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Pore formation phase diagrams for lipid membranes
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Critical lateral pressure for a pore formation and phase diagram of porous membrane are derived ana-

lytically as functions of the microscopic parameters of the lipid chains. The derivation exploits path-integral

calculation of the free energy of the ensembles of semi-flexible strings and rigid rods that mimic the hydropho-

bic tails of lipids in the lipid bilayers and bolalipid membranes respectively. Analytical expressions for the area

stretch/compressibility moduli of the membranes are derived in both models.
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The purpose of the present work is calculation and

comparison of the phase diagrams of porous fluid lipid

membranes under lateral stretch deformation using dif-

ferent microscopic models developed recently [1, 2].

We approach the problem of understanding the rela-

tively high robustness of bolalipid membranes as com-

pared with their monopolar lipid counterparts by con-

sidering distinction in their inter-chains entropic repul-

sion. Namely, the hydrocarbon chains of the monopolar

lipid molecules are modeled by fluctuating semi-flexible

strings (beams), and their bolalipid counterparts are

modeled with straight rods, assuming the limit of higher

bending (flexural) modulus. The models have been used

to calculate the lateral pressure profiles and compress-

ibility moduli of the monopolar lipid (see Fig. 1a) and

Fig. 1. (a) – Monopolar lipid molecule. (b) – Bolalipid

molecule. (c) – Flexible string model of lipid chains in the

hydrophobic part of bilayer membrane: effecitve string has

incompressible area A0, arbitrary conformation of fluctu-

ating string is described by function R(z) – deviation from

the straight line across the membrane thickness with co-

ordinate z

1)e-mail: i.m.sergei.m@gmail.com

bolalipid membranes (see Fig. 2b). The main outcome

of the present derivation is analytical expressions for

Fig. 2. Phase diagram of membrane with pore formation:

P is lateral tension (pressure) in the membrane; ∆/R2
0

is area stretch of the membrane under external tension

normalized with the initial undeformed membrane area.

The dashed lines correspond to metastable states of the

pore; higher pressure/slope curves – rigid rods; lower pres-

sure/slope curves – flexible strings. Input parameters:

membrane initial radius R0 = 95nm, γ = 30 erg/cm2,

γR = 20 pN, T = 300K; monopolar lipids: N = 134200

strings (in monolayer), A0 = 10 Å2; bolalipids: N = 80000

rods, A0 = 27 Å2

the critical lateral pressures that cause formation of fi-

nite radius pores in the monopolar lipid and bolalipid

membranes. It is demonstrated that high chains flexural

rigidity leads to a significant enhancement of the criti-

cal lateral area-stretching tension (lateral pressure), at

which the membrane acquires a pore. Simultaneously,

the radius of the critical pore is decreased by the stiff-

ening of the chains (assuming pore edge energy stays
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approximately the same). The Helmholtz free energy

(NVT-ensemble) is used in the derivations.

There is a phenomenological theory [3] of the pore

formation under the constant tension and temperature.

However in this theory a number of lipids doesn’t hold,

and the theory doesn’t allow stable pore:

∆F = 2πRγR − πR2γ̃. (1)

Here ∆F is the free enrgey change due to formation of a

pore of radius R, γR is the line tension of the pore edge,

γ̃ is an effective surface tension of the membrane that

includes the tension γ at the membrane’s hydrophilic-

hydrophobic interface, as well as applied lateral tension

that stretches the membrane. The first term describes

energy of the pore edge, and the second term in Eq.

(1) describes gain in the elastic deformation energy due

to pore formation. Once the radius R of a pore be-

comes greater than γR/γ̃, the pore grows infinitely large.

Hence, there are no stable pores, and one can’t get criti-

cal pressure at which the smallest possible (meta)stable

pore first appears. Rupture of a membrane under a time-

dependent surface tension γ̃(t) was considered recently

[4], and stabilization of pores under zero surface ten-

sion due to excluded volume effect in the multiple pores

state was considered previously [5]. Finally, theory of

metastable pore states under zero external lateral ten-

sion was considered in [6].

Alternatively, we consider the Helmholtz free energy

change of the NVT-ensemble of lipids (constituting the

membrane), being the sum of the energy of the line ten-

sion of the pore edge and of the elastic deformation of

the membrane at a given lateral area stretch [7, 8], which

then developes minima at finite values of the pore radius

R:

∆F =
πKa

2

(

R‖
2 −R0

2 −R2
)2

R0
2 + 2πRγR. (2)

Here Ka is the lateral stretch/compression modulus of

the membrane, R‖ is the radius of the outer circle that

delimits the membrane with or without pore, R0 is the

radius of the membrane without pore under zero exter-

nal lateral pressure, γR is the line tension of the pore

edge.

Below we derive Eq. (2) from a microscopic flexi-

ble strings model [1, 2], and then calculate the phase

diagram of the membrane considering bilayer of semi-

flexible strings as a model of the lipid bilayer (formed

by monopolar lipids), and monolayer of rigid rods as a

model of the bolalipid membrane (see Fig. 1). We write

the Helmholtz free energy functional of a membrane as:

F = NFt(Ap) + 2γπ(R2
‖ −R2) + 2πRγR. (3)

Here N is number of hydrocarbon tails, Ft(Ap) is the

free energy of a tail, that sweeps an area Ap in the mem-

brane’s plane. The energy Ft(Ap) allows for tail bending

fluctuations and its collisions with the neighbors under

the external lateral stretching stress. Also γ is coefficient

of the surface energy defined at hydrophilic-hydrophobic

interface that usually separates lipid heads from hydro-

carbon tails in the membrane. This surface tension is

balanced by the entropic repulsion of the tails, resulting

in zero overall tension of the self-assembled membrane:

Pt − 2γ = 0. (4)

Here and also in the Eq. (3) factor 2 is due to the two

surfaces of the membrane.

The lateral increase of the membrane area π(R2
‖ −

−R2
0 −R2) equals:

π(R2
‖ −R2

0 −R2) = NδA. (5)

where δA is the increase of the area A per single lipid.

Since lipid membrane is in the liquid crystalline phase

the external lateral pressure is taken to be homoge-

neous across the membrane. Substituting π(R2
‖ −R2) =

= NδA+πR2
0 into (3) and assuming change of area per

lipid to be small: Ap = A+ δA one finds:

F =N

{

Ft(A) + δA
∂Ft

∂A
(A) +

(δA)
2

2

∂2Ft

∂A2
(A)

}

+

+ 2γ(NδA+ πR2
0) + 2πRγR , (6)

here A is an area per lipid in a membrane with no pore

under zero external pressure. Recalling the equilibrium

condition Eq. (4) and noting that

Pt = −
∂Ft

∂A
(7)

we find that:
∂Ft

∂A
(A) + 2γ = 0. (8)

Now introducing the energy of the membrane with-

out pore under zero external lateral pressure:

F0 = NFt(A) + 2γπR2
0, (9)

and using Eqs. (8), (9) and definition of R0: πR
2
0 = NA,

we can rewrite (6) as

∆F = F − F0 = N
(δA)

2

2

∂2Ft

∂A2
(A) + 2πRγR = (10)

=
πKa

2

(

R‖
2 −R0

2 −R2
)2

R0
2 + 2πRγR, (11)
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where

Ka = A
∂2Ft

∂A2
(A) (12)

is the area stretch/compressibility modulus calculated

analytically in [1, 2]. Hence, Eqs. (11) and (12) link free

energy functional of the membrane with a pore with a

microscopic theory for area compressibility modulus Ka

developed earlier in [1, 2].

Next, following derivation of [8], we extremize free

energy given in Eq. (11) with respect to the pore radius

R:

Ka

(

R3 −R∆
)

+ γRR
2
0 = 0, (13)

where ∆ = R2
‖−R2

0 is introduced for convenience. Then,

the radius of the pore, that minimizes the free energy of

the membrane [9, 8] is:

Rm = 2

√

∆

3
cos

φ

3
, (14)

where cosφ = −
γRR

2
0

2Ka

(

3

∆

)3/2

. The real valued solu-

tion Rm exists, provided the discriminant of (13) is neg-

ative:
γ2
RR

4
0

4K2
a

−
∆3

27
< 0. (15)

The area stretching tension Pm applied to a membrane

with this pore is obtained by differentiation of Eq. (11)

under the condition (13):

Pm = −
∂(F − F0)

π∂∆
=

γR
Rm

. (16)

To create a pore in the pore-free membrane one ap-

plies a critical area stretching pressure Pc by producing

a critical area stretch π∆c, at which free energy F −F0

in Eq. (11) develops an inflection point as a function of

R at R = Rc (“critical pore’s radius”). Hence, ∆c could

be found by equating a discriminant of the Eq. (13) to

zero:
γ2
RR

4
0

4K2
a

−
∆c

3

27
= 0. (17)

Using then Eqs. (14) and (16) we find consecutively all

the critical parametrs [8]:

∆c =
3

22/3

(

γRR
2
0

Ka

)2/3

, Rc =

(

γRR
2
0

2Ka

)1/3

, (18)

and

Pc =
γR
Rc

=

(

2γ2
RKa

R2
0

)1/3

. (19)

But the critical pore is metastable. A smallest stable

pore arises from it with the greater radius Re = 22/3Rc,

at which the free energy of the membrane equals the

free energy of the membrane without pore:

πKa

2

∆2

R0
2 =

πKa

2

(

∆−R2
)2

R0
2 + 2πRγR. (20)

Solving Eqs. (20) and (13) simultaneously one finds pa-

rameters of the smallest possible stable pore:

Pe =
1

22/3
Pc, Re = 22/3Rc, ∆e = 21/3∆c. (21)

Hence, Eq. (21) indicates that critical pressure exceeds

the equilibrium pressure corresponding to the stable

pore. Once a critical pore of the radius Rc appears

its radius increases up to Re until the area stretching

pressure drops from the critical Pc to the equilibrium

value Pe. Simultaneously, the outer radius of the mem-

brane increases monotonically. Now we link these phe-

nomenological results with a microscopic models of lipid

membrane by analytical derivation of the area stretch-

ing/compression modulus Ka. To follow this derivation

we review some results of the flexible strings theory ob-

tained previously [1, 2].

In the semi-flexible strings model hydrophobic chain

is treated as a string (beam) of a finite cross-section area

A0 (see Fig. 1) and bending modulus Kf . Its deviations

from a straight line along axis z are considered as be-

ing small and the energy functional of the string is an

integral over z:

Et =

L
∫

0

[

ρṘ2(z)

2
+

Kf

2

(

d2R

dz2

)2

+
BR

2

2

]

dz. (22)

The first term here is kinetic energy, the second term

is bending energy and the last one models interaction

between neighboring chains via entropic repulsion.

The characteristic parameters of the string are:

length, L (for bolalipids we use 2L); number N of CH2

groups of mass m(CH2).

The membrane is characterized by the hydrophobic

surface tension γ (see Eq. (4)).

As the typical quantities for monopolar lipids we

take L = 15 Å, A0 = 10 Å2, N = 18, γ = 30 erg/cm2

and T = 300K for a temperature.

We estimate Kf = kBTL/3 [1] using the Flory’s for-

mula for the bending rigidity of a polymer chain at room

temperature. The chain density per unit of length is esti-

mated as: ρ = m(CH2)N/L. The self-consistent solution

for parameter B characterizing the entropic repulsion

between chains in (22), at a particular average area A

swept by a lipid tail, is [1, 2]

b =
1

4ν3/4(
√
a− 1)8/3

, (23)
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where dimensionless variables are introduced:

a =
A

A0
, b = B

L4

Kf
, ν =

KfA0

πkBTL3
, (24)

and the limit b ≫ 1 is assumed. The lateral pressure

of a monolayer of the hydrocarbon chains is found by a

substitution of (23) into (22) and differentiation of the

free energy Ft according to (7) [1]:

Pt =
kBT

3A0ν1/3
√
a(
√
a− 1)5/3

. (25)

Using the balance equation for the monolayer: P − γ =

= 0, we find [1, 2]:

1
√
a(
√
a− 1)5/3

= 3ν1/3
A0γ

kBT
≡ g. (26)

The typical lipid chain parameters lead to an estimate:

ν ≈ 0.01 and g ≈ 0.4. Since we consider monopolar

lipid membrane in a liquid state, i.e. A ≫ A0 or equiva-

lently a ≫ 1, we choose g ≪ 1 limit to obtain analytical

expressions, and thus find from above:

a = g−3/4. (27)

Now we derive Ka defined in (12), using (7), (25) and

(26), (27):

Ka≫1 = −2A
∂Pt

∂A
=

8kBT

9A0ν1/3(
√
a− 1)8/3

≈
8γ

3
. (28)

To study the opposite limit, a → 1, we consider

an ultimate case of tightly packed hydrocarbon chains

(a → 1 + 0) using model of rigid rods, Kf = ∞. Then,

curved conformations of the chains have infinite energy

and therefore drop out from the energy functional:

Et =

2L
∫

0

[

ρṘ2(z)

2
+

BR
2

2

]

dz. (29)

Here 2L is thickness of the hydrocarbon part of the

membrane. Despite the rod is rigid, a deviation R(z)

might not be zero, since it also includes movements of

the rod as a whole in the lateral directions. Then, op-

erator of the potential energy, Ĥ ≡ B, has only single

(constant) eigenfunction, which we normalize:

∫ 2L

0

R2
0(z) dz = 1 ⇒ R0(z) =

1
√
2L

. (30)

All the formalism of the flexible strings model holds

[1, 2] and one finds:

B(a) =
kBTπ

2LA0(
√
a− 1)2

, (31)

that gives:

Pt =
kBT

A0

1
√
a(
√
a− 1)

. (32)

Using balance equation (4) we obtain instead of (27):

a = 1 +
ǫ

2
; ǫ ≡

kBT

A0γ
≪ 1, (33)

where the limit ǫ ≪ 1 has to be assumed for a → 1 to be

true 2). We then calculate ∂2Ft/∂A
2 in order to obtain

Ka from (12):

Ka≈1 = −a
∂Pt

∂a
= 8γ

A0γ

kBT
≡

8γ

ǫ
(≫ γ). (34)

This result is remarkable, since direct comparison with

Eq. (28) indicates that in the limit a → 1 , due to ǫ → 0,

the lateral compressibility coefficient Ka is enhanced by

1/ǫ ≫ 1 times with respect to the case a ≫ 1 at ǫ ≥ 1.

Finally, we substitute the microscopic theory results

(28), (34), into the general relations (18), (19), and (21)

and find parameters characterizing critical (and equi-

librium pores, see relations in Eq. (21)) in “liquid disor-

dered” (a ≫ 1) and “liquid ordered” (a → 1)3) mem-

branes:

P a≫1
c =

(

16γγ2
R

3R2
0

)1/3

=
( ǫ

3

)1/3

P a≈1
c ; (35)

Ra≫1
c =

(

3γRR
2
0

16γ

)1/3

=
( ǫ

3

)−1/3

Ra≈1
c , (36)

and ∆c = 3R2
c , and ǫ ≪ 1 is defined in (33). These re-

sults indicate, that stiffening of the lipid chains would

lead to enhancement of the critical stretching tension

(pressure) for pore formation, but simultaneously, would

decrease the radius of the thus formed pore. Hence, the

membrane becomes more robust to external mechanical

lateral stress. The phase diagram of the membranes in

the “liquid disordered” and “liquid ordered” limits (i.e.

in a ≫ 1 and a → 1 states, correspondingly) is plotted

in Fig. 2 in the form P = Pm(∆) using Eqs. (15) and

(16).

To summarize, we had calculated critical lateral ten-

sions and corresponding pore radii for monopolar lipid

and bolalipid membranes. Our results for two distinct

microscopic models of hydrophobic lipid chains: semi-

flexible strings and rigid rods suggest that stiffening the

chains leads to enhancement of membrane lateral ro-

bustness.

2)This inequality could arise e.g. due to morphology of the par-
ticular bolalipid molecules built with ether linkages [10] unlike
monopolar lipids, that are built with ester linkages.

3)These names are of course rather tentative

Письма в ЖЭТФ том 99 вып. 5 – 6 2014



Pore formation phase diagrams. . . 413

We acknowledge partial support by the RFFI-

KOMFI grant # 13-04-40327-N and NUST MISIS in-

frastructure grant.

1. S. I. Mukhin and S. Baoukina, Phys. Rev. E 71, 061918

(2005).

2. S. I. Mukhin and B.B. Kheyfets, Phys. Rev. E 82,

051901 (2010).

3. J. D. Litster, Phys. Lett. A 53, 193 (1975).

4. D. J. Bicout and E. Kats, Phys. Rev. E 85, 031905

(2012).

5. D. J. Bicout, F. Schmid, and E. I. Kats, Phys. Rev. E

Rapid. Com. 73, 060101 (2006).

6. V.L. Golo, E. Kats, and G. Porte, Pis’ma v ZhETF 64,

575 (1996) [JETP Lett. 64, 631 (1996)].

7. O. Farago, J. Chem. Phys. 119, 596 (2003).

8. T.V. Tolpekina, W.K. den Otter, and W. J. Briels, J.

Chem. Phys. 121, 8014 (2004).

9. V. I. Smirnov, A Course of Higher Mathematics: Ele-

mentary calculus, Pergamon Press (1964), v. 1.

10. M. De Rosa, A. Gambacorta, and A. Gliozzi, Microbio-

logical Rev. 50, 70 (1986).

Письма в ЖЭТФ том 99 вып. 5 – 6 2014


