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In this paper we investigate the optical bistability (OB) and optical multistability (OM) behaviors in a

unidirectional ring cavity filled with diamond nitrogen-vacancy (NV) defect centers driven by an elliptically

polarized probe field in the presence of magnetic field and compare its properties with the corresponding closed

system. Our numerical result reveal that threshold of optical bistability and the width of hysteresis loop can

be manipulated by adjusting the phase difference between the two circularly polarized components of a single

coherent field and cavity parameters, i.e. the electronic exit rate from cavity and electron injection rates. Also

it is shown that OB and OM are very sensitive to the relative phase between applied fields and magnetic field.

It can be realized that by tuning the parameters the transition from bistability to multistability or vice versa

can be obtained.
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1. Introduction. The phenomenon of optical bista-

bility (OB) and optical multibistability (OM) in atomic

and semiconductor quantum well (SQW) systems has

been the center of interest since late 1980s, due to its

potential applications in various fields such as optical

transistors, all optical switches and memories [1–9]. In

the last decades OB was studied experimentally and the-

oretically. Some of experimental studies were based on a

collection of two-level atomic system interacting with a

single mode field [10–13]. Theoretically OB was studied

in various atomic and SWQ systems [14–21]. Namely

A.J. Feng and his coworkers investigated the effect of

control and decay coherence on OB in a SWQ system.

They showed that these two mechanisms of quantum

coherence can enhance the nonlinear response of SQW

structure and consequently the behavior of OB [22].

Chen et al. studied the OB and OM of a three-level

atomic system under non-resonant condition [23]. They

has shown that only by changing the negative detun-

ing of coupling field into positive detuning the system

switches from OB to MB. Under interaction of a strong

control field these systems exhibit many interesting out-

puts, such as electromagnetically induced transparency

(EIT) [24–26], optical solitons [27–29], spontaneously

generated coherence (SGC) and vacuum induced coher-

ence (VIC) [30, 31]. For example Osman and Joshi stud-

ied the OB in a four level system in incoherent pump-

ing interacting with three electromagnetic fields [32].

The system was in an EIT atomic vapor medium. They
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showed that how one can control the absorption disper-

sion characteristics of the probe field and OB in an EIT

medium with the help of SGC and incoherent pumping.

In another study the effect of Doppler broadening on

OB in a two-level atomic system was investigated [33].

On the other hand, for solid-state quantum physics

experiments and quantum information processing the

nitrogen-vacancy (NV) centers in diamond nanocrystal

have been appeared as especially strong candidates due

to a long electronic spin decoherence time at room tem-

perature, single-shot spin detection, subnanosecond spin

control, and efficient quantum state transfer between

electron and nearby nuclear spins [34–49]. Zhang et al.

[40] investigated laser-polarization dependent and mag-

netically controlled OB in an optical ring cavity filled

with diamond nitrogen-vacancy (NV) defect centers un-

der optical excitation. The phase control absorption-

gain and dynamic switching behaviors in a nanodia-

mond NV center have been theoretically investigated by

Li and his coworkers [41]. In our recent study [42], we

discuss the group velocity properties of Gaussian beam

in a dielectric medium doped with nanodiamond nitro-

gen vacancy (NV) centers under optical excitation. It is

shown that the shape of transmitted and reflected pulses

from dielectric can be tuned by changing the intensity

of magnetic field and polarization of the control beam.

In this paper we extend the results of previous re-

searchers and investigate the OB and OM behaviors of

an open four-level diamond nitrogen-vacancy (NV) de-

fect centers can be adjusted by phase difference between

the two circularly polarized components of a single co-
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herent field and cavity parameters, i.e. the electronic

exit rate from cavity and electronic injection rates. An

external magnetic field also applies to the system. It

is shown that by adjusting the magnetic field one can

control the bistable behaviors of the media. In an open

model, the levels of system are allowed to exchange

population with associated reservoir levels. These levels

might, for example, be magnetic sublevels or hyperfine

levels. The system is called open because the population

that leaves the upper level does not necessarily enter the

lower level. In this case the levels are assumed to acquire

population at some controllable pump rates.

In the following section, we present the model and

density matrix equation of motion. The results are dis-

cussed in Sec. 3, and the conclusion can be found in

Sec. 4.

2. Model and equations. The medium doped to

the slab is nanodiamond NV centers. Nanodiamond NV

color centers are consisted of substitutional nitrogen

atoms (N) plus a vacancy (V) in an adjacent lattice site

as shown in Fig. 1a. The NV center is negatively charged

Fig. 1. (a) – Four level diamond NV centers in a tripod-

type configuration in the presence of a magnetic field. By

applying an external magnetic field, the degeneracy among

the ground states |3〉, |2〉 is lifted, ∆B indicates the Zee-

man Shift, J1, J2, and J3 are the electronic injection rates

for levels |1〉, |2〉, and |3〉, respectively, r0 = J1 + J2 + J3

is the exit rate from the cavity. (b) – Unidirectional ring

cavity with a sample of length L, EI

P+(−) and ET

P+(−) are

the incident and transmitted fields, respectively, Ec is the

coherent control field

with two unpaired electrons located at the vacancy, usu-

ally treated as electron spin-1. The spin-spin interac-

tion leads to the energy splitting Dgs = 2.88GHz be-

tween the ground levels |3A,ms = 0〉 and |3A,ms = ±1〉
as depicted in Fig. 1a. By employing an external static

magnetic field B along the quantized axis of diamond

NV centers, the degeneracy of the ground sublevels

|3A,ms = ±1〉 can be lifted. We label |3A,ms = 0〉,
|3A,ms = −1〉, and |3A,ms = +1〉 as |1〉, |2〉, and |3〉,
respectively. The state |4〉 can be coupled to the ground

state |1〉 with linear polarization [50] and decays to the

ground-states sublevels |2〉 and |3〉 with radiation of σ+

and σ− circular polarization, respectively.

Thus, the transition |4〉 ↔ |1〉 is coupled with a lin-

early polarized coupling field with a carrier frequency

ωc and one-half Rabi frequency Ωc = µ41Ec/2~, where

Ec – the amplitude of the coupling is field and µ41 is the

electric dipole moment for the transition |4〉 ↔ |1〉. A

probe field with electric field amplitude E0 after passing

through the quarter-wave plate (QWP) becomes ellip-

tically polarized that has been rotated by an angle θ.

An elliptically polarized field can be decomposed into

two mutually polarized components as: Ep = E+
p σ+ +

+ E−
p σ−, where E+

p = E0/
√
2(cos θ + sin θ)eiθ and

E−
p = E0/

√
2(cos θ − sin θ)e−iθ. Here, σ+ and σ− are

the unit vectors of the right-hand circularly and the

left-hand circularly polarized basis, respectively. The

strength of the electric field components and phase dif-

ference between them can be changed by QWP. Then

the Rabi frequency for right-circularly polarized com-

ponent become Ωp+ = Ωp(cos θ + sin θ)eiθ and for left-

circularly polarized component is Ωp− = Ωp(cos θ −
− sin θ)e−iθ. Where Ωp = µE0/

√
2~, here we assume

that µ42 = µ43 = µ. Where J1, J2, and J3 are the elec-

tronic injection rates for levels |1〉, |2〉, and |3〉, respec-

tively, r0 is the exit rate from the cavity. We assumed

that the number of interacting electronic is constant,

therefore r0 = J1 + J2 + J3.

The equations of motion for the density matrix el-

ements for the electronic meidum under the rotating

wave and electric dipole approximations become:

ρ•44 = −(Γ41 + Γ42 + γ43)ρ44 + iΩcρ14 − iΩ∗
cρ41 +

+ iΩ+
p ρ24 − iΩ+∗

p ρ42 + iΩ−
p ρ34 − iΩ−∗

p ρ43 − r0ρ44,

ρ•33 = −(Γ32 + Γ31)ρ33 + Γ43ρ44 − iΩ−
p ρ34 + iΩ+∗

p ρ43 +

+ r0ρ33 + J3,

ρ•22 = Γ42ρ44 + Γ32ρ33 − Γ21ρ22 − iΩ+
p ρ24 + iΩ+∗

p ρ42 −
− r0ρ22 + J2,

ρ•11 = Γ41ρ44 + Γ31ρ33 + Γ21ρ22 − iΩcρ14 + iΩ∗
cρ41 −
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− r0ρ11 + J1,

ρ•14 = −(γ41−i∆c)ρ14+iΩ∗
c(ρ44−ρ11)−iΩ+∗

p ρ12−iΩ−∗
p ρ13,

ρ•13 = −{γ31−i[∆c−(∆p+∆B)]}ρ13+iΩ∗
cρ43−iΩ−

p ρ14,

ρ•12 = −{γ21−i[∆c−(∆p−∆B)]}ρ12+iΩ∗
cρ42−iΩ+

p ρ14,

ρ•23 = −(γ32 + 2i∆B)ρ23 + iΩ+∗
p ρ43 − iΩ−

p ρ24,

ρ•24 = −[γ42 − i(∆p −∆B)]ρ24 + iΩ+∗
p (ρ44 − ρ22)−

− iΩ∗
cρ21 − iΩ−∗

p ρ23,

ρ•34 = −[γ43 − i(∆p +∆B)]ρ34 + iΩ−∗
p (ρ44 − ρ33)−

− iΩ∗
cρ31 − iΩ+∗

p ρ32,

ρij = ρ∗ji. (1)

In the above equations, ∆p = ω43 − ωp −∆B = ω42 −
− ωp + ∆B and ∆c = ω41 − ωc are the frequency de-

tuning of the probe and control fields, where ωij is the

frequency deference between levels |i〉 and |j〉. The pop-

ulation decay rates and dephasing decay rates are added

phenomenologically in the above density matrix equa-

tions. The population decay rates from the excited state

|4〉 to the ground state |j〉 denoted by Γ4j (j = 1, 2, 3)

are due primarily to longitudinal optical (LO) phonon

emission events at low temperature. The total decay

rates γij (i 6= j) are given by γ41 = γ/2 + γdph
41 ,

γ42 = γ/2 + γdph
42 , γ43 = γ/2 + γdph

43 , γ31 = γdph
31 ,

γ32 = γdph
32 , and γ21 = γdph

21 , where γ =
∑

i Γ4i and γdph
ij

is the dephasing decay rate of the quantum coherence

of the |i〉 ↔ |j〉 transitions. If J1 = J2 = J3 = r0 = 0,

Eq. (1) changes to that for a closed tripod system.

Now we consider a medium composed of the above

described atomic system immersed in unidirectional ring

cavity as shown in Fig. 1b. We assume that both mir-

rors 3 and 4 are perfect reflectors and the intensity

reflection and transmission of mirrors 1 and 2 are R

and T (R + T = 1) respectively. The dynamic response

of the elliptically polarized probe field is governed by

Maxwell’s equation under slowly varying envelope ap-

proximation is

∂Ep

∂t
+ c

∂Ep

∂z
=

iωp

2ε0
P (ωp), (2)

where P (ωp) = Nµ(ρ42 + ρ43) is the induced polariza-

tion. For a perfectly tuned cavity, the boundary condi-

tions in the steady state limit (∂/∂t → 0) are:

EP (L) =
ET

P√
T
, (3a)

EP (0) =
√
TEI

P +REP (L). (3b)

Where L is the length of the atomic sample, EI
P and ET

P

are the incident and the transmitted field, respectively.

In the mean field limit by using the boundary con-

dition we can describe the steady state behavior of el-

liptically polarized probe filled by:

y = 2x− iC(ρ42 + ρ43), (4)

where y =
µEI

P

~
√
T

and x =
µET

P

~
√
T

are the normalized input

and output fields, respectively, C = NωPLµ2

2~ε0cT
is cooper-

ation parameter.

In this paper all parameters are scaled by γ, that

should be in the order of MHz for diamond NV centers.

Following the paper [49], the system parameters are se-

lected as γ =
∑

i Γ4i = 2π · 13.4MHz, Γ41 = Γ42 =

= Γ43 = γ, and Γ32 = 0, γ31 = Γ21 = 0.

3. Result and discussion. In this section, we in-

vestigate the influence of phase difference between two

components of probe field and external magnetic field

on optical bistability in closed and open systems. We

Fig. 2. The output field versus input field for different val-

ues of θ for closed, r0 = 0 (a), and open, r0 = 1 (b),

systems j1 = j2 = j3. The other parameters are ∆B = 1γ,

∆p = 0.5γ, ∆c = −1.5γ, C = 100, Ωc = 2γ
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Fig. 3. The absorption of probe field versus phase differ-

ence θ for closed (solid line) and open (dashed line) sys-

tems. Other parameters are the same as those in Fig. 2

find that the threshold and the width of the bistable

region can be manipulated by the relative phase differ-

ence (θ) and Zeeman shift (∆B = 0). The output field

versus input field for different values of θ for closed and

open system is depicted in Figs. 2 and 3, with the cor-

responding values of ∆p = 0.5γ, ∆c = −1.5γ, C = 100,

Ωc = 2γ and for open system r0 = 1, j1 = j2 = j3.

First, we fix the Zeeman shift on ∆b = 1γ and scanning

the influence of the phase difference θ for both systems

closed and open. Our numerical results for closed and

open systems are shown in Figs. 2a and b respectively.

By comparing Figs. 2a and b, it is clear that when the

system is open the threshold of bistability increase. We

plot the absorption of the probe field versus the phase

difference of two components of the probe field in Fig. 3.

It can be seen that the absorption of probe field in the

open system is less than that in closed system, thus

reaching the saturation for open system is harder than

closed system so the threshold of bistability increase.

When θ = π/4, Ω−
p is zero and the system turns to a

typical Λ-type three level system. When phase differ-

ence shift to θ = π/5 we can observe multi-stability in

output-input curve for small range of input field in the

closed system. So we can control the threshold value

and the hysteresis cycle width of the bistable curve and

also we can switch the bistability to multistability and

vice versa by adjusting the cavity parameters and phase

difference between two components of probe field in the

presence of magnetic field.

Next, we fix the phase difference on θ = π/5 and

analyze the influence of Zeeman shift on bistable be-

havior of probe field. The numerical result is shown in

Fig. 4. When the magnetic field is turned off ∆B = 0,

this system is degenerated as a three-level configura-

Fig. 4. The output field versus input field for different val-

ues of θ for closed, r0 = 0 (a), and open, r0 = 1 (b),

systems j1 = j2 = j3 when θ = π/5. Other parameters are

the same as those in Fig. 2

Fig. 5. The absorption of probe field versus Zeeman shift

for closed (solid line) and open (dashed line) systems when

θ = π/5. Other parameters are the same as those in Fig. 2
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Fig. 6. The output field versus input field for different values of θ for closed, r0 = 0 (a), and open, r0 = 1 (b, c), systems

j1 = j2 = j3. (d) – The absorption of probe field versus Zeeman shift for closed (solid line) and open (dashed line) systems

when ∆B = 2. Other parameters are the same as those in Fig. 2

tion and after applying the magnetic field the degener-

acy of levels lifted. The threshold in the open system is

larger than that in closed system because the absorp-

tion in open system is less than that in closed system

and reaching saturation in open system is harder (see

Fig. 5). It is clear from Fig. 4 that in the closed system

when ∆B = 1γ and in open system when ∆B = 2γ

the optical bistability converts to multistability. Note

that in the closed system optical multistability occurs

for smaller values of input field.

In the following we analyze the effect of phase differ-

ence between two components of probe field on input-

output behavior of probe field when ∆B = 2γ, other

parameters are the same as Fig. 2. By comparing Figs. 2

and 6, we can see that by changing the amount of mag-

netic field (∆B), the behavior of output-input curve

varies dramatically. It is essential to note that in this

case (∆B = 2γ) the threshold of the bistability and

the width of hysteresis loop in the both systems (open

and closed system) decrease. Also it is clear from Fig. 6

that in the open system for some phase difference the

bistability curve convert to multistability curve. So, by

tuning the relative phase and external magnetic field the

transition from bistability to multi-stability or vice versa

can be obtained. Also one can manipulate the thresh-

old and width of hysteresis loop with applying appropri-

ate external magnetic field and phase difference between

two components of probe field. The absorption of probe

field in this case is plotted in Fig. 6d. It is essential to

note that when the absorption of probe field is nega-

tive, the probe field will be amplified. The amount of

gain can be controlled by parameters such as θ, ∆B and

cavity parameters.

3. Conclusion. In conclusion, we propose a scheme

for controlling the OB and multistability in a four-level

diamond NV centers via external magnetic field, phase
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difference between fields and cavity parameters. It is

shown that by tuning the relative phase between two

components of probe field, the switching between bista-

bility and multistability or vice versa can occur. In this

case the relative phase and magnetic field can be used

as parameters to control the threshold intensity of the

OB and multistability.
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