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Scattering phase shifts in the complex scaling method
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We investigate the scattering phase shifts by using the complex scaling method. The real-range and

complex-range Gaussian basis functions are utilized for the investigation of the low-lying excited states of
5He.
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Introduction. In the last half-century, study of res-

onances in the scattering problem of light nuclei has

been carried out using various methods, one of which is

the complex scaling method (CSM) [1–4]. The theory

of the complex scaling was proposed mathematically

[2] and it has been extensively applied to the atomic

and nuclear physics [4–6]. The CSM is one of the well-

established techniques in wide areas of physics, espe-

cially in resonance studies in nuclear physics. At the

beginning, its advantage was mainly explained by the

superior description of the resonances of the composite

systems. Nowadays, it is successfully utilized for getting

information on the unbound and scattering states in the

observables.

In the present framework, the complex scaled or-

thogonality condition model (CSOCM) [7] and the ex-

tended completeness relation [8] are used. The scatter-

ing phase shifts have been investigated as important

scattering quantities from the continuum level density

(CLD) [9] obtained using the CSM. The CSOCM can be

used for obtaining scattering phase shifts of the many

resonance system [6].

In this work, we study the α + n interactions using

the CSM by analyzing observed scattering phase shifts

not only for low-partial waves but also for higher-partial

waves. We analyze a realistic system by using two kinds

of basis functions. The α+n potential well explains ob-

served data of low energy α+ n scattering. However, it

does not well reproduce observed phase shifts for higher-

partial waves as for low-partial waves.

Two-body formalism. Complex scaling method.

The CSM has been proposed to solve for the resonance

states and to discuss their structures [4, 5]. The relative
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coordinate ri is transformed as r → reiθ with a real

parameter θ. The U(θ) operates on a function ψ, that

is,

ψ(θ) = U(θ)ψ(r) = e
3

2
iθψ(reiθ). (1)

The complex scaled Hamiltonian of inter cluster motion

is given by

Ĥ(θ) = U(θ)ĤU−1(θ). (2)

The complex-scaled Schrödinger equation is ex-

pressed using the complex-scaled Hamiltonian Ĥθ as

Ĥθψ(θ) = Eψ(θ). (3)

The resonant states are obtained as the eigenval-

ues and eigenstates by solving the complex scaled

Schrödinger equation (3). The complex energies of res-

onant states are obtained as E = Er − iΓ/2 when

tan−1(Γ/2Er) < 2θ. Therefore, employing an appropri-

ate scaling parameter θ, we can derive resonant states

in terms of Gaussian functions

ψ(θ) =

N
∑

i=1

ci(θ)φi. (4)

In Fig. 1, we present a schematic eigenvalue distribu-

tion for the complex scaled Schrödinger equation. It is

seen that the energies of bound states are not changed

from the spectral positions of the original Hamiltonian.

The continuum spectra of the Hamiltonian Ĥθ are dis-

tributed on the 2θ-lines originating from every thresh-

old. If we do not apply the complex scaling, the original

Schrödinger equation gives the continuum spectra, in-

cluding resonances on the positive energy axis. Under

complex scaling, the resonances are separated from the

continuum, and the rotated continuum spectra start-

ing from different threshold energies are separately ob-

tained on different 2θ-lines. Furthermore, when we ap-

ply basis function method to solve the complex scaled
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Fig. 1. Schematic energy eigenvalue distribution for a com-

plex scaled Hamiltonian

Schrödinger equation, these continuum spectrum are

discretized on different 2θ-lines, as shown in Fig. 1.

Continuum level density and scattering phase

shift. The continuum level density (CLD) ∆(E) as func-

tion of the real energy E is defined as [9]

∆(E) = −

1

π
Im

{

Tr[G+(E)−G+
0 (E)]

}

, (5)

where

G+(E) = (E + iε−H)−1, G+
0 (E) = (E + iε−H0)

−1

are the full and free Green’s functions, respectively. The

CLD is also related to the scattering phase shift δ(E)

and the relation is expressed in a single channel case

as [9]

∆(E) =
1

π

dδ(E)

dE
. (6)

Using Eqs. (5) and (6), we can obtain the phase shift

δ(E) in terms of the eigenvalues of H and H0 by inte-

grating the CLD over the energy E. When we apply the

complex scaling and obtain the complex scaled Green’s

function the CLD can be expressed as

∆(E) = −

1

π
Im

{

Tr

(

1

E −Hθ
−

1

E −Hθ
0

)}

. (7)

Numerical results. One of the methods to prove

the nuclear structure is to use the scattering phenom-

ena. In this part, we are concerned the scattering with

the relative motion of two-particles. The α+n scattering

phase shift provides a convenient test of several impor-

tant properties of low-energy nuclear scattering. There

are no bound states in the A = 5 system, but the 3/2−

partial wave has a sharp low-energy resonance in the

α+ n system.

The resonance states of 3/2− and 1/2− in 5He are

calculated by using real- and complex-range Gaussian

basis functions. The real-range Gaussian basis func-

tions have been successfully utilized for three, four,

five body problems [10–12]. Furthermore, the complex-

range Gaussian basis functions have been introduced

by Ref. [13] and it is applied in the few body system

[14]. The real-range Gaussian basis functions are feasible

for describing short-range correlation, but it is difficult

to calculate the high oscillator functions with several

nodes in accurate accuracy. In order to better under-

stand advantage of complex-range Gaussian basis func-

tions, Ref. [14] was represented test calculation of energy

eigenvalues in the harmonic oscillator potential by using

the complex-range and real-range Gaussian basis func-

tions, and was shown the complex-range Gaussian basis

functions can reproduce more accurately results up to

higher excited states than the real-range Gaussian basis

functions. The α + n system has been investigated in

detail within a microscopic model by Kanada et al. [15].

They have performed the microscopic calculation based

on the effective nuclear potentials. In this calculation,

we choose the KKNN (Kanada, Kaneko, Nagata, and

Nomoto) [15] potential as the central part of the effec-

tive nucleon-nucleon interaction. The estimated results

in this calculation are shown in Table 1 with experimen-

tal data taken from a review paper [16].

Table 1. The experimental and calculated resonance ener-
gies and widths for low-lying 3/2− and 1/2− states of 5He

Experiment [16] This work [MeV]

[MeV] Real-range Complex-range

Er Γr Er Γr Er Γr

3/2− 0.798 0.648 0.74 0.59 0.78 0.60

1/2− 1.27 5.57 2.10 5.82 2.05 5.60

The calculated scattering phase shifts for the 3/2−

and 1/2− two low-lying states of α+n system are shown

in the Fig. 2. We can see from Fig. 2 the microscopic ef-

fective KKNN potential well reproduces scattering phe-

nomena in the low-lying states of this system. We com-

pared our results with the experimental data [17] of

phase shifts and observed good agreement between them

in the each partial state.

In Fig. 3, we show the computed results of the scat-

tering phase shifts of low-lying 3/2− and 1/2− partial

waves in the α+n system, which are calculated by using

real- and complex-range Gaussian basis functions. The

different basis functions are applied to calculations of

the eigenvalue problems for the complex scaled Hamil-

tonians. The same structure appears in the both partial

waves where the dashed-lines represent real-range and

solid-curves display complex-range Gaussian basis func-

tions are used results, respectively. The computed res-
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Fig. 2. Scattering phase shifts of 5He at the Jπ

= 3/2−

and 1/2− waves for θ = 20
◦. The experimental data [17]

are shown with open circles

Fig. 3. Scattering phase shifts by real-range (dashed line)

and complex-range (read curve) Gaussian basis functions

for θ = 20
◦

onance energies and widths by complex- and real-range

Gaussian basis functions are in a good agreement with

each other.

Fig. 4 shows the calculated results (solid curves)

and experimental data (open circles). We interpreted

in Fig. 4, our computed results of p-wave could be ex-

plain equally well to the experimental data in which

the CSM is used with KKNN potential. However, the

Fig. 4. The scattering phase shifts of the d- and f -waves

are calculated not only by ordinal KKNN potential for

θ = 20
◦. Open circles are represent the experimental data

[17] and solid curves are calculated results with ordinal

KKNN potential, dashed-lines are computed results by im-

proved potential [18]

calculated results of higher partial waves (solid curves)

indicate that the theoretical results lower in the d-wave

(see Fig. 4a) and higher in the f-wave (see Fig. 4b) than

experimental data. The higher partial waves of phase

shifts of the α + n have been discussed [17] by experi-

mental cross section and polarization applying R-matrix

analysis. As can be seen in Fig. 4a, the computed results

give repulsive behavior, but [17] show attractive behav-

ior. In case of the f -wave, calculated results and exper-

imental data both represent positive behavior. In order

to explain the discrepancy of the experimental data and

calculated results of high partial levels, an improvement

of the effective potential was performed [18]. We used

the improved effective potential at high states of par-

tial waves of the 5He and results shown in the Fig. 4

by dashed-lines. As can be seen in Fig. 4, the improved

effective potential can be applied to describe scattering

phase shifts for higher partial levels of this system.
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Discussion and summary. We have presented

that CSM is a useful method for obtaining the resonant

states and the scattering quantities such as the phase

shifts. The phase shift of the two-body α + n system

has been investigated in the present method. Further-

more, we have investigated the scattering phase shift of

α+n system with real- and complex-range Gaussian ba-

sis functions. Two different basis functions showed that

the resonance behaviors of scattering phase shifts are

similar to each other.

The original α+n interaction constructed by Kanada

et al. [15] well reproduces p-wave phase shifts, but it

does not give good reproduction of observed higher-

partial wave phase shifts of d- and f -waves. However,

as discussed in the previous section, we have used α+n

improved effective potential and it well reproduces the

observed d- and f -waves phase shifts.
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064306 (2011).

12. T. Myo, Y. Kikuchi, and K. Katō, Phys. Rev. C 85,
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