
2

2m
∂2
y−i~vyσy∂y+γzσz+g̃Ψ†·Ψ+VT+Vb, (2)

with vy being the effective speed of light and γz as the

effective rest energy of the cold atoms. It is a remark-

able feature that all parameters, vy, γz, and g̃, can be

controlled experimentally, which provide us a tunable

platform to explore the relativistic quantum effects.

With the above spinor Dirac-type equation, we first

consider the atomic ZB without nolinear effect, that is

g̃ = 0. In the Λ-scheme, the atomic dynamics is effec-

tively described by the spinor Hamiltonian (2). We con-

sider the Gaussian wave packet of

Ψ(y, 0) =
1√
δl
√
π
eik0ye−(y−y0)

2/2δ2l

(
c1

c2

)
(3)

as the initial wave function in the spatial space, where

|ci|2 (i = 1, 2) normalized as |c21| + |c22| = 1 that de-

termines the initial population in the states of |χi〉, δl,
k0, and y0 are initial wave-packet width, initial averages

of wave number and position, respectively. We suppose

δl =
√
~/mωT , corresponding to the ground-state width

of the trapping potential 1
2mω2

T y
2 in y-axis. In the mo-

mentum space, the initial wave packet is given by

Φ(ky, 0) =
1√
2π

∫
Ψ(y, 0)e−ikyydy =

=
1√
δk
√
π
e−i(ky−k0)y0e−(ky−k0)

2/2δ2k

(
c1

c2

)
, (4)

where δk = δ−1
l is the momentum spread. When t = 0,

one turns off the trapping potential VT . The time evo-

lution is governed by Hamiltonian Heff with VT = 0 and

g̃ = 0, the finial wave function is written as

Ψ(y, t) = T̂ exp

[
− i

~
Hefft

]
Ψ(y, 0), (5)

where T̂ denotes the time ordering operator. For VT = 0

and g̃ = 0, it is straightforward to show that Ψ(y, t) =

= 1√
2π

∫
Φ(ky , t)e

ikyydky with

Φ(ky, t) =
1√

δk
√
π
e−i(ky−k0)y0e−(ky−k0)

2/2δ2k ×

×
(

c1 cos(ωkt)− vykyc2+iγzc1/~
ωk

sin(ωkt)

c2 cos(ωkt) +
vykyc1+iγzc2/~

ωk
sin(ωkt)

)
,

(6)
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where ωk =
√
(γz/~)2 + (vyky)2 leads to population

transfer between two spin states, and thus Ψ(y, t) is sen-

sitive to the initial spinor components.

If we choose c1 = c2 = 1/
√
2, the wave packet of

atomic gas undergoes ZB. To investigate the atomic ZB,

we calculate the expectation value of the center of mass,

which is given by

〈y(t)〉 = i

∫
dkyΦ

†(ky, t)∂ky
Φ(ky, t) =

= y0 +
vyγz
~δk

√
π

∫
dky

sin2(ωkt)

ω2
k

e−(ky−k0)
2/δ2k . (7)

The integral term stands for ZB which shows the os-

cillation of the center-of-mass motion. We numerically

calculate Eq. (7) and the results are shown in Fig. 2.

In the plot, the experiment parameter of Li7 atomic

Fig. 2. The ZB with a Gaussian wave packet as an initial

state for the wave packet width δ = 1: (a) – v′y = 50 and

γz = 109.93, (b) – v′y = 100 and γz = 109.93, (c) – v′y = 50

and γz = 219.86, (d) – v′y = 100 and γz = 219.86

gas with initial wave number k0 = 0, ky = 5.0 · 106
m−1, m = 1.16 · 10−26 kg, γ

′

z = 10 kHz, δl = 10µm is

chosen. For the sake of convenience, we introduce di-

mensionless variable scaled by the characteristic length

l0 =
√
~/mωT ≃ 10µm, energy E0/~ = ωT = 91Hz,

and time t0 = 1/ωT ≃ 11ms. To get a quantitative intu-

ition, for the above chosen experimental parameters, the

minimum amplitude (about 2µm), as shown in Fig. 2c,

is readily detectable in current experiment given the fact

that the atomic ZB can persist for several milliseconds

with frequency of the order of a few KHz. After dimen-

sionless, we get v
′

y = 50, δl = 1, γz = 109.93. Then

four different cases are plotted in Fig. 2. The reason for

ZB is the separation of initial wave packet by spin and

then interfere between the coupling components, which

gives rise to oscillation of center-of-mass motion. ZB for

finite momentum spread damp out over time, and its

lifetime can be increased by reducing momentum spread

δk. Here, the amplitude of ZB is primarily determined

by the central momentum k0 and the spin-orbit coupling

strength v′y. The smaller k0 and the larger v′y, the larger

amplitude of ZB.

We now turn to investigate the effect of nonlinear

interaction on the atomic ZB. Interatomic interaction is

crucial in atomic gases which lead to inherent nonlin-

earity in BEC. At low temperatures, it is dominated by

s-wave scattering. Under the mean-field description, an

atomic BEC obeys a nonlinear Schrödinger equation,

the Gross–Pitaevskii (GP) equation, in which the non-

linear strength is proportional to the s-wave scattering

length. The strength of nonlinearity can be tuned by

Feshbach resonances [28]. The dark and bright solitons

have been observed in atomic BECs with repulsive and

attractive atom-atom interactions, respectively. Atomic

ZB in the nonlinear spinor equation cannot been analyt-

ical solved as above. We numerically solve Eq. (5) with

g 6= 0 by using the split-operator method [29]. When

t = 0, without atom-laser beams interaction, the BECs

is prepared in its ground state. We numerically solve the

GP equation using the imaginary time evolution method

and obtain the ground state of the condensate. Then we

turn off the trapping potential, and meanwhile, we turn

on the laser beams, so that the dynamics of the system

is governed by 1D nonlinear spinor equation. The po-

sition of the atomic center-of mass at time t is given

by

〈y(t)〉 =
∫ [

|Ψ↑(y, t)|2 + |Ψ↓(y, t)|2
]
ydy, (8)

where Ψ↑,↓(y, t) can be obtained by numerically solving

Eq. (5).

We first consider the case of g > 0, which corre-

sponds to the repulsive nonlinear interactions of BECs.

Some typical results are shown in Fig. 3, which demon-

strates the different nonlinear interaction strengths of

atoms with g = 10, 50, 200, respectively. From Fig. 3, we

find that the larger g, the larger amplitude of ZB. But

ZB damps out more quickly and its lifetime is shorter

with the increase of repulsive interactions. The reason

for this is that in the case of repulsive interactions, the

ground state of a BEC is flatter than that in the nonin-

teracting case. So the overlap range of the wave packet

is wider, leading to the larger amplitude of the atomic

ZB. However, with the increasing of time, due to the

repulsive interactions, the wave packet separate more

quickly, so that the ZB damp out more quickly with a

shorter life time.
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Fig. 3. The ZB under different repulsive nonlinear interac-

tion for v′y = 100 and γz = 109.93. The dashed point line,

dashed line and real line correspond to different nonlinear

strength

We then consider the case of g < 0, which corre-

sponds to the attractive nonlinear interactions of BECs.

Fig. 4 shows some typical results of atomic ZB in the at-

Fig. 4. The ZB under different attractive nonlinear inter-

action for v′y = 100 and γz = 109.93. The dashed line and

real line correspond to different nonlinear strength

tractive interactions case. In this case, we find that in

contract, the amplitude of ZB is reduced by the attrac-

tive interaction, while the oscillation damps out slower

with a longer lifetime as shown in Fig. 4. To see this more

clearly, we plotted the atomic ZB of two opposite inter-

actions with the same strength, as shown in Fig. 5. This

can be interpreted by the fact that the spatial length

Fig. 5. The ZB under different kinds of nonlinear interac-

tion for v′y = 100 and γz = 109.93. The dashed line and

real line correspond to attractive interaction, repulsive in-

teraction, respectively

of the ground state BEC with attritive interatomic in-

teraction is more narrow than that with repulsive in-

teractions. Since the overlap range of the wave packet is

narrower, the amplitude of ZB will be smaller. However,

increasing time, due to the attractive interactions, the

two spin wave packets overlap for a longer time, which

gives rise to a longer lifetime of ZB. From the above

figures, we can also find that the nonlinear interactions

almost have no effect on the frequency of atomic ZB, as

the gap between the positive and negative energy states

does not change due to the nonlinear interactions.

In conclusion, we have proposed to observe atomic

ZB with SO coupled ultracold atoms. We show that

large amplitude and long lifetime of ZB can be de-

tectable by tuning laser-atoms interactions in realistic

experiment. Based on numerically simulation, the effects

of nonlinear interatomic interactions on ZB are investi-

gated. In the repulsive interaction case, the amplitude

of ZB is larger, but ZB damps out more quickly with

a shorter lifetime. In the attract interaction case, the

amplitude of ZB is smaller, but ZB damps out slower

with a longer lifetime. However, the nonlinear interac-

tions almost does not affect the frequency of atomic ZB.

Considering the fact that the nonlinear interaction is

inevitable in atomic gas system, our proposal provide a

more realistic situation in simulating the atomic ZB.
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