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The electron and muon anomalous magnetic moments (AMM) are measured in experiments and studied
in the Standard Model (SM) with the highest precision accessible in particle physics. The comparison of the
measured quantity with the SM prediction for the electron AMM provides the best determination of the fine
structure constant. The muon AMM is more sensitive to the appearance of New Physics effects and, at present,
there appears to be a three- to four-standard deviation between the SM and experiment. The lepton AMMs
are pure relativistic quantum correction effects and therefore test the foundations of relativistic quantum field
theory in general, and of quantum electrodynamics (QED) and SM in particular, with highest sensitivity.
Special attention is paid to the studies of the hadronic contributions to the muon AMM which constitute the

main source of theoretical uncertainties of the SM.
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1. Motivation. The anomalous magnetic moment
(AMM) of charged leptons (I = e, u,7) is defined by

w=222 1)
with the gyromagnetic ratio g; of the lepton magnetic
moment to its spin, in Bohr magneton units. For a free
pointlike fermion one has g = 2 in accordance with
the Dirac equation (Fig.la). However, deviations ap-
pear when taking into account the interactions lead-
ing to fermion substructure and thus to nonzero a;
(Figs. 1b—f).

During the first years of the lepton AMM studies the
fundamental task was to test the foundations of quan-
tum field theory in general and quantum electrodynam-
ics (QED) in particular. At present, the measurements
of the lepton AMM are one of the major low-energy tests
of the standard model (SM) and play an important role
in the search for new interactions beyond the SM.

The nonzero lepton AMMs are induced by radiative
corrections due to the coupling of the lepton spin to vir-
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Fig. 1. Representative diagrams for the SM contributions
to a,. Here, H is for the hadronic block

tual fields, which in the SM are induced by QED, weak
and strong (hadronic) interactions® (Fig. 1)

(LSM — aQED + aweak + ahadr. (2)

2)For comprehensive reviews see [1, 2].
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The electron and muon AMMs are among the most
accurately measured quantities in elementary particle
physics. Today, the electron AMM serves as the best
quantity to determine the fine structure constant with
the highest accuracy. At the same time, for a,,, there is a
deviation at the level of 3-4 ¢ of the SM prediction from
the measured value. Even if this does not give a clear
indication for the existence of New Physics, it allows
us to provide stringent constraints on the parameters of
hypothetical models.

The outline of this paper is as follows. In Section 2,
we briefly report on the status of the electron AMM. In
Section 3, the latest experimental and theoretical results
on a, are presented. In Section 4, we review the most
problematic theoretical input coming from the contri-
bution due to the hadronic light-by-light (HLbL) scat-
tering mechanism. Section 5 is devoted to some techni-
cal details of the calculations of the HLbL within the
nonlocal chiral quark model (NxQM). Conclusions are
presented in the last Section.

2. Electron AMM and fine structure constant.
In 2008, the unique measurement by the Harvard group
of Prof. G. Gabrielse, using a one-electron quantum
cyclotron, obtained the electron AMM with unprece-
dented accuracy [3]

allarvard — 1159 652 180.73 (0.28) - 10712 [0.24 ppb).

(3)
This result leads to the determination of the fine struc-
ture constant « with the extraordinary precision [4, 5]

a~ ! =137.035 999 1727 (341) [0.25 ppb].  (4)
The latter became possible after the complete QED con-
tribution to the electron AMM up to tenth order in
the coupling constant were achieved numerically by the
Prof. T. Kinoshita group [4] (for recent review see [5]))
by the Prof. T.Kinoshita group [4] (for recent review
see [5]). Note, that the uncertainty in (4) is dominated
by the uncertainty in the measurement of gffarvard,

The value in (4) has the highest precision of any
value of « currently available [7]. Thus, a new mea-
surement [8] of the ratio h/mgp between the Planck
constant and the mass of 8’Rb atom studied by atom
recoil leads to a value of the fine structure constant [7]
a~t(Rb) = 137.035 999 049 (90) [0.66 ppb]. By using
this « one gets for the electron AMM

M (Rb) = 1 159 652 181.78 (0.77) - 1072 [0.66 ppb],

()

3)The famous analytical result at six order is known due to work
by Laporta and Remiddi [6].

that is in agreement with the measurement (3).

3. Muon AMM: experiment vs theory. In 2006,
there were published the results on a,, measurements by
the E821 Collaboration at Brookhaven National Labo-
ratory (BNL) [9]. The combined result, based on nearly
equal samples of positive and negative muons, is?

ap,Nt =116 592 08.0 (6.3) - 107'°  [0.54 ppm].  (6)

This exiting result is still limited by the statistical er-
rors and proposals to measure a,, with a fourthfold im-
provement in accuracy have been proposed at Fermilab
(USA) [10] and J-PARC (Japan) [11]. A future experi-
ments plan to reduce the present experimental error to
a precision of 0.14 ppm.

In SM the dominant contribution to the lepton
AMM comes from QED (Fig. 1b). The complete tenth-
order QED contribution to a, was reported in [12]

aFP =11 658 471.8951 (0.0080) - 10~'°.  (7)

The accuracy of these calculations is enough for any
planed experiments in new future.

In general, the weak contributions (Fig. 1¢) are small
due to suppressing factor a /7 - m? /M2 ~ 1077, where
M, is a typical mass of heavy W, Z, and H bosons.
The one- and two-loop evaluations indicate that they
are known with a sufficiently high accuracy [13, 14]

a** =15.36 (0.10) - 10717, (8)
where the remaining theory error comes from the un-
known three-loop contributions and dominantly from
light hadronic uncertainties in the second-order elec-
troweak diagrams with quark triangle loops. The most
important feature of these new estimates, that signifi-
cantly increase the theoretical precision, is to use the
LHC result on the Higgs-boson mass measured by AT-
LAS [15, 16] and CMS [17, 18] Collaborations.

Strong (hadronic) interaction produces relatively
small contributions to a,, however they are known with
an accuracy comparable to the experimental uncertainty
in (6). In leading in « orders, these contributions can be
separated into three terms

aﬁadr _ al}}VP + aﬁo + a}I;ILbL. (9)
In (9), a;V" is the leading in a contribution due to the
hadron vacuum polarization (HVP) effect in the internal
photon propagator of the one-loop diagram (Fig. 1d),

4)Later on this value was corrected [7] for a small shift in the
ratio of the magnetic moments of the muon and the proton as
aBNOrT — 116 592 09.1 (6.3) - 10710,
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aﬂo is the next-to-leading order contribution related to
iteration of HVP (Fig. le). The last term is not reduced
to HVP iteration and it is due to the hadronic light-by-
light (HLbL) scattering mechanism (Fig. 1f).

Hadronic contributions in (9) are determined by ef-
fects dominated by long distance dynamics, the region
where the methods of perturbation theory of Quan-
tum Chromodynamics (QCD) do not applicable and one
must use less reliable nonperturbative approaches. How-
ever, in case of HVP, using analyticity and unitarity (the
optical theorem) a/}jvp can be expressed as the spectral
representation integral [19]

a [ dt
alive = @ / D (o™ (1), (10)

™ mgrt

which is a convolution of the hadronic spectral function

H 1
v (6) = —Im 1™ (1) (11)
with the known from QED kinematical factor
1 2
z4(1 —x)
K(t) = d 12
0= [ ol )

where m,, is the muon mass. The QED factor is sharply
peaked at low invariant masses t and decreases mono-
tonically with increasing ¢t. Thus, the integral defining

aEVP is sensitive to the details of the spectral function

p§/H ) (t) at low ¢. At present there are no direct theoreti-
cal tools that allow one to calculate the spectral function
at low ¢ with required accuracy. Fortunately, pg{ ) (t) is
related to the total ete™ — v* — hadrons cross-section

o(t) at center-of-mass energy squared ¢ by

+ _ dra (m)

P Pv (), (13)

€

o e~ —hadrons (t)

and this fact is used to get quite accurate estimate of
aEVP. The most precise recent phenomenological eval-
uations of aEVP, using recent eTe~ — hadrons data,

provide the results

HVP.ot o {692.3 (4.2)-10710  [20],
a ’ et

14
. 694.91 (4.27)-10710 [21]. (14)

In addition, data on inclusive decays of the 7-lepton into
hadrons are used to replace the eTe™ data in certain en-
ergy regions. This is possible, since the vector current
conservation law relates the I = 1 part of the electro-
magnetic spectral function to the charged current vec-
tor spectral function measured in 7 — v +non-strange
hadrons (see, i.e., [22]). All these allow one to reach a
substantial improvement in the accuracy of the contri-
bution from the HVP during the last decade.
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Similar, the dispersion relation approach and the
same phenomenological input lead to the estimate of
the next-to-leading hadronic contribution (Fig. le) [21]

a,® =—9.84 (0.08)- 10717, (15)
Thus, the HVP and next-to-leading order contribution
related to HVP are known with an accuracy better than
1 per cent.

In near future it is expected that new and precise
measurements from CMD3 and SND at VEPP-2000 in
Novosibirsk, BES III in Beijing and KLOE-2 at DAFNE
in Frascati allow to significantly increase accuracy of
predictions for aEVP and azo and resolve some inconsis-
tency problems between different set of data.

Combining all SM contributions one gets

ap™ =116 591 80.2 (0.1)Ew (0.08)ho(4.2)rvp (2.6)HLbL
x10710, (16)

where we take for the leading order evaluations given in
(14a) and the guessed value for the hadronic light-by-
light contribution from [23]

a; """ (Guess) = 10.5 (2.6) - 1077 (17)
The latter contribution will be discussed below with de-
tails. The resulting difference between the experimental
result (6) and the full SM prediction is

ap™t —aSM = 28.7 (8.0)- 10717, (18)
which signals on 3.6 o discrepancy between theory and
experiment. The SM theoretical error is dominated by
the hadronic contributions. In that respect theoreti-
cal predictions of HVP and HLbL contributions to a,
should be at the same level or better than a precision of
planed experiments.

4. Status of the hadronic light-by-light scat-
tering contribution to a,. The next-to-leading order
corrections are suppressed by the absolute value by ex-
tra degree of a.. However, one kind of these contributions
corresponding to the HLbL (Fig. 1f), is of amount rang-
ing from 0.5 to 1.5 ppm and known with accuracy of
order 50 %%). Tt gives an error comparable in magnitude
with the uncertainty induced by HVP (14). The prob-
lem is that the HLbL scattering contribution can not be
calculated from first principles or (unlike to HVP) di-
rectly extracted from phenomenological considerations.

5)In QED, the LbL contributions due to virtual charged
fermions at six order level was analytically elaborated in [24, 25].
At the same level of accuracy the result for the virtual scalars was
obtained in [25].
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Table 1

Model estimates of the HLbL contribution to a, from various sources obtained in different works. All numbers are

given in 10~19. The errors do not include the systematic error of the models

0

Model s PS S AV Quark m, K— Total
(7r07 7, 17/) (o, fo,a0) loop loops
VMD (Hayakawa [27]) 5.74(0.36) | 8.27(0.64) 0.17(0.17) | 0.97(1.11) | —0.45(0.81) | 8.96(1.54)
ENJL (Bijnens [28]) 5.94(0.2) | 8.5(1.3) ~0.68(0.2) | 0.25(0.1) | 2.1(0.3) ~1.9(1.3) | 8.3(3.2)
LMD+V (Knecht [29]) 5.8(1.0) 8.3(1.2) 8.3(1.2)
Q-box (Pivovarov [35]) 14.3 14.3
LENJL (Bartos [34]) 8.18(1.65) | 9.55(1.7) | 1.23(0.24) 10.77(1.68)
(LMD-+V)’ (Melnikov [30]) 7.65(1.0) | 11.4(1.0) 2.2(0.5) 0(10) 13.6(2.5)
NxQM (Dorokhov [39, 40, 45]) | 5.01(0.37) | 5.85(0.87) | 0.34(0.48) 11.0(0.9) 16.8(1.25)
oLMDV (Nyffeler [31]) 7.2(1.2) | 9.9(1.6) | —0.7(0.2) | 2.2(05) | 2.1(0.3) | —1.9(1.3) | 11.6(4.0)
DS (Goecke [41]) 5.75(0.69) | 8.07(1.2) 10.7(0.2) 18.8(0.4)
CxQM (Greynat [38]) 6.8(0.3) 6.8(0.3) 8.2(0.6) 15.0(0.3)

Instead, it has to be evaluated using various QCD in-
spired hadronic models that correctly reproduce low-
and high-energy properties of strong interaction. Nev-
ertheless, as will be discussed below, it is important for
the model calculations that phenomenological informa-
tion and well established theoretical principles should
significantly reduce the number of model assumptions
and the allowable space of model parameters.

In general, the HLbL scattering amplitude is a com-
plicated object for calculations. It is a sum of different
diagrams including the dynamical quark loop, the me-
son exchanges, the meson loops and the iterations of
these processes. Fortunately, already in the first papers
devoted to the calculation of the HLbL contributions
[26-28|, it has been recognized that these numerous
terms show a hierarchy. This is related to existence of
two small parameters: the inverse number of colors 1/N,
and the ratio of the characteristic internal momentum
to the chiral symmetry parameter m, /(47 fz) ~ 0.1.
The former suppresses the multiloop contributions, so
that the leading contribution is due to the quark loop
diagram and the two-loop diagrams with mesons in the
intermediate state. In latter case, the contribution of the
diagram with intermediate pion is enhanced by small
pion mass in the meson propagator.

Different approaches to the calculation of the con-
tributions from the HLbL scattering process to a, were
used. These approaches can be separated in several
groups. The first one consists of various extended ver-
sions of the vector meson dominance model (VMD) sup-
plemented by ideas of the chiral effective theory, such
as the hidden local symmetry model (HLS) [27], the
lowest meson dominance (LMD) [29-31], the resonance
chiral theory (RxT) [32, 33]. The second group is based
on consideration the effective models of QCD that use

the dynamical quarks as effective degrees of freedom.
The latter include different versions of the (extended)
Nambu—Jona-Lasinio model (E)NJL [28, 34], the Con-
stituent Quark Models with local interaction (CQM)
[35—38], the models based on nonperturbative quark-
gluon dynamics, like the non-local chiral quark model
(NxQM) [39, 40], the Dyson—Schwinger model [41] (DS),
or the holographic models (HM) [42, 43]. The lattice cal-
culations of HLbL are still at an exploratory stage [44].

The results of model calculations are given in Ta-
bles 1 and 2. Table 1 contains the model results where
few sources of contributions can be identif®). In Table 2
there are the model results where only contribution of
the light pseudoscalar mesons is calculated.

Table 2

The HLbL contribution to a, from the mesonic
exchanges in the neutral pseudoscalar channel obtained
in different works. All numbers are given in 10—10

Model 70 PS
Holography (Hong [42]) 6.9 10.7

Holography (Cappiello [43]) | 6.54(0.25)
RxT (Kampf [32]) 6.58(0.12)
RxT (Roig [33]) 6.66(0.21) | 10.47(0.54)

To reduce the model dependence of various ap-
proaches, different constraints on their parameter space
are employed. One kind of important constraints on
the models follows from the phenomenology of the two-

6)The NxQM results for the pion and pseudoscalar mesons ex-
changes are taken from [39]. The scalar mesons contribution is
corrected value of (from 0.39(0.04) [40] to 0.34(0.48) [45]). The
dynamical quark-loop contribution and the total result are taken

from [45].
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photon widths of the pseudoscalar mesons I" (P.S — 77)
and their transition form factors Fpgy= (_M12>s5 0, q2)
first emphasized in [27]. Another set of constraints fol-
lows from the large momentum asymptotics for the
meson transition form factors [27-29] and for the to-
tal light-by-light scattering amplitude considered in
[30, 39, 40], obtained using perturbative QCD and re-
produced within the NyQM.

In addition, the model amplitudes have to be con-
sistent with the 4-momentum conservation law. In prac-
tice, it means that the off-shell effects for intermediate
mesons should be taken into account [1, 39, 40]. For
illustration of this effect see Fig. 2 from [39].

2, 2 2
FP*yy(p ? 0’0)‘ ‘FP*y*y(p 5p 70)|

|
0471
0.3
021

0.1

Fig. 2. Plots of the 7%, 5, and 1’ vertices Fpx,~(p?;0,0)
in the timelike region and Fp«++~(p®;p>,0) in the space-
like region in NxQM model (thick lines) and VMD model
(thin lines). The points with error bars correspond to the
physical points of the meson decays into two photons. The
VMD curves for 7° and 7 are almost indistinguishable

Finally, the model calculations should be tested by
reproducing the dispersion analysis result for the HVP
contribution to a, as it was done in |26, 46, 35, 47, 38|
and the known (semi)analytical results on the fermion-
loop contributions to the lepton AMM as it was done
in [35, 37, 40, 38|. In this respect note, that in [48] the
CQM expression of [37] for the 4-loop HLbL contribu-
tion to the a, was used for analytical evaluation of the
first term of eighth-order (m,/m,) contribution to a,
and (me/m;) and (me/m,) contributions to a.. The
analytical results turned out to be in good agreement
with the numerical results of calculations of these 8-
th order massive corrections, re-evaluated in the pro-
cess of obtaining 10-th order corrections to a. in [4]
and complete 10-th order corrections to a, [12]. In [48]
the statement was made, that the comparison of the re-
sults obtained in [48] with the numerical calculations

10 ITucema B 2KQT® Tom 100 Bpm. 1-2 2014

of the 8-order massive dependent corrections indicate
that the numerical results are also sensitive to higher
order power-suppressed massive-dependent corrections.
This statement was confirmed by direct analytical cal-
culations, performed recently in [49]. These QED cal-
culations of [48] and [49] and the comparison with the
results of numerical 8-th order QED calculations of [4]
demonstrate, that the CQM calculations of 8-th order
light-by-light contributions to a, of [37] are correct.

In next part we discuss the HLbL contribution as it is
calculated within the NxyQM and show that, within this
framework, it might be possible realistically to deter-
mine this value to a sufficiently safe accuracy. We want
to discuss how well this model (see, e.g., [50]) does in
calculating aELbL. Below, within the NxQM, we discuss
with some details theoretical status of HLbL contribu-
tions to a, due to the exchange by light mesons and the
dynamical quark loop.

5. HLbL contribution to the muon AMM
within nonlocal chiral quark model. 5.1. NyQM
dynamics. The NyQM is an effective QCD inspired
model that has a numerous applications for description
of low energy hadronic dynamics [50]. We mention only
those applications that are related to the problem of
hadronic contributions to a,. The two-point VV cor-
relator has been calculated in [51] and used for calcu-
lations of aj; " [47]. The three-point VAV correlator
has been studied in [52] and used for calculations of the
hadronic photon-Z-boson vertex contribution to a,, [53].
The HLbL corrections due to light meson exchanges and
specific HVP corrections, where the virtual photon splits
into 70 (¢) and +, was elaborated in [39, 40]. Note that
the NxQM approach in many ways similar to ENJL [28]
and DS [41] models with, of course, subtle differences
between all of them.

The Lagrangian of the SU(3) x SU(3) chiral quark
model has the form

L = () (i0 — me)g(x) +
+ S8 5() + Tps(a) Tps(@)] -

- %Tabc[‘]g(x)‘]g(x)‘]g(x) — 3J4(2) Jpg(2) Tps(@)], (19)
where ¢ (z) are the quark fields, m. (m, = mq # ms) is
the diagonal matrix of the quark current masses, G and
H are the four- and six-quark coupling constants. Sec-
ond line in the Lagrangian represents the Kobayashi—
Maskawa—t‘Hooft determinant vertex with the struc-
tural constant

1
Tabc = geijkemnl ()\a)vm ()\b)jn ()\c)kla
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where )\, are the Gell-Mann matrices for a = 1,...,8
and \g = /2/31.

The nonlocal structure of the model is introduced
via the nonlocal quark currents

Tig(o) = [ dbardon fon) flas) alo—o0) Tsalo-+ 22)
(20)
where M = S for the scalar and M = PS for the pseu-
doscalar channels, I'4 = A\, T'% g = i75\?, and f(z) is a
form factor with the nonlocality parameter A reflecting
the nonlocal properties of the QCD vacuum.
The model (19) can be bosonized using the station-
ary phase approximation which leads to the system of
gap equations for the dynamical quark masses mq;

H
mq,; + GS; + ?Sjsk =0, (21)

with ¢ = u,d,s and j,k # i, and S; is the quark loop
integral

8N, / d4k 2(k?) ml(kQ)’
D;(k?)

where m; (k?) = mc,i—l—md,if?(kQ), Di(k?) = k2+m?(k?)
is the dynamical quark propagator obtained by solving
the DS equation, f(k?) is the nonlocal form factor in
the momentum representation.

The quark-meson vertex functions and the meson
masses can be found from the Bethe-Salpeter equa-
tion Fig. 3. For the separable interaction (19) the quark-

o e e
+><><><+___

Fig. 3. The Bethe-Salpeter equation for meson propaga-
tors. The 4-quark crosses are for the interaction term (19)

antiquark scattering matrix in each (PS or S) channels
becomes
4
T = T(p*)0* [p1 + p2 — (ps + pa)] H f?),

=1

T(p?) = s\ <——G—1 _1'_ H(pQ))kl Y5 AL, (22)
where p; are the momenta of external quark lines, G
and TI(p?) are the corresponding matrices of the four-
quark coupling constants and the polarization opera-
tors of mesons (p = p1 + p2 = p3 + p4). The me-
son masses can be found from the zeros of determinant

det[G~! — TI(—M?)] = 0. The T-matrix for the system
of mesons in each neutral channel can be expressed as

Tan(P?) =) Vs P) & Via (B -
My _(P2 + M?Mch)

where M are the meson masses, Vi (P?) are the vertex
WOVAZ(PQ)VO). The sum in (23) is
over full set of light mesons: (Mps = 7°,1,7') in the
pseudoscalar channel and (Mg = a((980), fo(980),0) in
the scalar one.

5.2. External photon fields. The gauge-invariant in-
teraction with an external photon field V,? can be intro-
duced through the Schwinger phase factor

functions (VM (p?) =

Yy
q(y) = Q(z,y) = Pexp [2/ dz"V} (Z)T“} q(y).
) (24)
Then, apart from the kinetic term, the additional terms
in the nonlocal interaction are generated via

JM( ) — ‘]M fd4$1d4$2 f(xl)f(arg) X
X Q(x—xl,x) I'%Q(x, x + z2), (25)

which induces the quark-antiquark—n-photon vertices.
Additionally, there appear the meson—quark-anti-
quark—n-photon vertices. The following equations are
used for obtaining the nonlocal vertices [54]

o o
@/ 42"V, (2) = Viu (),
5 (2 — ) / " 45V, (2) = 0. (26)

As an example, the quark-antiquark vertices with
one-photon (Fig.4a) and two-photon (Fig.4b) inser-

@ 91 b)) (V)

X

Fig. 4. The quark-photon vertex FE}) (¢), Eq. (27) (a), and
the quark-2-photon vertex FE?,,) (q1,42), Eq. (29) (b)

tions are
P =y, + AT (@), (27)
ATD (q1) = = (p1 + k1), m™ (p1, k1), (28)
() (a1,42) = 2g,m™ (p1, kr2) +
+ (p1 + k1), (k1 + F12), m® (p1, k1, k12) +  (29)
+ (p1 + k2), (k2 + k12),, m® (pi1, ko, k12)
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D&

Fig. 5. A schematic illustration for the diagrams contributing to the four-rank polarization tensor to the leading in 1/N,
order. The nonlocal multi-photon vertices are not shown for simplicity, see Fig. 9

where the finite-difference derivatives are introduced

M) (4 _flatb)—f(b)
I =
f(l) ((L, b) — f(2) (av C)
(a+b)? = (a+c)

(30)

@ (a,b,c) = (31)

In (27)—(29), p1 is the momentum of incoming quark, ¢;
are the momenta of incoming photons, and ky = k + q1,
kij.k = p1+ ¢ + qj + ... + q. The vertex I', satisfies
the Ward—Takahashi identity for dynamical quarks

aT P =5"(p1+q)— S (p), (32)
with
S~ (p) =p—m(p), (33)

and for the multi-photon nonlocal vertices one has
G AT (q1) = m (p1) —m (k1) (34)
1 P 1 Y41 1)

5T Q) (q1,42) = m (p1) +m (k12) — m (k1) — m (ko) .

5.3. Hadronic light-by-light contribution to a,
within Nx QM. The basic element for the calculations of
aBLbL is the fourth-rank light quark hadronic vacuum
polarization tensor

H/LuAp(QDQQaQZ}) :/d4$1/d4$2/d4l‘3x (35)

x el otazeatases) (0|7 (j, (1), (22) jx (23)5,(0))]0) ,

where j, (z) are the light quark electromagnetic currents
and |0) is the QCD vacuum state. The muon AMM can
be extracted by using the projection [55]

oHLbL _

" MTI' [(ﬁ =+ mu)[’yp’ ’ya](ﬁ + mH)HpU (pvp)] )

where
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o (p',p) =

VY KAy T —
@m)* ) 2m)* da (e + a2 — k)?

m ]3/—@1+mlt v ﬁ_él_QQ—*—m/L A

Xy Y
' —q)?=mi " (p—q1—q2)* —mf
0
X %H/Luka(qla 2.k —q — q2), (36)
with m,, is the muon mass, k, = (p' — p), and it is

necessary to make the limit k, — 0.

In the NxQM, the tensor II,,, 5, is represented in the
leading in 1/N, order by the chain of diagrams schemat-
ically depicted in Fig.5. In the higher order contribu-
tions, the 1/N,. suppression factor coming from the four-
quark interaction (19) is compensated by the N, factor
from the color trace of the quark loop. This infinite se-
ries of quark loop diagrams is summed up leading to the
quark box and the diagrams with light meson exchanges.
The double chain summation generates the meson loop
contributions which are, however, suppressed by 1/N,
factor.

The HLbL contribution due to exchange of pseu-
doscalar (PS) and scalar (S) mesons (Fig.6) was elab-

(2) (b) (©)

Fig. 6. The HLbL contribution from the intermediate light
meson exchanges

orated in [39]. The vertices containing the virtual (off-
shell) meson M with momentum p and two virtual pho-
tons with momenta g; 2 and the polarization vectors €1 2
can be written as [34]

A (’ygqhﬁl)’y?flmw) - M(*P)) - eQEﬁLEZA/XZ*’Y*’Y* (p; a; (]2) ’
(37)

10*
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where for the pseudoscalar mesons

Ao (0301, 02) = ~i€0p0 a3 F Pserens (%567, 65)
(38)
and for the scalar mesons

AL (a1, q2)=Aseyene (07508, 03) THY (g1, 42)+

+ BS*'y*'y* (PZ;Q%;qg)Tgy(QhCD), (39)
and the Lorentz structures are
Th (q1,q2) = 9" (q142) — 47 df, (40)

T (11, ¢2) = [y — (a2)d}] [t — (qna2)gs] 5 (41)

and p = g1 +¢2. The subject of model calculations [39] is
to get the (PS/S)*V*V* vertex functions Fpg, Ag, Bs.

(a) (b) (c) (d)

Fig.7. The diagrams for the photon-meson vertices
Fps+ysye, Asxyrry+, Bs+y+y«. In the case of pseudoscalar
mesons, the diagrams (d-g) give zero contributions due to
chirality considerations

The expression for aELbL from the light meson ex-

changes can be written in a three-dimensional integral
representation as follows

00 1

203 T
CLELbL7MeSEXCh:_W/dQ%/ng/dtmx
0 0 -1
Ly [l Meeae)
Q3 47 Q3 + My, Q3 +Mz) |’
Nfég( %aQ%aQ%) = FPS*'y*'y* (Q%aQ%vO) X
X FPS*’Y*’)’* (Q%7 %aQ%) Tpsl,Zv
NIS,Z( %7@%)@%) = AS*’y*’y* (Q%v@%vo) X

x {ASWW (Q%:Q3,Q3) Tsi's +

1 A
+ §BS*7*'V* (Q%v %7@%) Tslg )

where Q3 = — (Q1 + Qa), t = (Q1Q2) / (|Q1]|Q2]). The

universal kinematic factors Tps; 5, and Ts1 2 obtained

(42)

after averaging over the directions of muon momentum p
can be found in [1] and [39], correspondingly. We would
like to stress that the integral representation (42) is valid
for any vertices F, A, B.
For numerical estimations in the NyQM we use the
Gaussian nonlocal form factor
f (k?) = exp (—k?/2A%) . (43)
As to the model parameters, the dynamical quark mass
mq is taken in the typical interval 200-350 MeV and
then other parameters (the current quark masses m,
and the nonlocality parameter A) are fitted by the pion
mass and the two-photon decay constant in correspon-
dence with the pion lifetime given within the error range
of PDG in [56]. The results are given in Table 1. Within
the NxQM, we found that the pseudoscalar meson con-
tributions to a,, are systematically lower then the results
obtained in the other works. The full kinematic depen-

6.0

5.0

0
)

by

o

>

2.0

250
my, (MeV)

300

Fig. 8. The HLbL contribution to a, from the neutral pion
and o exchanges as a function of the dynamical quark
mass. The lower line correspond to the o contribution,
the 7° contribution is in the middle, and the upper line is
the combined contribution. Vertical thin dashed lines de-
note the interval of dynamical quark masses used for the

estimation of the error band for a{ij

dence of the vertices on the pion virtuality” diminishes
the result by about 20-30 % as compared to the case
where this dependence is neglected. For 7 and 7’ mesons
the results are reduced by factor about 3 in compari-
son with the results obtained in other models where the
kinematic dependence was neglected (see Fig.2). The
scalar mesons contribution is small and partially com-
pensates model dependence of the pseudoscalar contri-
bution (Fig.8).

) Later, this dependence was also studied in [41].
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factors

The NxQM estimate for the contribution of the
dynamical quark box to aus), including the contact
terms (see Fig.9), is given in Table 1. One can see
that the momentum dependent dynamical mass leads
to increasing of contribution of diagram with pure local
quark—anti-quark—photon vertices in comparison with
constant quark mass. This behavior can be expected
since m(k? — 0o0) — m.. The specific feature of these
calculations is that there is strong compensation be-
tween the contributions from the box diagram with dy-
namical quarks and local vertices v#, the box diagrams
with at least one nonlocal vertex AF,}) (¢) and all other
types of nonlocal diagrams with contact vertices.

6. Conclusions. We briefly discussed the current
status of experimental and theoretical results on the
electron and muon AMM, g — 2. These quantities, mea-
sured and calculated with very high accuracy, provide
a very hard test of the SM. In particular, the electron
AMM tests QED at very short distances and now pro-
vides the best determination of the fine structure con-
stant a. The muon AMM is much more sensitive to the
effects of physics beyond the SM. Presently, there is
mismatch between the latest experimental BNL mea-
surements and SM calculations at the level of 3-40.
It is the largest deviation in elementary particle physics
from the SM predictions. It may be evidence for the exis-
tence of new interactions and stringently constraints the
parametric space of hypothetical interactions extending
the SM. Nowdays, the interest in this problem became
lively again in view of the preparation of new Fermilab
and J-PARC experiments planning to achieve a mea-
surement precision at the 0.14 ppm level. On the other
hand, the biggest theoretical uncertainty is due to the
hadronic part of aﬁM, especially from HVP and HLbL.
In this work we considered the latest achievements in
phenomenological and model approaches to estimates of
leading and next-to-leading order hadronic corrections
to aiM. Further studies are needed in order to get better
control over the hadronic corrections and reach a pre-
cision of calculations comparable to or better than the
experimental one.

8) Details of calculations of the box diagram in NyQM will be
presented elsewhere [45].
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T 208

Fig.9. Contact terms which are gave contribution to II,..x,(q1,¢2,q3).

Numbers in front of diagrams are the degeneracy
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