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The oscillatory motion of electrons in a periodic potential under a constant applied electric field, known

as Bloch Oscillations (BO), is one of the most striking and intriguing quantum effects and was predicted more

than eighty years ago. Oscillating electrons emit electromagnetic radiation and here we consider this BO effect

for emission in the THz region. To date, it has been assumed that the Bloch oscillation of an electron is an

harmonic oscillation, therefore with radiation emitted at the single Bloch frequency. We analyze scenarios

when Bloch oscillations can be accompanied by the emission of radiation not only at the Bloch frequency

but also with double and triple Bloch frequencies. The first scenario means that electrons could jump over

neighboring Stark states. The second scenario of anharmonic emission is coupled to an opening of the minigap

in the miniband.

DOI: 10.7868/S0370274X15240030

Introduction. When an electric field F is applied

to an electron in a periodic potential with a period d,

its translational motion can be transformed into an os-

cillatory motion [1, 2] with a frequency ω given by

~ω = eFd, (1)

where e is the electron charge.

For a one-dimensional periodic potential, the depen-

dence of the electron energy on its wavevector, K is

also periodic. When the electron, experiencing acceler-

ation under an applied electric field reaches the energy

corresponding to an inflection point of the dispersion

dependence, the effective mass of the electron becomes

negative, and its group velocity starts to fall with sub-

sequent increase of its energy. When an electron reaches

the edge of Brillouin zone, its group velocity changes

sign and the electron starts to move back. Such oscilla-

tory motion, called Bloch oscillation (BO), implies that

the electron reaches the energy, corresponding to the

top of the band, which defines the threshold values of

electric field Fth [3, 4]

W = eFthl, (2)

where W is a width of energy band and l is a mean free

path of an electron.

The oscillatory motion of an electron should be ac-

companied by the emission of electromagnetic radiation

1)e-mail: mkaliteevski@gmail.com

with the frequency defined by Eq. (1). A more accu-

rate picture of BO can be given by the following quan-

tum mechanical consideration. When an electric field

is superimposed on a periodic potential, the miniband

structure is replaced by the set of equidistant localized

states (called Stark states) separated by the energy in-

terval given by Eq. (1): Wannier–Stark localization oc-

curs [5, 6], as shown in Fig. 1a. In the framework of this

picture, electromagnetic radiation is emitted via spa-

Fig. 1. (Color online) (a) – Schematic picture of Wannier–

Stark ladder in the miniband of a biased superlattice. Ar-

rows indicate transitions between the neighboring states

(separated by Bloch energy), and jumps over one and two

Stark states (separated by double and triple Bloch ener-

gies, respectively). (b) – Miniband in biased superlattice

split with a gap of width D. The states |α〉, |β〉, and |γ〉

are localized mostly in lower sub-miniband while the states

|A〉 and |B〉 are localized mostly in upper sub-miniband
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Fig. 2. (Color online) (a) – Arrangements of atoms in the densely packed layers. (b) – Brillouin zone of hexagonal crystalline

lattice. Axis C is an axis of natural SL in SiC. Arrangement of atomic layers (Ramsdell zigzag) for the polytype 4H–SiC

(c). The circles denote a pair of atoms Si–C. (c) – The component of 1D potential profile along axis of symmetry C (with

the period equal to half-period of structure), introduced by Dubrovski et al. [26] for the description of the properties of SiC

natural superlattices, denoted as U4H. An additional 1D potential (with the period equal to the period of structure) leads to

the appearance of the minigap, denoted as UF

tially indirect radiative transitions between states in the

so-called Stark ladder.

In most natural crystals, observation of BO is prac-

tically impossible due to the large bandwidth, which

requires very strong electric fields exceeding the break-

down limits. In 1970, in the pioneering work of Esaki

and Tsu [7], artificial superlattices (SL) with a miniband

energy spectrum were suggested as a prospective basis

for the development of THz radiation emitters. Some

unambiguous precursors of BO such as negative differ-

ential conductivity caused by Bragg scattering of elec-

trons [8, 9], Bloch gain [10, 11]. Stark localization [12, 13]

have been demonstrated experimentally. Furthermore,

some evidence of BO and its corresponding THz radi-

ation were obtained by optical techniques in artificial

superlattices (SL) which were electrically biased and un-

der band–to band excitation by femtosecond laser pulses

[4, 14, 15].

There are also natural SLs occurring in silicon car-

bide [16–18]. The crystalline lattice of silicon carbide

can be (similarly to the case of GaAs or Si) consid-

ered as a stack of densely packed layers. In contrast to

an arrangement of the type ABCABC (for zincblende

structures) or ABAB (for wurtzite structures) type, the

arrangement of layers for different polytypes is more

complicated: the polytype 4H–SiC has an elementary

unit such as ABCB, as illustrated in Fig. 2. Existence of

a period, equal to several spacings between layers leads

to the formation of miniband structure in a SiC nat-

ural SL [18], as shown in Fig. 2. Recently, emission of

THz radiation with emission power of over 10µW from

quasi-CW biased 6H–SiC at liquid helium temperatures

has been experimentally observed [19].

Hexagonal polytypes of SiC, have a peculiar band

structure in the vicinity of the minima, closest of the

Fermi level for the direction corresponding to an axis of

symmetry of the structure C [20]. Note that the Bloch

oscillation in SiC was observed for the motion of the

electrons along C. On the boundary of the Brillouin

zone, the state in symmetry point L is twice degenerated

and folding of the dispersion dependence occurs [20].

Therefore, for the wavevector, K in 1st Brillouin zone,

in the interval between L̄ and L (for −π/d < K < π/d),

the electron effective mass in the lower branch of disper-

sion dependence is positive, and no oscillatory motion is

possible (see Fig. 2). The inflection point of dispersion

dependence required to change the sign of group velocity

of electron corresponds to wavevector, K lying within

the intervals −2π/d < K < −π/d and π/d < K < 2π/d,

as shown in Fig. 3a.

Therefore, the electron cannot experience Bragg re-

flection when it reaches the edge of the 1st Brillouin

zone at the L point. In other words, without a bandgap

(at the L point), no Bragg reflection occurs. On other

hand, the electron can be reflected at the edge of the

2nd Brillouin zone at point M with K = 2π/d. Thus,

the BO in K-space along is characterized by a period

of 4π/d and is associated not with the full period in

real space, but with its half-period, d/2. Such motion of

the electron experiencing the cycle of Bloch oscillation,

shown in Fig. 3a, is accompanied by a radiation emission

with the frequency ω = eFd/(2~). If the degeneracy L

point is lifted (due to application of the stress, mag-

netic of electric field), a minigap appears, and inflection

point of dispersion relation occurs in the 1st Brillouin

zone. In this case the period of BO in K-space have a

period which becomes equal to 2π/d, corresponding to

the period of the crystal in real space d. Such motion

is accompanied by emission of the radiation with the

frequency ω = eFd/~. At the same time, electrons can
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Fig. 3. (Color online) The dispersion relations in the model

1D potential, corresponding to a fragment of the disper-

sion relation for natural non-biased SL 4H–SiC along MЧL

line, expressed using Jones zone scheme in the vicinity of

indirect minimum in conduction band (closest to the Fermi

level) in the absence (a) and presence (b) of a superim-

posed potential with double period. Arrows illustrate the

process of Bloch oscillations for two cases. The period of

natural superlattice denoted as d. The crosses mark the

inflection points on the dispersion relations

tunnel through the minigap, and have the trajectory in

K-space shown in Fig. 3b. Thus, a co-existence of the

BO of an electron with different spatial periods (which

differs by factor of 2) occurs. This effect could lead to si-

multaneous emission of radiation with single and double

Bloch frequencies.

At present, it is assumed that the BO of electrons in

a SL is a harmonic oscillation, accompanied by emission

of radiation with single frequency, defined by Eq. (1).

Detailed analysis of the dynamics of electrons has been

provided by Luban et al. [21, 22] using nearest neigh-

bor approximation, and in the framework of this ap-

proach it was shown that dipole matrix element is non-

zero only for the transition between neighboring Stark

states, separated by the Bloch energy given in Eq. (1).

On the other hand, the spatial profile of the poten-

tial, providing Wannier–Stark localization differs sub-

stantially from the parabolic potential, leading to har-

monic oscillation, and one might expect that the ma-

trix elements, corresponding to radiative transitions be-

tween Stark states separated multiple Bloch energies

could also have non-zero values. In addition, some man-

ifestations of non-linear properties of Bloch oscillation

were demonstrated theoretically [23] and experimentally

[24, 25].

This paper is aimed at the investigation of the pos-

sibility of radiation emission with double, triple, and

multiple Bloch frequencies originated from BO. First,

the possibility of a multiple frequency emission caused

by anharmonicity of BO will be analyzed. After which

the influence of the minigap in the electron band on

the motion of electron and emission of radiation will be

studied.

We use effective media approach and 1D potential,

which initiate a miniband in the dispersion relation, sim-

ilar to the miniband in SiC, which is responsible for re-

cently observed BO [19]. For the modeling, we use a

finite size SL, formed by 100 quantum wells each with a

thickness of 0.57 nm separated by barriers with a thick-

ness of 0.33 nm. The height of the barrier is 2 eV. The

resulting SL has a period of 0.9 nm and possesses a mini-

band with the width of 600 meV, as shown in Fig. 3. Such

a 1D potential, denoted as U4H in Fig. 2c was proposed

by Dubrovski [26, 27] for the modeling of a natural SL

based on SiC. Such a very simplified model potential

provides an adequate description of the experimentally

observed optical [28] and electrical [29] properties of sil-

icon carbide. The total thickness of the SL is 80 nm,

and it is surrounded by barriers with a height of 2 eV.

Despite the simplicity of the effective media model, the

chosen 1D potential represents the principal features of

the branch in dispersion relation for SiC, in the vicinity

of a minimum at the M point, which is closest to Fermi

level (see Fig. 2f in Ref. [20]). In particular, the 1D po-

tential model yields a similar miniband width, which is

responsible for BO in SiC, and also the shape of the

dispersion relation for this minigap. Furthermore, the

effect of minigap opening can be modeled simply by su-

perimposing an additional potential UF with doubled

period (see Fig. 2c).

Results and discussion. The Stark states and

their wavefunctions were obtained by the “outgoing

wave approach” [30], utilizing the transfer matrix tech-

nique to solve the Schrödinger equation (see the Ap-

pendix for details).

Fig. 4 shows the profiles of the probability density

for the Stark states, localized in a biased superlattice

for different values applied electric fields. The value of

the applied field defines the frequency of Bloch oscilla-

tions.

It can be seen that the Stark states have a charac-

teristic size s, given by

s = W/eF (3)

corresponding to the cross-section of the sloped mini-

band by the equipotential line and rapidly decays out-

side the miniband.
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Fig. 4. (Color online) The profile of the potential in biased superlattice and probability density |Ψ|2 for the Stark states. Ap-

plied electric field 500 kV/cm corresponding to Bloch frequency 10 THz (a); 200 kV/cm corresponding to 4THz (b); 100 kV/cm

corresponding to 2THz (c, b); 50 kV/cm corresponding to 1THz (d). Sloped lines show the boundaries of the miniband

For a field above 100 kV/cm, the Stark states spa-

tially occupy only a fraction of the structure, see Figs. 4a

and b. When the magnitude of electric field decreases,

Stark states expand, and eventually exceed the size of

the structure, and the regime of Wannier–Stark localiza-

tion becomes replaced by the localization by the barrier

which surrounds the structure.

The probability P of the photon spontaneous emis-

sion due to radiative transitions between Stark states

with energies El and Ej is defined by dipole matrix el-

ement Ψl|x|Ψj via Fermi’s golden rule:

P = α|〈Ψl|x|Ψj〉|
2n

2ω3

πc2
, (4)

where α ≈ 1/137 is a fine structure constant, n is re-

fractive index, ω = (El −Ej)/~. An analytical estimate

of the dipole matrix element 〈Ψl|x|Ψj〉 reads [21, 22]

|〈Ψl|x|Ψj〉| = s/4 (5)

and, using Eqs. (1), (3), (4), and (5) the probability of

an emission can be estimated as

P =
α

16π

(

nWd

c~

)2

ω. (6)

Fig. 5 shows the dependence of the probability of

transitions between the neighboring Stark states as a

function of BO frequency (which is proportional to ap-

plied electric field F , shown in upper scale). As it can be

seen, for the frequencies of BO above 2 THz, the proba-

bility P is linearly proportional to frequency of emission,

and the results of numerical modeling coincide with the

analytical estimate obtained using Eq. (6). For frequen-

cies below 2 THz, the size of the Stark state s exceeds

the size of the structure, and in this case, the dipole

matrix element does not experience a noticeable vari-

ation with decreasing applied electric field F . In such

a regime, the variation of the probability is governed

by the frequency dependence of the density of photonic

states (see Eq. (4)), and is proportional to ω3.

It can also be seen, that the probabilities of transi-

tions over one and over two Stark states (accompanied

by emission of radiation with a double and triple Bloch

frequency, respectively) have substantial values, and are
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Fig. 5. (Color online) Dependence of the rate of the radia-

tive transition on the frequency of emitted radiation cor-

responding to the transition between neighboring states

separated by single Bloch energy (green squares). Dashed

lines show the dependence obtained by analytical Eq. (6).

Red circles and blue triangles show the dependence for the

transition over one Stark state (between the states sepa-

rated by double Bloch energy) and over two Stark states

(between the states separated by triple Bloch energy). The

upper scale shows the value of electric field applied to SL

about an order of magnitude smaller, than the probabil-

ity of an emission of radiation with the Bloch frequency.

As mentioned in the Introduction, the opening of a

minigap in a miniband could lead to coexistence of BO

with two different periods and the emission of radiation

with a single and double frequency BO. However, the

qualitative analysis, leading to such an assumption, op-

erates on the terms associated with the band structure:

such the wavevector, Brillouin zone, etc. In reality, in

the case of the high electric field required for Wannier–

Stark localization, the wavevector is not a good quan-

tum number anymore. Therefore, an intuitive hypoth-

esis about coexistence of BO with two spatial periods

require rigorous numerical confirmation.

For the quantitative analysis of the influence of a

minigap on BO in the framework of a 1D model, one

should superimpose an additional periodic potential

(denoted as U in Fig. 2c) to potential U4H. In the subse-

quent modeling, we will use the width of such a minigap

as an independent parameter, in order not to limit our

studies to case of silicon carbide but instead to general-

ize it to an arbitrary SL with a superimposed potential.

When the width of the miniband is small, electrons

will tunnel through it without a noticeable reflection –

the minigap does not affect the motion of electron. On

other hand, when minigap is large, electrons are re-

flected, and instead of one Stark ladder, two indepen-

dent Stark ladders occur, as demonstrated in Figs. 1b

and 6. There are the states localized in lower Stark lad-

der (denoted as |α〉, |β〉, |γ〉) and the states, localized at

upper Stark ladder (denoted as |A〉 and |B〉). Note that

the energies of the Wannier–Stark states in two ladders

could be shifted with respect to energies of the state,

in the single Stark ladder, formed in miniband with no

minigap. Let us define the shift of energy levels δ as

δ = EA − (Ea − ~ω), ω+ = ω + δ, and ω− = ω − δ.

It could be seen, that the energy intervals between the

states can have the following different values: ~ω+, ~ω−,

2~ω, ~(2ω + ω+), and ~(2ω + ω−), as explained in the

Table 1. In the subsequent discussion, we will use the

Table 1 Possible transitions between the states in biased split

miniband shown in Fig. 1b, the frequency of emitted radiation,

associated with specific transition

Transition Frequency of

emitted radiation

αA ω−

βA ω+

αβ 2ω

AB 2ω

αB 2ω + ω−

γA 2ω + ω−

following notation: the transition between state |α〉 and

state |A〉 will be described as transition αA, and so on.

The value of energy shift δ non-monotonically depends

on the width of minigap ∆, as illustrated in Fig. 7a.

Fig. 6 shows the profiles of the Stark states for dif-

ferent values of the minigap. An applied electric field of

500 kV/cm corresponds to a Bloch oscillation with a fre-

quency of 10 THz in a SL with no minigap. For compar-

ison, the Stark states in the miniband without minigap

are also shown (Fig. 6a). In the case of the absence of a

minigap, the energy interval between consecutive states

is equal to the Bloch energy, and the profiles of the states

are identical. When the minigap appears, two types of

Stark states appear, as shown in Figs. 6b–d. The energy

interval between the states of different types is either

~ω+, or ~ω−, the interval between the states of the same

type is 2~ω. When the minigap is large enough (Fig. 6d)

the states are distinguishably localized in either upper

or lower sub-miniband. When the minigap is small, the

Stark states are spread between the two sub-minibands.

The results of numerical modeling of the probabil-

ities of emission caused by various transitions between

states in upper and lower miniband are shown in Fig. 7b.

It can be seen, that an increase of the width of minigap

∆ leads to a decrease of the probability of transitions αA

and βA, accompanied by emission of radiation with “sin-

gle Bloch frequency” ω+ or ω−. At the same time, the
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Fig. 6. (Color online) (a) – The profile of the potential in biased superlattice and probability density |Ψ|2 of the three neigh-

boring Stark states in the case of absence of minigap. (b–d) – The profile of the potential in biased superlattice and the

probability density |Ψ|2 for the Stark state the type α (blue curve) and of the type A (red curve) in split miniband. Sloped

line shows the boundaries of the sub-minibands. Applied electric field is 500 kV/cm, which in the case of absence of the gap

corresponds to Bloch frequency 10THz. The values of minigap are 9meV (b); 40 meV (c); and 80meV (d). Sloped orange

lines show the boundaries of the minibands

probability of transition at double BO, such as αβ and

AB, demonstrates non-monotonic behavior and, when

the width of minigap exceeds 30 meV, the probability of

transitions αβ becomes comparable to the probability

related to the single Bloch frequency. It means that the

spectrum of emission caused by Bloch oscillations could

be substantially modified: an additional emission line at

double the Bloch frequency can appear, and the width

of the line at the Bloch frequency could be increased due

to a shift of energy levels in two Stark ladders. Note that

for the 1D model potential considered here, a noticeable

influence on the minigap occurs only when the width of

the minigap ∆ exceeds Bloch energy given by Eq. (1).

To conclude, we have shown that Bloch oscillations

are anharmonic: it could be accompanied by emission

of radiation with double, triple and, in general, multi-

ples of the Bloch frequency. We have also analyzed the

influence of the minigap on the Bloch oscillation pro-

cess, and have shown that, in this case, two indepen-

dent Stark ladders appear and the energies of the Stark

states in the upper and lower ladders are shifted with

respect to each other. The predicted effects can lead to

an increase of intensity at double the frequency of Bloch

oscillation, and a broadening of the emission line at the

single frequency of Bloch oscillation.

Authors thank V.I. Sankin and A.V. Andrianov for

useful discussion. A.J.G. acknowledges support by FP7

IRSES project POLATER and FP7 ITN project NOT-

EDEV.

Appendix. Eigen energies of Stark states and their

corresponding wavefunctions have been obtained by

solving the Schrödinger equation by the transfer ma-

trix technique using outgoing wave boundary conditions

[24], implying that no wave is incident on the structure

from outside. In the basis of propagating wave transfer

matrix through a uniform layer of the thickness di is

given by

M̂i =

(

exp(ikidi) 0

0 exp(−ikidi)

)

, (7)
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Fig. 7. (Color online) (a) – The dependence of the energy

shift between lower and upper Stark ladders on the width

of the minigap ∆. (b) – The probabilities of the radiative

transitions at “single” Bloch energy (αA and βA), double

Bloch energy (αβ and AB), and “triple” Bloch energy (αB

and γA), as a function of the width of minigap ∆

where wavevector ki =
√

2mi(E − Ui)/~, mi is an ef-

fective mass of an electron, E is an energy of eigenstate,

and Ui is the potential energy of an electron. The trans-

fer matrix through the interface between layers with in-

dices i and i+ 1 reads

T̂i =
1

2









1 +
mi+1ki
miki+1

1−
mi+1ki
miki+1

1−
mi+1ki
miki+1

1 +
mi+1ki
miki+1









. (8)

The transfer matrix through the whole structure M̂ is

the product of the transfer matrices through individual

layers and boundaries between them. An equation for

eigenenergies can be obtained by coupling of the ampli-

tudes of outgoing wave on the right and left sides of the

structure:

A

(

1

0

)

= M̂(E)

(

0

1

)

, (9)

where A is some constant. Eventually, an equation for

the energies of a localized eigenstate can be reduced to

the simple form

M22(E) = 0. (10)

In the case of biased periodic potential Eq. (10) gives the

set of equidistant Ej , and the interval between neigh-

boring states is equal to the Bloch energy: |Ej+1−Ej| =

= eFd.

Wavefunctions Ψi of localized Strark states with en-

ergy Ej can be obtained by the transfer matrix tech-

nique.
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