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Bohr–Sommerfeld quantization is discussed for Grassmann-variant fermionic degrees of freedom. It is

shown that this procedure applied to a Grassmannian dynamical variable of the Majorana type gives rise to

a Clifford number, shedding further light on the quantum-classical correspondence for fermions.
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Fermions are always of interest in view of the corre-

spondence principle, because of the subtleties of their

counterparts in classical theory. An approach to this

point is to introduce into systems Grassmannian vari-

ables that are nilpotent. Today, it is standard to em-

ploy such variables in path-integral quantization of

fermions. However, to intuitively understand such de-

grees of freedom, it is of importance to clarify what the

quantum-classical correspondence between fermions and

such exotic variables is. In this context, Berezin’s cele-

brated proposal [1] of calculus of Grassmannian vari-

ables has been a cornerstone, and the subsequent work

of Berezin and Marinov [2] (see also [3]) on quantiza-

tion of Grassmann-variant classical systems has played

a prominent role for understanding how the correspon-

dence principle can be established for fermions. How-

ever, it may be fair to say even today that these investi-

gations still remain formal since the exact quantization

procedure itself is inevitably so [4].

Obviously, Bohr–Sommerfeld quantization in early

quantum mechanics can shed light on the correspon-

dence principle in a peculiar manner, since it shows

in the minimal way how the classical concepts should

be modified. This point has ever been addressed

for fermions in the literature [5, 6]. There, Bohr–

Sommerfeld quantization of fermionic degrees of free-

dom has been proposed with the use of the Berezin cal-

culus.

Consider a time-dependent Grassmann-variant vec-

tor ξ(t) = (ξ1(t), ξ2(t), ξ3(t)), each component of which

is nilpotent: ξ2i (t) = 0, implying the anticommutativity
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ξi(t)ξj(t) = −ξj(t)ξi(t) (i, j = 1, 2, 3). It is real Grass-

mannian in the sense that ξ∗i (t) = ξi(t). Let us use this

vector to construct the following Lagrangian:

L =
i

2
ξ · dξ

dt
+
i

2
B · (ξ × ξ) , (1)

where B is an ordinary real constant vector. This system

is analogous to the harmonic oscillator in an ordinary

bosonic theory and turns out to be useful for describ-

ing our semiclassical scheme. The canonical momentum

Πi conjugate to ξi is given by Πi = [∂/∂ (dξi/dt)]L =

= −(i/2)ξi, which yields the second-class constraint

in Dirac’s terminology [7]. (The rule of the differen-

tiation with respect to Grassmann variables η and ζ

is: (∂/∂ζ) (ηζ) = (∂/∂ζ) (−ζη) = −η, for example.)

The Hamiltonian obtained by the Legendre transforma-

tion of the Lagrangian in Eq. (1), H = (dξi/dt)Πi − L

(the summation convention to be understood for the re-

peated indices), reads H = −(i/2)B · (ξ × ξ). Within

the framework of Dirac’s generalized canonical formal-

ism [7] and the canonical quantization condition (in the

unit ~ = 1), the quantum-mechanical operators ξ̂i’s are

found to satisfy the following anticommutation relation

[2, 3]:

ξ̂iξ̂j + ξ̂j ξ̂i = δij , (2)

which results the identification: ξ̂i = σi/
√
2, where σi’s

are the Pauli matrices. Thus, the Hamiltonian is quan-

tized as Ĥ = (1/2)σ ·B, which describes the Pauli spin

in the magnetic field B. Its energy eigenvalues are the

familiar ones: E± = ±B/2 with B = |B|.
Let us consider the above system from the view-

point of Bohr–Sommerfeld quantization. We define
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the tensor dual to Bk (k = 1, 2, 3), i.e., B̃ij =

= εijkBk. This antisymmetric 3× 3 matrix is diagonal-

ized by a time-independent unitary matrix, S: S†B̃S =

= diag(−iB, iB, 0). The corresponding normal coordi-

nates, ψi = (S†)ijξj , satisfy the relations: ψ2 = ψ∗
1 and

ψ3 = ψ∗
3 . They are explicitly given as follows:

ψ1 =
B1B3 − iB2B

B
√

2(B2
1 +B2

2)
ξ1 +

B2B3 + iB1B

B
√

2(B2
1 +B2

2)
ξ2 −

−
√

B2
1 +B2

2√
2B

ξ3, (3)

ψ3 =
Biξi
B

. (4)

Thus, ψ ≡ ψ2 and χ ≡ ψ3/
√
2 are complex and real

Grassmannian variables, respectively. The rule of com-

plex conjugation is that (ψiψj)
∗ = ψ∗

jψ
∗
i = −ψ∗

i ψ
∗
j . The

Lagrangian in Eq. (1) is then rewritten as follows:

L = ψ∗

(

i
d

dt
−B

)

ψ + iχ
dχ

dt
. (5)

It is noted that ψ is a (0+1)-dimensional analogue of the

Dirac field with “mass” B, whereas χ is the Majorana-

like field with vanishing mass: χ cannot have a mass

term, since classically χ2 = 0. The canonical momenta

conjugate to ψ, ψ∗, and χ are given by

Πψ = −iψ∗, (6)

Πψ∗ = 0, (7)

Πχ = −iχ, (8)

respectively. The classical Hamiltonian, H =

= (dψ/dt)Πψ + (dψ∗/dt)Πψ∗ + (dχ/dt)Πχ − L,

reads

H = Bψ∗ψ, (9)

which does not contain χ. The equations of motion for

ψ and χ are
(

i
d

dt
−B

)

ψ = 0, (10)

dχ

dt
= 0, (11)

which can also be obtained within the framework of

Dirac’s generalized canonical formalism for Grassman-

nian dynamical variables. Eq. (10) has the periodic so-

lution

ψ(t) = ψ(0)e−iBt, (12)

with the period 2π/B. Bohr–Sommerfeld quantization

of the complex Grassmannian variable ψ [5, 6] is based

on the two equivalent forms of the phase-space quantity

dψΠψ , that is,

−idψψ∗ = −idtdψ
dt
ψ∗. (13)

Integrating the both sides of this equation over a single

period, we have

−i
∫ 2π/B

0

dt
dψ

dt
ψ∗ = −i

∫

dψψ∗. (14)

These quantities can be thought of as the Ehrenfest adi-

abatic invariant. It is noted that at the stage of the

integrations in Eq. (14), the dynamical variables must

already be regarded as quantum-mechanical ones, i.e., q-

numbers in Dirac’s terminology [4]. That is, the original

Grassmannian nilpotent nature should be replaced by

the quantum analogue. The left-hand side of Eq. (14) is

evaluated for the periodic classical solution in Eq. (12),

yielding 2πψ∗(0)ψ(0). On the other hand, the right-

hand side should be regarded as the Berezin integration

[1, 6]:

−i
∫

dψ ψ∗ = ±π, (15)

that is, the integrations over the original real Grassman-

nian variables ξ’s are pure imaginary [8]

∫

dξiξj = ±iπδij , (16)

where the double signs reflect the fact that dξiξi is only

known to be pure imaginary under the rule: (dξiξi)
∗ =

ξidξi = −dξiξi. The value of the integral in Eqs. (16)

has to be kept unchanged throughout the discussion.

Eqs. (15) and (16) give an important physical insight:

in contrast to a “bosonic” system in ordinary phase space

(such as the hydrogen atom or the harmonic oscillator,

for example), excitation of a fermionic system is finite,

and the Berezin integrations in Eqs. (15) and (16) math-

ematically assure this feature. Consequently, it follows

that

ψ∗ψ = ±1

2
, (17)

giving rise to the exact quantization of the energy in

Eq. (9):

H = E± = ±1

2
B. (18)

Now, the remaining subject, which is the main one

of the present work, is to formulate Bohr–Sommerfeld

quantization of the Majorana type satisfying Eq. (11).

This will turn out to contain a subtle point regarding

the “massless” nature of χ. The phase-space quantity

dχΠχ has again the following two equivalent forms:

−idχχ = −idtdχ
dt
χ. (19)

Naively, the right-hand side of this equation might be

zero because of the classical equation of motion in

Eq. (11), whereas the integral of the left-hand side is
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non-zero because of the rule of the Berezin integration,

leading to an apparent contradiction. However, it is cru-

cial to note that motion at rest can be regarded as a

periodic motion with an infinite period. Therefore, the

periodic classical solution of Eq. (11) and its derivative

could be understood as

χ(t) = χ(0)ei2πt/T |T→∞ , (20)

dχ(t)

dt
=
i2π

T
χ(0)ei2πt/T |T→∞ , (21)

respectively. These representations are consistent with

the real Grassmannianity of in the limiting sense. In par-

ticular, Eq. (21) should be regarded as a “regularized”

version of Eq. (11). These might enable one to evalu-

ate the integral of the right-hand side of Eq. (19) over

a single but infinite period. Let us discuss this point,

carefully. The quantity to be evaluated is

I ≡ −i
∫ T

0

dt
dχ

dt
χ (22)

in the limit T → ∞. This is a singular quantity, since

the integral,
∫ T

0 dtexp(i4πt/T ), has the structure, ∞×0.

At this juncture, the key factor, 1/T , appearing on the

right-hand side in Eq. (21) should be noticed. In addi-

tion, it should be recalled that the Ehrenfest invariant

can be defined not only for exact periodic orbits but

also for slightly non-periodic orbits: that is, the above

integral over a period does not necessarily vanish, in gen-

eral. Accordingly, we reinterpret Eqs. (20) and (21) as

χ(t) = χ(0) and dχ(t)/dt = (2πi/T )χ(0), respectively.

The former is natural in view of Eq. (11), whereas the

latter is consistent with the reality of dχ(t)/dt only in

the limit T → ∞ that is linked with the infinite integral

in Eq. (22) in the same limit. In particular, the imagi-

nary unit “i” turns out to be essential in the result to

be obtained. Consequently, we have

I = 2πχ2. (23)

Thus, the contradiction mentioned above is avoided

within the present manipulation. On the other hand, the

integral of the left-hand side of Eq. (19) is calculated by

the Berezin integration rule in Eq. (16) in conformity

with Eq. (4) (recalling that χ = ψ3/
√
2 with ψ3 given

in Eq. (4)):

−i
∫

dχχ = ±π
2
, (24)

leading to the following relation:

χ2 = ±1

4
. (25)

Therefore, the variable

c =
√
±4χ (26)

satisfies

c2 = 1. (27)

The evaluation of Eq. (22) discussed above exhibits

how Bohr–Sommerfeld quantization of χ is mathemati-

cally subtle, primarily concerning the limit T → ∞.

c in Eq. (27) is known as a Clifford number. It

is idempotent and anticommutes with Grassmann-odd

fermionic quantities. Such a number has been employed,

for example, in supersymmetric ensembles at finite tem-

perature [9, 10], and the Wigner phase-space represen-

tation of the optical Dicke model [11].

Thus, Bohr–Sommerfeld quantization of the (0+1)-

dimensional classical Majorana field may yield a Clifford

number. This is the main result of the present work.

To summarize, we have revisited Bohr–Sommerfeld

quantization of the fermionic degrees of freedom in or-

der to understand the quantum-classical correspondence

for fermions. In particular, we have found that Bohr–

Sommerfeld quantization of the Majorana-type vari-

able leads to a Clifford number. However, clearly there

still remains a mathematically delicate point behind

the logic in evaluating Eq. (22). This reflects an aspect

of subtleties in classical theory of fermions, and Bohr-

Sommerfeld quantization makes it manifest in a peculiar

manner.

Semiclassical theory with Bohr–Sommerfeld quan-

tization is actually not obsolete but of modern inter-

est. It has recently been noticed that the approach of

early quantum mechanics can work very efficiently in

the limit of infinite dimensions (see [12] and the refer-

ences therein). We also mention that a field-theoretic

generalisation of the present scheme may be useful. In

Ref. [13], semiclassical quantisation has been discussed

for the Gross–Neveu model [14]. There, a bosonic aux-

iliary field has been introduced at the classical level in

order to make the Lagrangian bilinear in terms of the

fermonic fields that have been integrated out to obtain a

bosonic field theory to be semiclassically quantized. The

scheme discussed in the present work may allow one to

quantize the fermonic fields directly without introduc-

ing the bosonic auxiliary field.
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