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Transient and steady-state dispersion and absorption properties of a three-subband asymmetric semicon-

ductor quantum well system are investigated. In the steady-state regime, it is shown that by increasing the

strength of Fano-interference as well as enhancement of energy splitting of two excited states the slope of

dispersion changes from negative to positive which is corresponding to a switch between superluminal to sub-

luminal light propagation. At the same time, the probe absorption reduces at telecommunication wavelength

λ = 1550 nm. The influence of incoherent pumping fields on time-dependent susceptibility is then discussed.

It is found that due to more transfer of population to the upper levels, increasing the rate of incoherent pump

field leads to the reduction of probe absorption. In addition, it is realized that incoherent pumping has a major

role in converting fast to slow propagation of light at long wavelength. We also introduce an extra controllabil-

ity for the light pulse to be slow downed at Telecom wavelength just through the quantum interference arising

from incoherent pumping fields. The obtained results may be practical in telecommunication applications.
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1. Introduction. The propagation of light pulse

through a dispersive medium has been recently inves-

tigated [1–4]. Superluminal light propagation is a phe-

nomenon in that group velocity an optical pulse in a

dispersive medium is greater than of the light in vac-

uum. It is shown that by modifying the coherence of the

light pulse, the propagation changes from superluminal

to subluminal [5]. It is well known that the quantum

coherence and interference are important mechanisms

to modify the optical properties of the light pulse [6–

9]. The absorption pulse propagation of a weak probe

beam in a two level atom driven by an intense field have

been studied by Mallow [10]. Harris [11] shows that elec-

tromagnetically induced transparency (EIT) [12, 13] can

cancel the absorption in the medium. Recently, absorp-

tion and dispersion properties of a weak probe field have

attracted considerable attention, because they can lead

to superluminal and subluminal light propagation. Ab-

sorption free superluminal light propagation in a three-

level pumped-probe system has also been examined [14].

Due to normal applications, realization of an absorption

two photon optical switch for instance, the four-level

EIT medium have widely been investigated to observe

subluminal and superluminal light propagation [15, 16].

In one of our recent studies, the absorption-dispersion

properties of a four level Lambda type atomic system
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was investigated [17]. It is found that the slope of dis-

persion not only changes by the intensity of coupling

field, but also it changes by the rate of an incoherent

pump field. It is worth noting that one can study the

optical properties of a semiconductor quantum well [18–

21]. The reason for this is mainly that the phenomena in

the SQWs have many potentially important applications

in optoelectronics and solid-state quantum information

science. Otherwise, devices based on intersubband tran-

sitions in the SQWs have many inherent advantages that

the atomic systems do not have, such as the large electric

dipole moments due to the small effective electron mass,

the great flexibilities in devices design by choosing the

materials and structure dimensions, the high nonlinear

optical coefficients, and the transition energies and the

dipoles as well as the symmetries can also be engineered

as desired.

In this work, we intend to study the absorption and

dispersion of the probe field in a three-level asymmet-

ric semiconductor quantum well system. We discuss the

steady-state behaviour of the system and demonstrate

that the probe dispersion and absorption can be con-

trolled by the strength of Fano-interference and energy

splitting of two excited states. Then, choosing a tran-

sient regime, we study the dependence of optical prop-

erties of QW sample on the rate of incoherent pumping.

2. Model and equations. The semiconductor dou-

ble QW structure consisting of two quantum wells that
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are separated by a narrow barrier is shown in Fig. 1

[22, 23]. The |a〉 and |b〉 are the first subband of the

Fig. 1. (a) – Energy level diagram of a double quantum

well structure. It consists of two quantum wells and a col-

lector region separated by thin tunnelling barriers. (b) –

Due to the strong coherent coupling via the thin barrier,

the levels split into a doublet |2〉 and |3〉, which are cou-

pled to a continuum by a thin tunnelling barrier adjacent

to the deep well. ωs denotes the splitting between the two

upper levels (given by the coherent coupling strength) and

ωp is the weak probe laser. (c) – Schematic diagram of the

quantum well system applied by two incoherent pumping

r1 and r2

shallow well and the second subband of the deep well,

respectively, which are resonant (see Fig. 1a). Due to

the strong coherent coupling via the thin barrier, the

levels split into a doublet levels |2〉 and |3〉, which

arise from the mixing of the states |a〉 and |b〉, under

the exactly resonant conditions, |2〉 = (|a〉 − |b〉)/
√
2,

|3〉 = (|a〉 + |b〉)/
√
2. The splitting energy ω on res-

onance is given by the coupling strength and can be

controlled by adjusting the height and width of the tun-

nelling barrier with applied bias voltage [24]. A low in-

tensity pulsed laser field ωp (amplitude Ep) is applied to

the transitions |1〉 → |3〉 and |1〉 → |2〉 simultaneously

with the respective Rabi frequencies Ωp1
= µ31Ep/2~

and Ωp2
= µ21Ep/2~ with µ31 and µ21, and being the

intersubband dipole moments of the respective transi-

tion. The small signal absorption of the weak-probe field

propagating through such a system can be computed in

the steady state.

In the interaction representation and under the

rotating-wave approximations, the semi-classical Hamil-

tonian describing the interaction for the system under

study is given by (~ = 1)

Hint = ∆p(|2〉〈2|+|3〉〈3|)−Ωp(|2〉〈1|+|3〉〈1|+h.c.). (1)

Where the probe laser detuning is defined as ∆p =

= ω0 − ωp, while the average transition frequency is

denoted by ω0 = (ω2 + ω3)/2.

By adopting the standard approach [25–28], we can

easily obtain the density-matrix equations of motion in

electro-dipole and rotating-wave approximations as fol-

lows:

ρ̇12 = −γ21
2

ρ12 + i
(

∆p −
ωs

2

)

ρ12 +

+ iΩp2
(ρ22 − ρ11) + iΩp1

ρ32 −
η

2
ρ13,

ρ̇13 = −γ31
2

ρ13 + i
(

∆p +
ωs

2

)

ρ13 +

+ iΩp1
(ρ33 − ρ11) + iΩp2

ρ23 −
η

2
ρ12,

ρ̇23 = −γ32
2

ρ23+iωsρ23+iΩp2
ρ13−iΩp1

ρ21−
η

2
(ρ22+ρ33),

ρ̇22 = −γ2ρ22 + iΩp2
(ρ12 − ρ21)−

η

2
(ρ23 + ρ32),

ρ̇33 = −γ3ρ33 + iΩp1
(ρ13 − ρ31)−

η

2
(ρ23 + ρ32),

ρ11 + ρ22 + ρ33 = 1. (2)

Here ωs = E3 − E2 is the energy splitting between the

upper levels, given by the coherent coupling strength

of the tunnelling. The population decay rates and de-

phasing decay rates are added phenomenologically in

the above equations [28]. The population decay rates for

subband |i〉, denoted by γi, are due primarily to longitu-

dinal optical (LO) phonon emission events at low tem-

perature. The total decay rates γij (i 6= j) are given by

γ21 = γ2+γdph
21 , γ31 = γ3+γdph

31 , and γ32 = γ2+γ3+γdph
32 ,

where γdph
ij determined by electron-electron, interface
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roughness, and phonon scattering processes, is the de-

phasing decay rate of the quantum coherence of the

|i〉 → |j〉 transition. The parameter η =
√
γ2γ3 rep-

resents cross coupling between the states |2〉 and |3〉
via the LO phonon decay, it describes the process in

which a phonon is emitted by subband |2〉 and is re-

captured by subband |3〉. These mutual coupling terms

can be obtained if tunnelling is present, e.g., through

an additional barrier next to the deeper well [24, 30]. As

mentioned above, levels |2〉 and |3〉 are both the super-

positions of the resonant states |a〉 and |b〉. Because the

subband |b〉 is strongly coupled to a continuum via a

thin barrier, the decay from state |b〉 to the continuum

inevitably results in these two dependent decay path-

ways: from the excited doublet to the common contin-

uum. That is to say, the two decay pathways are re-

lated: the decay from one of the excited doublets can

strongly affect the neighbouring transition, resulting in

the interference characterized by those mutual coupling

terms. The probe absorption can be controlled due to

the Fano interference between the two decay paths. Such

interference is similar to the “decay-induced” coherence

in atomic systems with two closely lying energy states

and occurs due to quantum interference in the electronic

continuum [24]. The intensity of the Fano interference

[24, 31], defined by p = η/
√
γ21γ31, and the values p = 0

and 1 correspond to no interference (there is no negligi-

ble coupling between levels |2〉 and |3〉, this means that

Fano-interference does not generate) and perfect inter-

ference (no dephasing decay rates γdph
ij = 0), respec-

tively. It is worth noting that the above described pa-

rameter p is mainly controlled via the population decay

rates γi(γ1, γ2) and dephasing decay rates γdph
ij , and it

appears when the cross coupling term is present (η 6= 0),

but disappears when the cross coupling term is absent

(η = 0).

Equations (1) can be solved to obtain the steady

state response of the medium. The linear susceptibility

can be written as:

χ =
2N

ε0~Ωp

(µ2
21ρ21 + µ2

31ρ31). (3)

For further discussion in linear optical properties of the

medium, we introduce the group index ng = c/νg, where

c is the speed of light in vacuum and the group velocity

is given by [32–34]:

νg =
c

1 + 2πχ′ + 2πνg∂χ′/∂νg
, (4)

where νg is the frequency of the probe field. The linear

susceptibility χ is a complex quantity that is defined as

χ = χ′ + iχ′′.

3. Results and discussion. With the initial con-

ditions ρ11(0) = 1 and the other ρij(0) (i, j = 1, 2,

3), we begin with investigating the steady-state and

transient response of susceptibility by solving the time-

dependent density matrix Eqs. (2) numerically via some

nice MATLAB codes. For the steady-state regime, the

set of Eqs. (2) can be written in the form of one defer-

ential matrix equation: Ṙ = −MR + C, where R and

C are column vectors and M is the matrix of coeffi-

cients. The formal solution of such an equation is given

by: R(t) =
∫ t

−∞
e−M(t−t′)Cdt′ = M−1C. In addition,

for the transient regime, we used four-order Rang-kutta

method to plot the dynamical behavior of susceptibility

and population distribution.

3.1. The case in absence of incoherent pumping;

steady-state regime. It is well known that the group ve-

locity of a probe field strongly depends on the slope of

dispersion (the real part of the susceptibility). We show

that the slope of dispersion can be changed from nega-

tive to positive or vice versa by the quantum interference

induced by Fano-interference mechanism. In addition,

the effect of energy splitting upon the probe absorp-

tion and dispersion are discussed. Thus, the strength of

Fano-interference change the linear susceptibility lead-

ing to change of group velocity from superluminal to

subluminal light propagation. Now, we present the re-

sults in Figs. 2–5. We consider γ2 = 5.6γ and γ3 = 7γ

and all the parameters are reduced to the dimension-

less units though scaling by γ. Moreover, we choose

µ21 = µ31 = µ, Ωp1
= Ωp2

= Ωp and all the figures

are normalized by 2Nµ/ε0~Ωp = 1.

First, the effect of quality or strength of the Fano-

type interference on linear susceptibility as well as

group velocity is displayed in Fig. 2. It can be re-

alized from Fig. 2a that for a fixed energy splitting,

i.e., ωs = 5γ and the small strength of the Fano-

interference, i.e., p = 0.46, the slope of dispersion

is negative at λ = 1550 nm, which is accompanied

with an absorption peak. The corresponding group in-

dexes (c/νg − 1) is shown in Fig. 2b. It is observed

that a superluminal group velocity propagates through

the medium with a large absorption. Investigation on

Fig. 2c shows that by increasing the strength of the

Fano interference from p = 0.46 to 0.63 the slope of

the dispersion changes from negative to positive and

thus, the group velocity changes from superluminal to

subluminal as can be seen from Fig. 2d. In this case,

the absorption line-shape exhibits a dip around λ =

1.55 · 10−6 m. Investigation on Fig. 2e shows that for

an strong strength of Fano-interference i.e. p = 0.77

the probe absorption is substantially decreased with

respect to Figs. 2a and c. Within this narrow reduced
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Fig. 2. Real and imaginary parts of the linear susceptibility (a, c, e), and group index (b, d, f) versus probe field wavelength

for different strength of the Fano-interference. The selected parameters are (p = 0.46): γdph
21 = 6γ, γdph

31 = 9.2γ, γdph
32 = 7.6γ

(a, b); (p = 0.63): γdph
21 = 3γ, γdph

31 = 4.6γ, γdph
32 = 3.8γ (c, d); (p = 0.77): γdph

21 = 1.5γ, γdph
31 = 2.3γ, γdph

32 = 1.9γ (e, f). The

other parameters are ωs = 5γ, γ2 = 5.6γ, γ3 = 7γ, Ωp = 0.001γ

absorption region the slope of dispersion is very steep

which suggests a subluminal light propagation (Fig. 2f)

via strength of Fano-interference mechanism. Physically,

the quantum interference parameter η remains fixed

when γ2 = 5.6γ and γ3 = 7γ, but the varying de-

phasing rates γdph
ij influence the strength of the Fano-

interference p, which affects the probe absorption and

dispersion.

Figs. 3–5 show the probe absorption-dispersion ver-

sus probe field wavelength for different values of the en-

ergy splitting ωs. It can be realized from Fig. 3a that for

the small strength of the Fano-interference, i.e., p = 0.46
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Fig. 3. Real and imaginary parts of the linear susceptibility (a, c, e), and group index (b, d, f) versus probe field wavelength

for different energy splitting ωs. The parameters are p = 0.46 and ωs = 0.5γ (a, b), 9γ (c, d), 15γ (e, f). The other parameters

are the same as Fig. 2

and for ωs = 0.5γ, the medium experiences a large ab-

sorption around long wavelength λ = 1550 nm and the

phenomenon is called EIA [35–38]. For such a case the

slope of the dispersion becomes negative and superlumi-

nal light propagation occurs (Fig. 3b). Investigation on

Figs. 3c and e shows that increasing the energy splitting

to ωs = 9γ and 15γ can reduce the probe absorption

around λ = 1.55 · 10−6 m. In this case, the slope of dis-

persion switches to positive which is corresponding to

subluminal light propagation. The curves for group in-

dexes in these cases are displayed in Figs. 3d and f. The

similar curves are displayed for p = 0.63 and for given
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∗



52 H. R. Hamedi

Fig. 4. Real and imaginary parts of the linear susceptibility (a, c, e), and group index (b, d, f) versus probe field wavelength

for different energy splitting ωs. The parameters are p = 0.63 and ωs = 0.5γ (a, b), 9γ (c, d), 15γ (e, f). The other parameters

are the same as Fig. 2

parameters (see Fig. 4). The results are in a good agree-

ment with the obtained results for p = 0.46; increasing

the energy splitting ωs causes probe absorption to be

decreased dramatically and simultaneously, the slope of

dispersion changes from negative to positive. The reason

can be explained as follows. By applying an increasingly

intense tunneling through a thin barrier, the absorp-

tion for the probe field on the intersubband transitions

|1〉 → |3〉 and |1〉 → |2〉 of the electronic medium can

be reduced dramatically. This might be useful to control
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Fig. 5. Real and imaginary parts of the linear susceptibility (a, c, e), and group index (b, d, f) versus probe field wavelength

for different energy splitting ωs. The parameters are p = 0.77 and ωs = 0.5γ (a, b), 9γ (c, d), 15γ (e, f). The other parameters

are the same as Fig. 2

the probe absorption and dispersion simply by adjusting

the splitting. The best curves to show the effect of en-

ergy splitting ωs on linear susceptibility behavior of the

electronic medium are displayed in Fig. 5. We observe

the more reduction of absorption at long wavelength as

we go from ωs = 0.5γ to 15γ that is because of the im-

pact of both the quality of Fano-interference (p = 0.77)

as well as increasing the energy splitting (ωs = 15γ). In

Письма в ЖЭТФ том 100 вып. 1 – 2 2014



54 H. R. Hamedi

Fig. 6. Transient behaviors of probe field absorption and dispersion. Here, p = 0.77, λ = 1550 nm and the parameters values

are r = 0 (a), 7.5γ (b), 15γ. The other parameters are the same as Fig. 2

this case, the transparency window will be appeared and

the phenomenon is called EIT (Fig. 5e) [11]. Moreover,

the slope of dispersion switches to positive which shows

that light propagates in subluminal condition (Fig. 5f).

3.2. The case in presence of incoherent pumping;

transient regime. Now, we are interested in the influ-

ence of incoherent pump fields and the quantum inter-

ference induced by incoherent pumping fields on tran-

sient optical properties of the medium. In order to study

the effect of the incoherent pumping field on the quan-

tum well system, two broadband polarized fields r1 and

r2 (r1 = r2 = r) (can be provided by the diode laser

that had a broad variable linewidth) that serve as the

incoherent pumping fields and apply to the transitions

|1〉 → |2〉 and |1〉 → |3〉, respectively (see Figs. 1c and d).

Thus, the Eq. (2) becomes as

ρ̇12 = −γ21
2

ρ12 + i
(

∆p −
ωs

2

)

ρ12 − rρ12 +

+ iΩp2
(ρ22 − ρ11) + iΩp1

ρ32 −
η − η′

2
ρ13,

ρ̇13 = −γ31
2

ρ13 + i
(

∆p +
ωs

2

)

ρ13 − rρ13 +

+ iΩp1
(ρ33 − ρ11) + iΩp2

ρ23 −
η + η′

2
ρ12,

ρ̇23 = −γ32
2

ρ23 + iωsρ23 − rρ23 +

+ iΩp2
ρ13 − iΩp1

ρ21 −
η − η′

2
(ρ22 + ρ33) + η′ρ11,

ρ̇22 = −γ2ρ22 + iΩp2
(ρ12 − ρ21)−

− η + η′

2
(ρ23 + ρ32) + rρ11 − rρ22,

ρ̇33 = −γ3ρ33 + iΩp1
(ρ13 − ρ31)−

− η + η′

2
(ρ23 + ρ32) + rρ11 − rρ33,

ρ11 + ρ22 + ρ11 = 1. (5)
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Fig. 7. Transient behaviors of probe field absorption (a) and dispersion (b) for different values of quantum interference arising

from incoherent fields. Here, p = 0.77, λ = 1550 nm, r = 15γ and the parameters values are the same as Fig. 2

The incoherent pump fields are added accordingly to

the method described in Refs. [39–43]. The quantum in-

terference induced by incoherent pumping fields is de-

scribed by a parameter η′ ∝ √
r1r2, which is added fol-

lowing the Ref. [41]. In fact, if the polarizations of the

two incoherent fields ε1 and ε2 properly be arranged in

such a way that ε1µ21 = ε2µ31 = 0, thus one field acts on

only one transition so that η′ = 0 which means there is

no interference due to incoherent pump fields. However,

when εµ21 6= 0 and ε2µ31 6= 0, one polarized broadband

field can couple with more than one transition, and thus

η′ 6= 0.

It is worth noting that the SQW sample used in this

paper is very much similar to the one reported in refer-

ence [44] thus, we can keep the same parametric condi-

tions here, and the three-level system of electronic sub-

bands can be grown on the GaAs/AlGaAs substrate.

Thus, the experimental feasibility of the scheme is evi-

dent.

Fig. 6 shows the transient evolution of the

dispersion-absorption for various values of incoherent

pumping field in QW system. In the following results we

suppose the strong strength of Fano-interference, i.e.,

p = 0.77. We find out that the absorption-dispersion

curves have an oscillatory behavior for a very short

time and finally reach to the steady-state as time

increases. In addition, it is obvious from Fig. 6a that

in the absence of incoherent pumping (r = 0), the

steady-state dispersion is negative corresponding to

superluminal light propagation, which is accompanied

with a large absorption. However, by increasing r to the

larger values, the steady-state probe absorption reduce

dramatically compared to the case r = 0. In addition,

investigation on the dispersion curves (Figs. 6b and

c), one can see that the steady-state probe dispersion

becomes zero for r = 7.5γ, and then converts to positive

for r = 15γ. Thus, increasing the rate of incoherent

pumping results in subluminal propagation of light ac-

companied with reduced probe absorption. Physically,

enhancing the rate of incoherent pumping field bring

more population to the upper levels and thus, less pop-

ulation will remain in ground level |1〉, which can lead

to reduction of the probe absorption. This condition

is displayed in the left panels of Fig. 6. Obviously, as

incoherent pumping increases, the population in lower

level |1〉 reduces, while it is increased in both levels

|2〉 and |3〉. In other words, increasing r makes the

population difference between the lower and the upper

levels to be larger. Thus, by applying an increasingly

incoherent pumping field, one can decrease smoothly

the absorption for the weak probe field and affect the

absorptive-dispersive properties of the multiple QD

molecules.

Finally, we are interested in the effect of the quan-

tum interference arising from incoherent pumping fields

η′ on transient evolution of absorption and dispersion.

In Fig. 7 we depicted the time evolution of the probe

absorption-dispersion coefficients of the QW structure

for p = 0.77 and r = 15γ. To have an estimate of the

population contributed in probe absorption, the popu-

lation distribution of the QW system is also presented

in Fig. 8. It can be found that increasing the quantum

interference parameter η′ leads the steady-state probe

absorption to be reduced dramatically (Fig. 7a). In ad-
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Fig. 8. Transient behaviors of population distribution ρ11 (a), ρ22 (b), and ρ33 (c) for different values of quantum interference

arising from incoherent fields. The parameters values are the same as Fig. 7

dition, from Fig. 7b one can observe that the probe dis-

persion is very sensitive to the parameter η′. Obviously,

by increasing the strength of quantum interference in-

duced by incoherent pumping fields η′, the steady-state

probe dispersion finds higher positive values. For in-

stance, for the perfect quantum interference η′ = 1

(solid lines), the dispersion curve presents a much higher

value corresponding to a much higher positive slope at

long wavelength λ = 1.55µm that is accompanied with

a reduced absorption. The reason for this behavior can

be attributed to this point that more population will be

trapped in upper levels for the strong quantum interfer-

ence, which can be concluded from Fig. 8. So, the probe

field absorption will be reduced. As one may know, the

higher the slope of the positive dispersion is, the slower

the propagating of light is. This is an important result

which shows the extra controllability in this solid struc-

ture for the laser pulse to be slowed down at C-band

Telecom wavelength.

4. Conclusion. In this paper, the transient and

the steady-state properties of probe dispersion and ab-

sorption in a three-subband QW system is investigated.

The effect of Fano-type interference as well as energy

splitting of two excited states in light propagation is

discussed. It is shown that by increasing the strength

of Fano-interference the superluminal light propagation

can be switched to subluminal light propagation which

is accompanied with reduced probe absorption around

long wavelength. In addition, dependence of probe ab-

sorption and dispersion on energy splitting is then dis-

cussed. It is shown that the group velocity of light pulse

can be controlled with the rate of energy splitting. We

also investigated the transient properties of the probe

field affected with incoherent pump field. We found that
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enhancing the rate of incoherent pumping transfer more

population to the upper levels which leads to the re-

duction of probe absorption. Also, we showed that in-

coherent pumping has a major role in converting fast

to slow propagation of light at C-band telecommunica-

tion λ = 1550 nm which is very practical in telecom-

munication science. Finally, an extra controllability is

introduced for the light pulse to be more slowed down

at Telecom wavelength band just through the quantum

interference arising from incoherent pumping fields. It

is worth noting that no external laser field is used at

the pumping processes of the system. This advantage

makes our electronic medium much more practical than

its atomic counterpart that is because of its flexible de-

sign and the controllable interference strength.
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