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We study the genus one correlation numbers in the matrix models and the minimal Liouville gravity. We

compute the torus partition function for the matrix models. We calculate the one- and two-point correlation

numbers of the (3, p) matrix models and (3, p) Minimal Liouville gravity.
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The computations in the Liouville theory were a

complicated problem since its introduction in 1981 [1, 2].

Recently some progress in this area was made in [3],

where it was noticed that the problem of the compu-

tation of the correlation numbers could be simplify in

the case of so-called Minimal Liouville gravity (MLG),

which is a Liouville gravity with its matter sector be-

ing Minimal Model of conformal field theory (CFT) [4].

With use of higher equations of motion in the Liou-

ville theory [5] three- and four-point correlation num-

bers for genus zero surfaces were determined by Belavin

and Zamolodchikov in [3].

On the other hand another approach to fluctuating

two-dimensional surfaces was proposed in 1990s [6–11].

It was based on the idea of approximation of a contin-

uum two-dimensional surface with its discrete triangula-

tion and the replacement of the functional integral over

continuum surfaces with finite-dimensional ones. Since

it was technically equivalent to integration over matri-

ces this idea is commonly called the Matrix Model ap-

proach. It was believed to give the same answers on the

same physical question as the Liouville theory does. But

it was observed by Moore et al. in [12] that the connec-

tion between these theories is not such straightforward.

It was pointed out that due to contact terms correla-

tion functions of matrix models don’t satisfy fusion rules

of CFT. They also resolved this problem for one- and

two-point correlation functions. Their work continued

in [13, 14]. All the mentioned papers concerned ampli-

tudes on the sphere. Extension of these results to the

torus was done for (2, p) models in [15]. Their results

were confirmed by direct computations in the Liouville

theory [16]. The aim of the present work is to extend

these results to the case of the (3, p) models: to find the

genus one partition function in the (3, p) matrix models
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and to calculate torus one- and two-point functions in

(3, p) MLG with the use of the exact form of the reso-

nance relation, which was carried out in [14].

Let us make some remarks concerning the notation.

The main result of our paper is made for the case of

(3, p) MLG, but some of the formulas presented for more

general case of (q, p) MLG.

The matrix models approach appeared as a techni-

cal tool to calculate integrals over discrete 2-dimensional

surfaces. As it was noticed in [17], the partition function

of the matrix model corresponding to the (q, p) Minimal

Gravity can be described as solution of higher Kortweg–

de Vries (KdV) equation with special initial conditions

called the Douglas string equation. We will use a re-

formulation of these equations in terms of the action

principle introduced in [18]. Define

Q = dq +

q−1
∑

α=1

uα(x)d
q−α−1, (1)

S[uα] = Res

(

Qp/q+1 +

q−1
∑

m=1

p−1
∑

n=1

τm,nQ
|pm−qn|/q

)

,

(2)

where residue gives the coefficient of d−1 taken with a

minus sing and integrated over x. The constant factors

τm,n are called times. The Douglas sting equation reads

δS[uα]

δuα(x)
= 0, (3)

where δ/δuα(x) is a variation with respect to uα(x).

These are differential equations for the functions uα(x),

from which they could be (in principle) determined.

The partition function could be found by integrating

the equation

∂2Z

∂x2
= u∗

1(x), (4)
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where u∗
α(x) is a suitably chosen solution of (3). The

correlation numbers in the matrix models are defined as

〈Om1n1Om2n2 . . . OmNnN
〉 =

=
∂NZ

∂τm1n1 . . . ∂τmNnN

∣

∣

∣

τ1,2=τ2,1=···=τq−1,p−1=0
, (5)

in this limit all times except τ1,1 = µ 6= 0 must be set

to zero.

The matrix models partition function in the double

scaling limit can be expanded as [11, 19, 20]

Z[ε−2δm,n/γτm,n] =
∞
∑

h=0

ε2(h−1)Zh[τm,n], (6)

where γ = 1 + p/q, and gravitational dimensions equal

δm,n =
p+ q − |pm− qn|

2q
. (7)

Also, the factors ε−2δm,n/γ in the left-hand side of (6)

can be obtained by formal replacement d/dx → εd/dx.

It could be proved with the use of the dimensional anal-

ysis.

Using these arguments one can find the genus one

partition function as order ε0 of Z which solves string

equation with replacement d/dx → εd/dx. After this

replacement ε must be seen as parameter in the equa-

tions (3), (4). All the function and variables must be

also expanded in series in the parameter ε: S[uα, ε] =

=
∑∞

n=0 ε
nS(n)[uα] and u∗

α(x, ε) =
∑∞

n=0 ε
nu∗

α
(n)(x).

The evaluation of the genus one partition function Z1

could be found in the appendix. The result is

Z1 = −
1

8
log det

δ2S(0)[uα]

δuαδuβ

∣

∣

∣

uα=u∗

α
(0)
, (8)

where S(0) is the spherical sting action and u∗
α
(0) is a

solution for the spherical sting equations, α, β take val-

ues 1, 2, the determinant is computed with respect to

α, β. This is one of the main results of our paper.

For the (2, p) models the partition function was ob-

tained in [15]

Z
(2,p)
1 = −

1

12
log

δ2S(0)[u1]

(δu1)2

∣

∣

∣

u1=u∗

1
(0)
. (9)

These two formulas give a natural conjecture for the

general model torus partition function

Z
(q,p)
1 = −

q

24
log det

δ2S(0)

δuαδuβ

∣

∣

∣

u=u∗

α
(0)
, (10)

where α takes the values 1, ..., q − 1. This conjecture

differs by factor q from one made in [21].

Now, let’s pass to the Liouville gravity. It’s known,

that any two-dimensional conformal field theory can be

coupled to gravity. It was shown by Polyakov [1], that

after choosing conformal gauge for the metric tensor

gab = eϕĝab, the full theory splits in two almost in-

dependent parts: initial CFT part, and Liouville theory

of scalar field ϕ. For this reason, these theories are usu-

ally called Liouville gravity. If initial CFT is a minimal

model of CFT [4] then one achieves model called Mini-

mal Liouville gravity. We refers the reader for the addi-

tional information about the MLG to the other sources

[22, 19].

The (q, p) minimal model of CFT [4] has central

charge c = 1− (p− q)2/6pq. It consists of a finite num-

ber of primary fields Φm,n where m = 1, . . . , q − 1

and n = 1, . . . , p − 1. Because of reflection symmetry

(Φq−m,p−n = Φm,n), only half of these fields are inde-

pendent. In MLG these fields become “dressed”

Om,n =

∫

Φm,ne
2bδm,nϕ(x)

√

ĝd2x, (11)

where b =
√

q/p, integration is over 2-dimensional man-

ifold and gravitational dimensions δm,n are the same as

in (7).

In this article we will mostly be interested in de-

formed partition function

Z[λ] =

〈

exp





∑

(m,n)

λm,nOm,n





〉

. (12)

Correlation numbers of fields Om,n satisfy

〈Om1n1Om2n2 . . . OmNnN
〉=

∂NZ

∂λm1n1 . . . ∂λmNnN

∣

∣

∣

λm,n=0
,

(13)

in this limit all the couplings λm,n should be set to zero.

Both the discrete and the continuous approaches are

believed to provide the same answers to the similar ques-

tions, but as it was noticed in [12], there are some ar-

bitrariness because of contact terms in the correlation

functions. This obstacle can be resolve by the use of

non- linear resonance transformation of the form

τm,n = λm,n +
∑

m1,n1

C(m1,n1)(m2,n2)
m,n λm1,n1λm2,n2 + . . . ,

(14)

where all the term satisfy resonance condition: sum of

the gravitational dimension in every term must coincide.

In case q = 3, the Kac table consist of two rows. Due

to the reflection symmetry only half of these fields are

independent. We will consider first row of the Kac table

as independent variables. Also, we will label fields, times
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and coupling constants as Φk = Φ1,k+1, Ok = O1,k+1,

τk = τ1,k+1, and λk = λ1,k+1 where k = 0, . . . , p− 2.

In the following, we are to calculate correlation num-

bers of (3, p) models in both the matrix models and in

the MLG. This is another result of our paper.

In the matrix models one should use the relation (5)

for the computation of correlation number. The calcu-

lation is straightforward, so we will present only results.

One must take the derivatives of (6) with respect to

times τm,n. There are two tricky points in it. The first

point is the root of the string equations. As in [14] we

will choose one special root. Namely, u∗
2
(0) = 0. The

second point is one should remember that root also de-

pends on times τm,n.

All the following formulas are given for ki < s, where

s is quotient of p divided by 3. We will use normal-

ized S(0)[uα] and τk in the way that δS(0)/δu1

∣

∣

∣

u2=0
and

δS(0)/δu2

∣

∣

∣

u2=0
will have coefficients 1 in all its terms.

For k < s and p, k – even, we have

〈Ok〉 =
1

24
(p+ 3k − 1)(−µ)−k/2−1. (15)

For p – even and k – odd, one-point function is zero.

For two point correlation function we have

〈Ok1Ok2〉 =
1

48

[

(5 + p)(k1 + k2) + 3(k21 + k22) +

+ 3k1k2 + 2(p− 1)] (−µ)(4+k1+k2)/2 (16)

for p, ki – even and ki < s;

〈Ok1Ok2 〉 = −
1

432
×

× (−1 + 3k1 + p)(−1 + 3k2 + p)(−µ)−(k1+k2)/2−2 (17)

for p – even, ki – odd, and ki < s;

〈Ok〉 =
1

24
(p+ 3k − 1)(−µ)−k/2−1 (18)

for p – odd, k – even, and k < s. For two point correla-

tion function we have

〈Ok1Ok2〉 =
1

48

[

(5 + p)(k1 + k2) + 3(k21 + k22) +

+ 3k1k2 + 2(p− 1)) (−µ)(4+k1+k2)/2 (19)

for p – odd, ki – even, and ki < s. And

〈Ok1Ok2〉 = −
1

48
×

× (−2 + 3k1 + p)(−2 + 3k2 + p)(−µ)−(k1+k2)/2−2 (20)

for p – even, ki – odd, and ki < s.

Now, lets proceed to the MLG correlation numbers.

The main issue in calculations of MLG correlators with

use of matrix models results is to find all coefficients in

relation (14) between tm,n and λm,n. The criteria for

this is fusion rules in MLG which results in equation for

coefficients in (14). Some first of them were determined

in [14] and we will use their results in the following.

Computations in Liouville frame is quite the same

to the matrix model ones. The main difference is that

derivatives should be made with respect to λm,n. We

will rescale λ1,1 = µ = 1 for simplicity.

The results for the zero and one-point correlation

numbers are

〈1〉 = −
1

4
log p, (21)

〈Ok〉 = −
2 + 6k + 3k2 − 2(k + 1)p

16p
, (22)

where k, p – even numbers. One-point function for k –

odd is zero. The two point correlation numbers are

〈Ok1Ok2〉 = −
1

32p2
{9k31(1 + k2) +

+9k21(1 + k2)(4 + k2) + 3(2 + k2)[2 + 3k2(2 + k2)]+

+ 3k1(1 + k2)[14 + 3k2(4 + k2)]−

− 6(1 + k1)(1 + k2)(2 + k1 + k2)p}, (23)

where k1, k2, p – even numbers.

All these results depend on the normalisation of

fields and partition function. Since relative normalisa-

tion of the fields in our paper is the same with ones

in [14], we can introduce the normalisation independent

quantities

√

ZSphere
0

ZSphere
kk

ZTorus
k

ZTorus
0

=

√

p[p− 3(k + 1)]

(p+ 3)(p− 3)
×

×
2 + 6k + 3k2 − 2(k + 1)p

4p log p
, (24)

ZSphere
0

√

ZSphere
k1k1

ZSphere
k2k2

ZTorus
k1k2

ZTorus
0

=

=

√

p2[p− 3(k1 + 1)][p− 3(k2 + 1)]

(p+ 3)2(p− 3)2
, (25)

1

8p2 log p
{9k31(1 + k2) + 9k21(1 + k2)(4 + k2) +

+ 3(2 + k2)[2 + 3k2(2 + k2)] +

+ 3k1(1 + k2)[14 + 3k2(4 + k2)]−

− 6(1 + k1)(1 + k2)(2 + k1 + k2)p}.
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To summarize, we calculated the torus partition

function (6) and the one- and two-point functions in

the MLG and matrix model frames for the case of (3, p)

models. The result obtained for the MLG is indirect,

but the same method for the (2, p) models was carried

in [15] and then was proved by direct computation of

[16].

The author is grateful to A. Belavin, M. Laskevich,

and I. Polyubin for useful discussions. The work was sup-

ported by RFBR and by the Russian Ministry of Edu-

cation and Science.

Appendix. Approximate solution of string

equation. Because the full solution is quite lengthy we

will only point out the main points of the calculation.

The first problem is to find the string action up

to ε2 order. One can do it using the following tech-

nique [19, 20]. The idea is to find the recurrence re-

lation for residues of the form ResQl+α/3. Parametris-

ing the negative power part as Q
l+α/3
− = {Rl, d

−1} +

+ {Kl, d
−2} + {Ml, d

−3} + . . . , using the fact that any

operator commutes with any its power and also using

relation Ql+α/3 = Q
l+α/3
− +Q

l+α/3
+ , we have

[Q
l+α/3
+ , Q] = [Q,Q

l+α/3
− ]. (26)

Notice that the left-hand side contains only non-

negative powers of d, and right-hand side contains only

finite number of non-negative powers of d. They are

[Q
l+α/3
+ , Q] = [Q,Q

l+α/3
− ] = 6R′

ld+ 6K ′
l + 3R′′

l . (27)

By simple computation one can find

Q
l+1+α/3
+ = Ql−2/3Q+ 2Rld

2 + (2Kl −R′
l)d+

+ 2Ml +R′′
l − 2K ′

l + 2Rlu. (28)

Commutating both side with Q, we obtain three recur-

rence equations on three unknown functions Kl, Ml,

and Rl. We solved this equation up to the order ε2.

Using this solution and definition (2) we found string ac-

tion S[uα, ε] = S(0)[uα]+ εS(1)[uα]+ ε2S(2)[uα]+O(ε2)

up to the second order in epsilon. Our next step was

to solve Douglas Eq. (3) which could be represented as

u∗
1(x, ε) = u∗

1
(0)(x) + ε2u∗

1
(2)(x) + O(ε2) and impor-

tant point here is that u∗
1
(2) can be represented using

only S(0)[uα] and its partial derivatives with respect

to u1, u2. The last step is to integrate (4) with u∗ re-

placed with u∗
1
(2). The result is (6).
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