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B pa60Te 06Cy}K,Ha€TC$I TOJIACTOYHOBCKasl MOJa CKUPMHUOHHOI'O KpUCTaJlJIa B MOJAEJIN JABYMEPHOI'O d)eppo-

MarfeTuka ¢ B3anmozeiicreueM JI3smommuckoro-Mopuu BO BHEIIHEM MAarHUTHOM mojie. B moaxome crepeorpa-

buueckoit TPOEKIUH CTPOUTCS KOHMUTY DA CKUPMUOHHOTO KPUCTAJLIA, TIOCTE YEr0 PACCMATPUBAETCS MO

CMeIEeHnt CKUPMUOHOB. B ¢ty HeOOIBIIIOro mepekpouITs cTepeorpadudeckux 00pa30B MOTEHITHATbHAS SHEP-

'S BBIPAYKAETCA B TEPMUHAX CMEIEHU TOIBKO OJIrKaiiux coceneit. B pabore Haiiien obmuii BUI JUCIIEPCUN

I‘OJ'I,ZLCTOyHOBCKOfI MO/JIbI, a TaK?Ke€ U3yvIeHa 3aBUCUMOCTDH IIapaMeTpPOB OT MarHUTHOI'O I10JId. B kBasuknaccuye-

ckoM dopmasimaMe Haiimena dyHKIms ['prHa, MoOKa3aHo, YTO pACIPOCTPAHEHIE CMEIEHN B KPUCTAJIJIE MEHSIET

CBOIO TEH30PHYIO CTPYKTYPY C M30TPOMHOM Ha aHU30TPOMHYIO HA OOJIBIITNX PACCTOSTHUSX.

DOI: 10.31857/S1234567823180118, EDN: wwxblc

BgBesienue. MaruuTHbie CKUPMUOHBI — TOIIOJIOTHYE-
CKU HETPUBHAJIbLHBIE BUXPU JIOKAJIHHON HAMATHIIEHHO-
cru. Biarogapsi TOMOJIOTUYIECKO 3AIUINEHHOCTH, Ma-
JICHBKUM pa3MepaM U BO3MOYKHOCTU MAHUIYJISIAN 110~
JIOYKEHWEM CKUPMHOHOB IIPU TIOMOIIU CIITHOBBIX TOKOB,
MATHUTHBIE CKHPMHOHBI MOT'YT TIOCJTY KUTH OCHOBOM J1JTsI
pa3paboTKu HOBEHIUX ycTpoicTB Gerosoit namsitu [1],
a Takxke apudMeTUKO-JIOINIeCKUX yeTpoiicTs [2].

B ompesesennoM cMbICie MATHUTHBIA CKUPMHUOH
[3] — 9TO Upe3BBIYAHO MAJIEHBKHUI MATHUTHBIH 11y3BIPh
[4] (mmmegpudeckas JomeHHast creHKa [5]). B repmn-
HAX OIMCAHUS JIOMEHHBIX CTE€HOK PaJINyC CKUPMUOHA
COIIOCTABUM C MIUPHUHOIM JOMEHHOW CTEHKH W OIpejie-
JISIETCSL BEJIMYIUHON B3aMMOJIEHCTBUs J35I0MMHCKOrO—
Mopwun (IM) [3, 6].

Kak mpaBuio, Jijist onucanusi TUHAMUAKHI JIOKAJIbHON
HAMATHUYEHHOCTH WCIOJIb3yeTcss ypaBHenue Jlamnay—
Judbummna-Twis6epra (JIJIT). Tlpu onucanus asuzke-
HUs JOMEHHOW CTEeHKM Kak Iejioro u3 ypasaenus JIJIT'
MOKeT OBITh HOJIy4eHO ypaBuenue Tuie [7]. Ypasuenue
Tue u ero 06061eHNA [8] ABIAIOTCH TTIABHBIM HHCTDY-
MEHTOM aHAJIN3a J(BIKEeHUs CKUPMUOHOB [9]. B wacrHO-
ctu, ypaBHenue Tuje JIOIMycKaeT ydeT BIUSHUS CIIUHO-
BBIX TOKOB HA JIBUXKEHHME CKHPMUOHOB U TO3BOJISIET 06-
CyKJIaTh JIBUYKEHNE CKUPMUOHA HA TPEKe, CM., HAIIPU-
mep, [9].

B perterkax 6e3 1ieHTpa UHBEPCHUY C B3aUMOJEHCTBH-
em JIM MarHuTHBIE CKUPMUOHBI 339ACTYIO0 YIIOPSIOUU-
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BalOTCs B peryisipable pemerku [10-12]. Takue pemter-
KU, TAKKE HA3BIBAEMbIE CKHPMUOHHBIMHU KPHUCTAJLIAME
(CxK) [13], obpa3syiorcsa B ciaydae, KOTJa OJMHOYHBII
CKHPMUOH 00J1a/1a€T MeHbIIIeil SHeprueii 10 CpaBHEeHUIO C
OJITHOPOJIHOI KOH(UTypalleil, MAarHUTHOM CIMPAJIbIO WK
KoHUYecKoil koudurypanueit [14]. Panee namu 656110 110-
Ka3aHo, YTO IIPHU ILIOTHO! yIIaKOBKEe CKUPMHOHOB, IOMU-
MO HapHOTO OTTAJKHBAIOIIETO B3aUMOACHCTBUS MEXK Ly
CKHUPMUOHAMHE, BO3HUKAET IIPUTATUBAIONIEE B3aNMOIEH-
crBUE B Tpoiikax ckupmuonos [15]. Takum o6pazom jBu-
JKeHUe OTAEJbHBIX CKIUPMUOHOB B PEIIeTKE He CBOIUTCS
K JIBMDKEHUIO YEJIMHEHHOTO CKMPMUOHA B IIOTEHIUAIb-
HOH AMe.

Bosoyxnenna B CkK 061ama10T CIOXKHOM 30HHOM
crpykTypoii [16-19]. Bo3byzkueHus: ¢ pasHO#l yriaoBoii
CUMMeTpHeil OTBeYaroT Pa3JIMIHbIM J1ebOpPMAIMOHHBIM
MOJIAM OTJIEJBHBIX CKUPMHUOHOB, TAKAM KAaK: SJIIAIITH-
yeckasl, JbIXaTe bHasl, BpalleHue [0 9acoBOil cTpeJike,
IPOTUB 4YacoBOil cTpejku u jap. Mojwl ¢ omnpesesneH-
HOit cumMerpueii [20] HpPOSBIILIOTCS B 9KCIIEPUMEHTAX
0 MArHUTHOM pe3oHaHncy [21].

Msrkas roiacroynoBckast moga CkK, Takxke Ha3bi-
BaeMas IMPOTPOIIHON MOJIOi, aCCOIUUPYETCsl CO CMeIIle-
nueM ckupmuonos B CkK u Bnepsblie o6cy»K 1a1achk B pa-
Gore [22]. CkK B Heil paccMaTpuBaJICsd KaK CyIepIIO3u-
1Sl TPeX MArHUTHBIX CIUPAJIeil ¢ COOTBETCTBYIOMIAMUI
capuramMu a3, u OBbLIO MMOKA3aHO, YTO HAJIUYIHE TOIIO-
JIOTUIECKOTO 9JI€HA B JIATPAHKHNAHE NTPUBOJAT K KBAI-
PaATUYHON Juciepcuu MArkoil MoJipl (4T0 HEJABHO BBLIO
HOJTBEPKIEHO YncjieHHo B padore [23]). T'uporponHast
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MOJIa He MPOSIBJISIETCS B IKCIEPUMEHTAX 10 MATHUTHOMY
pe3oHaHCy [24], oqHAKO BUIHA B HEYIIPYIOM DACCesiHAN
HefiTpoHOB [25].

B sroit pabore MBI paccMarpuBaeM TPOCTEHIIYIO
MOJIeJIb HEIEHTPOCUMMETPUYIHOIO (heppOMArHeTHKa C
B3anmogeticrBuem JIM BO BHEIIHEM MATHUTHOM IIO-
se, B koropom CkK sBisiercss OCHOBHBIM COCTOSIHU-
eM B IIMPOKOM JMalla30He IapaMeTpoB. Mbl UCIOJIB-
3yeM IOJX0J cTepeorpaduIecKoil IPOeKIInu, I03BOJIs-
IONUI OCTABATHCS B MApaJUrMe CKUPMHOHOB KaK KBa-
3UYACTHUIl, ¥ PACCMATPHUBAEM II0JIEé CMEIEHUN II0JIOXKe-
HUI CKUPMHOHOB B pemieTke. Mbl YiC/IEHHO [T0Ka3bIBAEM
[IPUMEHUMOCTDb MPUOJIMKEeHNsT OJIKafimux coceneil u
[IOJIy4aeM 3aMKHYTOE€ BBIDAXKEHUE JIJIsi JTUCIIEPCUU TOJI-
JICTOYHOBCKOM MOJIbI. MBI TaK:Ke HAaXOIUM 3aBUCHMOCTH
CIJIOBBIX KOHCTAHT OT BHEITHEr0 MArHuTHOTrO 1moJs. [1o-
Ka3aHOo, U9TO AUHAMAYIECKas PYHKIus [ puHa cMmerneHunit
MU30TPOIIHA HA MaJIbIX PACCTOSIHUSIX, B TO BpeMs Kak Ha
IIPOMEXKYTOYHBIX PACCTOSHUSX €€ TEH30PHAA CTPYKTY-
pa aHM30TPOITHA.

Mopaeab. Mbl paccMaTpuBaeM ILIOCKYIO MOJETb
HEIEHTPOCUMMETPUAIHOTO (DEPPOMATHETHKA C B3AUMO-
neiicrBueM /IM B OJHOPOJHOM MArHUTHOM IIOJIE, IT€p-
[IEHIUKYJISIPHOM ILJIOCKOCTH. [[JIOTHOCTD HEpruu Takoii
MOJIEJIN JIA€TCH BBIPAXKEHUEM:

£ = %a,usiausi — Deijﬁ#Sj — BSs, (1)

rie C' — napamerp oOMeHHOTO B3auMmoeiicteust, D — Be-
Jsmanna B3anmoeiicteus JIM, a B — BejmduHa BHeIITHE-
0 MarHUTHOTO I10Jisi. Y00HO BBIOPATH €IMHUIIBI U3Me-
penust B Mozesn (1) cieayromumm o6pa3om: Mbl Oy/1eM U3~
MepATh JinHy B exununiax | = C'/D, a mwioTHOCTH SHEP-
run B emuannax CS2172 = S2D?/C. Torna sueprus
OyIeT 3aBUCETh TOJBKO OT OJIHOI'O 6e3pa3MepHOIo Iapa-
merpa b = BC/SD?. Mbl paccMaTpuBaeM mpeje HiTs-
KX TEMIIEPATYD, KOIJa JIOKaJbHAasi HAMArHUYEHHOCTH
HACBIIIEHA, U €€ MOJYJ/Ib He MEHSIeTCS OT TOYKHU K TOY-
ke S = Sn, e |n| = 1. Takaa gByMepHasi MOJEJb
[MPUMEHUMA TaKKe K TOHKUM ILJIEHKAM, TOJIIIUHA KOTO-
PBIX MEHbIIE WU Topsijka . Mbl OllycKaeM MarHuTOu-
[IOJIbHOE B3aUMOJIEHCTBUE, IIOCKOJIBKY B HAIIEM CJIy4ae
OHO MOXKET OBITH CBEJIEHO K OJHOOCHON aHW30TPOIUH,
a HeOOJIbINAasl AHM30TPOIUST IIPUBEJIET JIUIIb K HE3HATN-
TeJIbHBIM H3MeHeHusiM napaMerpos CkK.

Tlonxom crepeorpaduveckoil MPOEKITUU MTO3BOJISET
BBIPA3UTh KOMIIOHEHTHI BEKTOPa N CJIEAYIOUM 0Opa-
30M:

2 o _1-f]
T+ff 1+ fp

351ech f — KOMILJIEKCHO3Ha4HAasi (pyHKIWUs, & f — KOM-

ni +ing =

(2)

IUIEKCHO compsizkenHas K Heil. Crepeorpadudeckunii 06-
pa3 eJMHUYHOIO0 CKUPMUOHA, YI00OHO 3alucaTh B BUJIE:
i 2o k(2Z/23)
fi=—77"7""", (3)
Z

rie Kk — IJIaJiKasl BellleCTBEeHHas IpoduibHast DYHKIMS,
Zp — MapaMeTp, CBSI3aHHbIM ¢ pA3MEPOM CKUpMUOHA. AH-
3ar (3) nambosiee ymoben jyuist onmcanust caydas CkK,
B TO K€ BpeMsl OH IIOJIHOCTbIO BOCIIPOU3BOIUT PODUIH
[IOJTy YEHHBIN B pAMKAX aH3alla [UJIHHIPUIeCKOH TOMeH-
HO¥ CTEHKM JIJIsl YEeIMHEHHOTO CKUPMHOHA. Panee ObLI0
[IOKa3aHO, YTO cTepeorpaduyecKuii 0opa3 MyJIbTUCKIP-
MHOHHON KOH(MUTYPAIMH MOXKET OBITH C XOPOIIEeil TO4-
HOCTBIO IIPEJICTABJICH CYMMOI cTepeorpaduiecKux 00-
pas30B OT/eIbHBIX cKUpMuoHOB [15]. B wacrrocrn, CkK
ONHCHIBaETCH cieytommeil pyHKIueit:

fsrx :Zﬁ(r*nm — may), (4)

n,m

rae a; = (0,a), az = (*\/3(1/2,0,/2), a a — IHapa-
merp pemerku CkK, cm. puc 1. Craruyueckue cBoiicTBa
auzana (3)-(4) nmoapobHO 06CYKIAINCH HAMH DaHee B
paborax [15, 14]. Bpuio nokazaHo, 4ro IpeijioxKeHHast
koudurypanua CkK obsamaer MeHbinell sueprueil mo
CPaBHEHUIO ¢ MAHUTHOM CIIMPAJIbIO U OJQHOPOIHON KOH-
duryparmeit B 1ruana3oHe 3HAYEHUN MATHUTHOTO IIOJIS,

0.25<b<0.8.
N

a

. =

Puc. 1. (IIsernoii omnaita) Dckuz CkK ¢ oxHuM cmeren-
HBIM M3 IIOJIOXKEHUsI PaBHOBECUsI CKUPMHOHOM. KpacHbie
CTPEJIKU U TEKCATOH IIOKA3BIBAIOT BEKTOPA PEIIETKH U IIPY-
MutuBHYIO stueiiky CKK, opaHKeBbIil KPYT UJLITIOCTPUPYET
TUIUYIHOE 3HAYEHUE TapaMeTpa 2o, 3eJieHas CTPEeIKa 060-
3HA4YaeT CMEIICHHE CKUPMHOHA B IIPABOM BEPXHEM YIUIY.
3ona BpuutosHa u ee cUMMeTPUIHBIE TOYKHA H300pazke-
HBI B IIPABOM HUKHEM YIJLy

JluHamMuKa BeKTOpa JIOKAJbHON HaMarHUYEeHHOCTH
OIHCBHIBAETCSI TJIOTHOCTBIO Jiarpamxkuana, L = T — &,
CO CJIEYIONNM KHHETUIECKUM CJIAraeMbIM:

S
T = 21— cos0)¢, (5)
Yo
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rae @ u 0 OIpemessiioT HAIPABJIIEHWE BEKTOpa N =
= (cosysinf,sinpsinf, cosd), a vy — rupomMarsHuT-
Hoe orHomreHne. MoxKHO yOequThest, 9T0 Takas (hop-
Ma KHHETHIECKOTO CJIAraeMoro MpUBOJIUT K YPABHEHUIO
Jangay—JIudumia. B repmunax f Boipaxkenue (5) Mo-
2KeT OBITh 3aIllUCAHO CJIEAYIOIMKUM 00pa30oM:

i fouf — fof

T[f]:2 1+f,f >

(6)
371€Ch MHOXKUTEJIb S /o ObLI BKJIIOYEH B €IUHUIILI U3ME-
penus Bpemenu. Tounoe ypasuenue ua f(t) cyiecrBen-
HO HeJIMHEHOE U He MOXKET ObITh PEIIEHO B ODIIEM BHJIE.
B npenpraymux padorax [19, 20] Mbr 06cy K 1asm onuca-
HUE HOPMAJbHBIX MOJI HH(DUHUTE3UMATBHBIX (DIIYKTya-
nuit pyukuuu f. B 3roit pabore MBI COCPeIOTOYNMCS
Ha [TOCTPOEHUH IIOJIX0Ja K OIMCAHUIO I'HPOTPOITHON MO-
ne1 CkK.

Ilone cmertteHuit u aucnepcusi. B mpeapiaymumx
paboTax Mbl paccMaTpuBaiu fsix, yp. (4), KaK paBHO-
BECHYIO KOH(UI'YPAIUIO JIOKAJBLHON HaMarHUYeHHOCTU
fo, HA dDOHE KOTOPOI CYIIECTBYIOT HEOOJIBIITIE JHHAMI-
qeckue daykryanun, d f. Obmas GyHKIus MOXKeT ObITh
3aIMCaHa CJIEIyIOIMIM 06pa3oM

f=fo+6f=fo+ 1+ fofo),

JUHAMUKa 1 ToapoOHO obOcy:Kjajiachk paHee B pabo-
Te [19].

B macrosimeit pabore Mbl moJsiaraem, UTO peIieTKa
CKUPMHUOHOB HECOBEPIIEHHA, B TOM CMBIC/IE, UTO €€ CTe-
peorpadudecknii 06pa3 Bce eIle OMUCHIBACTCS CyMMOIt
OTIEJbHBIX CKUPMHUOHOB, U WX (POpPMa OCTAETCSA OITU-
MaJILHOM, IIPU 9TOM HECOBEPIIIEHCTBO MPOSBIISIETCS B TIO-
JIOKEHUU IeHTPoB cKupMuoHoB. [lomobHoe paccmoTpe-
HUE CXOXKe C OIMCAHUEM CMEIEeHU HOHOB B KPUCTAJLIAX
B Teopuu (DOHOHOB.

[skx :Zfl(r_rl(o)+ul)7 (7)
1

0
rie rl( ) = naj +mag, 37echb n, M — IeJble, a a1,2 — BEK-
TOophl pemteTrku. Jlyist mHPUHUTE3UMAJBHBIX CMEIIEHUI
W; MOXKHO HAIINCATH BhIParkeHUe:

fszcxﬁfoJrZquﬁ(r*rl(o)) (8)
1

Yro6bl UCHOJIL30BATE BLIPAzKEHHs, 0Ty YeHHbIE PaHee B
pab6ote [19], MBI onpeiesM BeIrHY 1)(T) CIIe/1y FOIIUM
obpazom:

SwVhar-r") =1+ fofo)vx), ()
l
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a TakXKe HammmeM u;V = uj(?z + u;[)g, roe 0, =
= (0 —10y)/2, 05 = (0 +10y)/2, 1 u]i = uf +iuf. Uc-
(0))

HOJIB3Ysl [JIs KPATKOCTH obosHadenne f; = fi(r —r J

MBI BbIpa3uM

1+ fofo ’

=" (10)
J

U aHAJIOTMYHO JUUIsT KOMILJIEKCHO-COIPSZKEHHON BEJIIYH-

HBI Y. B uTore MblI mosrydaem:

" 1

W 1+ fofo ;

(o
> 0i .}
J j

JI7is OTHOPOJHOTO CMeIeHnd U; = U, UCTIOIb3Ys CBOIl-

CTBO Zj (fi,f;) = (fo, fo), MBI BoCCTaHAB/IMBaEM pa-
Hee II0JIyYeHHOE BbIPaXKeHUe JJisd HyJIeBOH MOIbI (CM.
yp- (29) B pabore [19]):

aif]a azf] U;
0zf;, 0-f;) \uf)’
(11)

U 1 9z fo
0 1 +f0f0 azfo
1 6zf0

Ty = o0 = — | 7=
S N A T

(12)

KpajgpaTudHast 10 CMeIeHUSAM YaCTh JalrPaHKNaHa
IIPUHUMAET CJIETYIONINI B

L= %; (ul*, u;) (—'L'K:ljat —/Hlj) Z;r ;

I@lj = /dI’OlT.O'z;.Oj, (13)
- —iV+A?+U 14
%jﬁm;(l+)+ | . O
1% (iV+A?2+U

SABHBIN BuUJ, Bhipaxkenwuit 1yt U, V u A npuBogurcsd B
paGore [19]?).

O6CyIuM HECKOJIBKO ODIINUX CBOCTB BO3HUKAIOIIAX
BbIPa2KEHU.

(i) B cuily TpaHCJSIMOHHONW MHBAPMAHTHOCTH, Be-
JIMYUHBI l@lj u ’}:[lj 3aBUCAT JIMIIL OT pasHocTd d =
BNDIND)

(i4) HymeBasi MOJia COOTBETCTBYET CYMMHUPOBAHUIO
0 j, CJEJOBATENIHHO, JOJKHO BBITOJHATHCS CBOUCTBO

> Hij =2 My =0, em. mmke.

2)[Tonb3ysich BO3MOMKHOCTBIO, FCIPABAM OIEYaTKy B paboTe
[19]: cnaraemoe B durypubix ckobkax B onpezeineHun A D0IK-

HO O6J'Ia,£(aTb APYTruM 3HAKOM U MHOXKUTEJIEM 2 BMmecTO 4.
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(#i7) Crepeorpaduyeckuii 06pa3 OTHEIBHOTO CKUD-
muoHa f1(r) 6blcTpo ybbBaer ¢ paccrosuumeM. Ciie-
JIOBaTEJIbHO, Iélj, 7:[lj OBICTPO YOBIBAIOT C POCTOM
Mo
camojieiictsue, | = j, u B3auMojeiicTBue OJIMKAUIIIIX
coceer.

[TosTomy 1es1I€CO00pPA3HO pacCMaTPUBATH

(iv) Mozxmo nokasarn, uro . Kij = mos, sra se-
JIMYIMHA TPONOPIMOHAIBHA TOIOJOTHIECKOMY 3apsLy,
PUXOSAIIEeMycs Ha djieMmenTapuyio sqdeitky CkK.

(v) dys TpeyrosIbHOM PEIeTKU ¢ MEeCThIO COCeIsAMU
umeem d = (@ cos ¢4, a sin@q), rae ¢pg = S(n —1/2) n
n=0,...,5. Kaxaplil oT/e/IbHbIII CKUDMHOH XapaKTe-
PU3yeTcst OIpeIe/IeHHof XupaabHOCThIo, f1(r) oc e'? /7.
Baaromaps stomy norernmmasnesr U, V', a Kak ciaencrsue
n marpuna O;, Ipu BpalleHud ¢ — ¢ + P4 MEHSIOT-
Cs1 OIpEJIeJIEHHBIM 06PAa30M; CTOUT OTMETHUTH, UTO IIPU
TaKOM IOBOPOTE (ha3a ¢4 yIBANBAECTCS Y BHEINATOHAJIb-
HBIX YJIEHOB 7:[13‘7 a y JuaroHajibHBIX He MeHseTcsi. 1a-

KM 06pa30M, MBbI IIOJIyJa€eM:

rjie hi2 3aBHCAT TOJBLKO OT paccrogHud, d. Ha ommom
y37ae, | = j, BHeIMATOHAJILHBIE WJIEHBI OTCYTCTBYIOT,
ha = 0. Yucjennslii pacder IokKasblBaeT, 9To hio < 0
st L # j.

(vi) Ypasuenue Tuse jyist (BUZKeHUs ['-rO CKUPMU-
OH& MOXKHO MOJIYYUTD, TOJIOKUB ujﬂE = 0B (13) mua
Beex j # I. B aTom ciiydae JarpaHKuaH TPUHUMAET
sy, Kyufa! — ha((uf)? + (u))?), cp. [26]. Ormerunm,
4TO Jlazke ec/i U3HAYaIbHO Uu; = 0, TO KOJUIEKTHBHBIH
xapakrep yp. (13) upuBoAuT K pacupoOCTPAHEHUIO U3HA~
YAJILHOTO BO3MYINEHUs. Mbl BEpHEMCS K 3TOMY BOIIPOCY
HUKE.

Ilob3ysich yIIOMSIHYTBIMU BBIIIE CBORCTBAMU, ITOJTY-
9UM KBaJPATUIHYIO (DOPMY JIArPAHZKHAAHA:

L= %Z (ufq, u:q) <_'”€qat - ﬁq) u?*r )
5 a

Kq = (7 + k17s(q))os, (14)
5 _ (M@, hag(a)
© \eva(@), hivs(a)

T LY = iar; & -
rie uj £iuj = ), e"Mug , a cymma 1o mectn GmzKai
IIAM COCEJISIM JIA€T

ys(@) =) e —6=
d

=2 (2 cos @qzacos %qya + cos qya — 3) ,
va(@) =) e~*ade0r = (15)
d

_ V3 1
=2 (cos 50 COS 5y @ — COS @y —

—4v/3sin ‘/qulasin %qya) ,

upu 3toM s ¢(0) = 0. Obparenue B HyJIb JTHATOHAJb-

HBIX WIEHOB Hq Tpu q = 0 obecredmBaeTcsa CBONCTBOM
(ii), yHOMSIHYTBIM BBIIIIe, U MBI OOCY/(IM €T0 HIKE.

JIACTIepCHOHHEIN 3aKOH W = €q BO BPEMEHHOI 3a-
BUCUMOCTH u(ﬂ; t) = e“*’tuf; MOKeT OBLITh IOJIydIeH pe-

IIIeHNEM ypPaBHEHUS det(wl@q - /Hq) = 0, U3 KOTOpOro
clIeIyeT:

o _ (h2(@) = Piha(@))!?
4 ™+ k17s(q)

YuceHHo MBI HAIILIN, 9TO BO BCEM JIMAIA30HE 3HA-
vennii, b € (0.3,0.8), cupaBeiuBo CoOTHOIIEHNE hy =~
o~ (.84 hy. 3aBuCHMOCTS h; 2 0T b m306pazkena Ha puc. 2.
Crout orMeTuTh, 9T0 0628 KO3 DUIHEHTa CTPEMATCI K

0.12

0.10
= 0.08
©0.06

0.3 0.4 0.5 0.6 0.7 0.8
b

Puc. 2. (IseTHOlt OHIaMH) 3aBUCHMOCTD NIPBIKKOBBIX KOH-
crauT hi, ha, 1 )kecrkoctu A OT MArHUTHOTO OJISA b

HYJIIO OJJHOBPEMEHHO ITPH MOAXOE K KPATHIECKOMY IO~
g0, b, ~ 0.8. B pamMrax Teopun ymupyroctu 3To 3HAUUT,
uro Koaddurmentsl Jlame A, p, obcykiaembie B pabo-
Te [22], yObiBatoT n obpammaTcs B Hydb 0pu b = b,
upu 91oM A ~ 1.944, cm. Takxke yp. (19) auxe. 3aBu-
CHMOCTB JIUCIIEPCUU BJIOJIb KOHTYPa IPOXOSIIErO dge-
pe3 CUMMETPHUYHbBIE TOYKH 3aThl BpUILIIOIHA MOKA3aHA
Ha puc. 3. Bolpaxenue eq npunumaer 3uadenns 9|hq|/m

u 2\/4h? — h3/m B cummerpmitHbIX Toukax q = K n
q = M, coorsercrBenHo. Takxe €g=rr/€q=k =~ 0.71 BO

IIucema B 2KOT® Tom 118 BRm.5-6 2023
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BCEM JMalta3oHe 3HaYeHuil b. Y MeHbIIeHne IMUPUHBI 30-
HBI ¢ COXPAHEHUEM YIIOMSAHYTOrO Bbiie oTHomenus 0.71,
C POCTOM b COTJIACYETCH C PE3yJIbTATAMHE, IOJIy I€HHBIM
B pabore [18]. Beruunna ki B Kumernaeckom wimene Kq
oTpuIaTenbHasg u Hebobmasd, |k| < 2 - 1072, mosTomy
B JIAJIbHEHIIEM MBI OIyCTHM €€ U3 PACCMOTDEHUS.

030 —b=04 ]

b=0.55
b=0.7 1

M K r

Puc. 3. (IperHoit onnaiin) duciepcust €q 1i1st pa3sHbIX 3Ha-
gennit b. CumBoser ', M, K coorBercTBytOT CcCMMeTpwHii-
HBIM TOYKaM 30HbI Bpuimiosua, obo3HatdeHbl Ha puc. 1

B mpejiesie MaJIbIX BOJHOBBIX BEKTOPOB |¢| < 1,
CIIPaBEJIJIUBO CJIeIyIolee:

€q ~ 2q°a*\/4h2 — h3 = Ag®. (16)

Basucumocts KoadduimentTa xecrkocru, A, or b u300-
pazkeHa Ha puC.2; Mexay BenmumuHamu A u hy o Her
IIPOCTOI POIIOPIIUOHAIBHON 3aBUCUMOCTH, IOCKOJIBKY
napamerp d HeJMHEHHO 3aBucuT oT b, cM. padory [19].
Nwmeer cMmbIci cpaBHUTH BenduHy A B KOHTEKCTE IHC-
[IEPCUU MarHOHOB B IIPOCTOM (beppoMarHeTuke. JTOT
ciaygait coorBercTByeT Kondurypamuun fo = 0, a cie-
noBaressio U = b, V =0u A =0 8 (13), cm. yp. (16)—
(18) B [19]. DT0 npUBOAUT K TOMY, UTO €q = ¢*>+b, T.e. K
A =1, u menn B cuekrpe. CpaBHUBasI IOJIy Y€HHBIE BbI-
I11e BBIPAYKEHUsI CO CJIydaeM IMPOCTOTO PePPOMATHETHKA,
MOXKHO OTMETHTB, UTO JUCIEPCHUS] HU3KOJIEXKAIINX BO3-
Oy2KIeHnit HecIeseBasi, a X)KeCTKOCTD yOBIBAET C POCTOM
mosist. MoKeT BO3HUKHYTH BOIPOC: KAK C POCTOM IIOJIsT
b B OecriesieBOM CrIeKpe IMOSBJISETCH IEJIb IIPU HCIe3-
nosenuun CkK u mepexose B a3y ojHOpOHOI Hamar-
amyennoctr. OTBET COCTOUT B TOM, UTO B 9TOM CJIydae
obusiactb npumMenenns (16) cyxkaercs 10 ¢ = 0, OCKOJIb-
Ky a — oo 1pu b, cp. [27].

Paccmorpum Teneps 1moapobHee yIOMSIHYTOE BBIIIE
cBoiicTBo (ii), MCIOJB30BaHHOE B OUpeIeseHHN Ys(q).
Brorauciienusi, BBIIIOJHEHHBIE C UCIIOJIB30BAHUEM HAIIeH
IpOOHOI (PYHKITNHU, TOKA3BIBAIOT, YTO CBOMCTBO /Hq =0
11 g = 0 BBIIOJHEHO C TOYHOCTBIO J10 5 - 1072 B nua-
nazone noseit 0.35 < b < 0.75. 9TO roBOpPUT O XOPO-
1eM BBIOOpe MTPOOHOH (DYHKITUN U COTJIACYETCS C HaIeh

IIucbma B 2KOTP Tom 118 BRm.5-6 2023

upezpLayineii paboroit [19]. B To xke Bpems, Hala 1po6-
Hast (PYHKIMS HE sIBJITETCsI TOYHBIM PENIEHUEM MOJIEJIU
U He 00eCIIeunBAeT SKCTPEMYM JIEHCTBUSI, €ro IepBasi Ba-
pualus TOXKJIECTBEHHO He paBHA Hy/0. B aToM cirydae
cienayer nMOOABUTH JOMOJHUTEbHBIE WIEHBI K dhdeK-
TUBHOMY IaMUJIbTOHUAHY, ”H,lj B (13), KaK MBI HOSICHUM
HUKE.

Paccemorpum pazsoxkenune Hameil GyHKIIUA 10 BTO-
POTO TOPSJIKA IO CMEIEHISIM:

6f = (L4 fofo) "o =3 (o filr = x{) +
l
+ Jupu) 0ads fi(r — 1)) (17)

D70 BhIpayKeHue JOJKHO ObITh yMHOXKeHO Ha 0L /4§ f, Ko-
TOpas Telephb MpenoaraeTcsa OTJIUIHON oT Hy/s. Ilo-
CJI€ MHTErPUPOBAHMS TI0 T' WIEHBI TIEPBOTO TOPSIIKA ITPO-
HOPIMOHAJIBHBIE X Uf', IPUBOJAT K BOSHUKHOBEHUIO CH-
JIBI, TIPUJIOYKEHHON K [-My CKUPMHUOHY B HAIIPaBJICHUI
OT TIOJIOXKEHUsI PABHOBECHUS. 1JIEHBI BTOPOTO MOPSJIKA B
(17), 6yayun ymuoxkensl Ha 0L/0f 1 NpOMHTErpUpPOBa-
HBI 110 T, J00ABJISIOTCS K BbIpakenuto (13).

IIpexkae Bcero 3aMeTHM, UTO KMHETHYECKAs YaCTh
O0L/0f, Byyun CUMMETPUYHOR 10 MHAEKCaM «, (3, CBO-
JIATCS. K YJIEHAM, [TPOIOPIMOHAIBHBIM IIOJTHON ITPOn3-
%(ul‘“)Q, KOTOpbIE MOKHO OT-
6pocuth. [loTeHIMATBHY O YaCTh JArpAHKUAHA [TPOMH-

BOJIHOM II0 BpPEeMEHH, X

TErpupyeM I10 9acTaM, OTOPOCHUB BHEUHTET PAJIbHBIE CJIa-
raemble u3-3a ObICTPOro yobiBaHust f1(r) ¢ paccTosTHUEM.
OcraBmasicst 9acTh, MOCJe OIPEIEJIEHHBIX BEIUUCICHUI,
peodpas3yeTcs K CIEIYIOMEeMYy BUILY:

ey ()i () ay

lj

STO 3HAMUT, ITO MBI JOJKHBI 3amernth Hy; B (13) ma
/)f[lj = 7:{,1j — 05 > m Him. fcno, uro ecum yciosue
Zj ‘H;; = 0 u3HaAYAIBHO He BBIIOJHSIIOCh U3-328 HETOU-
HOCTHU TPOOHON (DYHKITUH, TO TEII€Ph OHO BOCCTAHABIIU-
BaeTCst JIJIst 7:[lj, [TOCKOJIBKY Zj 7:[lj = 0. Ucnons3ys
cuMMeTpuro Beipaxkenusi (17) mo mHzekcaM «, 3, MOXK-
HO TAKZKe II0KA3aTh, 4TO TAKYKE BBIIOJIHEHO ) H, ;i = 0.
Bce Bbieckazannoe 060CHOBBIBAET CBOCTBO (ii), a Tak-
JKe 00bsICHsIeT BhIYUTAHUE 6 B onpeneseHnn vs(q).
Dyukius I'puna B npenesne masbix . O6cy-
mum pacrnpocpanenune cmerennit B CkK. Yrobsr ympo-
CTUTH ODOCYXKJI€HUE, PACCMOTPUM JIBE IIOCJIE/I0BATEb-
HBIX 3aMEHBbl KOODJHMHAT B JIarpaHKuaHe. B mepByio

1, —2
ovepeb, TP MOMOIIH MaTpuiel U = ’ |, Bep-
)
)
HeMCd K £ = 4T 4+ quY
JICKAPTOBBIM KOODAMHATAM Ug = Ug t iud.
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Bo-BTOpEIX, TepeiieM K TJIaBHBIM ocaM Hq, & MMeH-
HO, TapaJuUleJIbHO W IEPIEHUKYISIPHO BEKTOPY ( =

= q(cos ¢4, sin¢y), nammcan (ug,uf) = (ug,ué) . Uf,
cos —sin
roe U = Pa: %a . B urtore mbr mpuBoanM

sin¢g,  COS Qg
JIarpaHKraH K CJIeIYIONeMy BUIY:

L= %Z (u[q, uJ_‘q)

q
AH = 7%(2}11 + hg)a2,

7A||q2, 72’/Tat ug
210,, —A,q? ué ’

Al =—-3(2hy — ha)a®, (19)

rae Ay, AL > 0 — Mojuymu ynpyroctu, COOTBETCTBY-

IOIAe IIPOJOJIBHOM M IIONePEeYHON MOJe I aKyCTH-

geckux poHonos; cnpasenymeo Takme AjA; = 2mA.

WNuaa dpopmMa KMHETHYECKOTO CIaraeMoro IPUBOINT, BO-

IIEPBBIX, K KBaJIpATUYHON JUCIEPCUN B HAIEM CJIydae

BMECTO JIMHEHHOW JJIs Ciydas aKyCTUIeCKuX (DOHOHOB.
1

Bo-BropbIx, B Hamem ciydae BeJIUYMHA 2T Uy CTa-

HOBUTCS KQHOHUYECKHU COIPSI?KEHHBIM HMMITYJIBCOM JIJIsI
CMeITeHUs uLll.
Corutacuo obumM npasuiaam [28, 19], nposegem npo-

neaypy BTOPHUYHOI'O KBaHTOBaHHUA HaIei TEeOpUH. Ilo-

TpebyeM BBIIOJIHEHNUST [ug,27r uty] = ih (Mbr cunraem
h=1), rorna
u” — L(CT eleal +c e*ifqt)
q q —q )
V4
\/E” (20)
w ) .
ué =1 (cjle“qt —c_qe "ty

Var

rae » = (/A /AL ~ 1.98 — mapamerp acuMMmeTpum.
B TepMuHAX OIEpATOPOB POXKIAeHUS (YHUITOXKEHNUS), CL
(¢q), TaMmTBTOHEAN TpHOGpPeTacT BuL H = 3 q eqc};cq.

Ornpesesinm 3amas pBaontyo GyHKIwo ['puma cie-
JLyIOIIUM 00pa30oM:

(g (tut], [0l
G(t,q) = —id) a q a al)
)= =00 2, o,y Y

¢ coorBercTByonmuM Pypbe mTpeoOpa30BaHUEM IIPU
t>0:

1 .
= sineqt,

—Cos €qt Ut

d2q iqr
< | oo

ITpocroe Beraucienue (¢ 3ddekTuBHO OrpaHrYeHHOl

coseqt,  ssinegt

06TaCTHIO0 MHTErPHPOBAHT ¢ < o~ ' IIpH HOMOIIH rayc-
coBa MHOMKHUTeNs exp (—q?a?)) NPUBOIUT K BHIpaZKe-

HUIO, CIPABEIJIMBOMY Ha, GOJIBIINX BPEMEHAX U PACCTO-
sHusAxX, tA > ra, r > a:

V3a? 9 w+x 1 (1, 0
tr) =~ |~ TW|
G(t,r) = cos(r” /4t A) ) 0 1 +
0 1
+sin(r? /4t A) | +
1, 0
R 4t A) s — ! [cos2¢p, sin2¢ ,
2 sin2¢, —cos2¢
F(z) =cosz —sinz/z. (22)

Ha masibix paccrostHusix, r << \/ﬁ, CYIIECTBEHHO IIep-
Boe cijaraemoe B (G(f,r), oTBedaoliee M30TPOIHOMY
pacnpocTpanernio. Ha mpoMerKyTOUHBIX PACCTOSHUSAX,
VtA < 1 < tA/a, rIaBEYIO POJIb UrpaeT KOMGHHAILMS
HEPBOro U TPEThEro CJIaraeMbIX, U MPOSIBIAETCA aHU30-
rponus Tenzopa G(t,r), ¢ IIABHBIMU OCSMU B HAIIPAB-
JICHWH, TapaJuleJbHOM U IIePIeHIUKY/ISPHOM BEKTODY
r B wiockocru. Ha Gosbmmx paccrostausx, r > tA/a,
dyukuusa G(t,r) CTAHOBUTCH SKCIOHEHIUAJBLHO MAJIa,
9YTO TOBOPUT O TOM, UTO BO3MYIIEHUE €INE HE JOCTHUTIIO
Touku r. CTOUT OTMETHTH, YTO OCHUJLIMPYIOIIAE MHO-
JKATENIH 3aBUCAT TOJBLKO OT OTHOIMeHms 72/t, a yTo-
MSTHYTasl BBIIIE AHU30TPOIHS KACAETCS OTHOCUTETHHOTO
Beca Koppesanuit 4* u uY. Mbl mIiocTpupyeM 3To moBe-
JleHre Ha PUC. 4, rje n300paskeHbl ABe TJIABHBIX KOMIIO-
nentel G| (t,r) m G (f,r), 1A TapHBIX KOPPEIATOPOB
ul u ut, coorBercTBenHO.

0.002 ]
— G, (t,1)
0.001 G, (t,r) 1
<
N 0 S
O
-0.001 ]
-0.002 ]
0 5 10 15 20 25

r,a

Puc. 4. ®ynkmun I'puna G (t,r) u GL(t,r), mpu t =
= 6.4 'a?, onucoiaor koppemsuy cvemennit ul u ut,
napaJjlIeIbHbIX U MEPIEHIUKYISPHBIX BEKTOPY I

3akaoueHue. Mbl TOCTPOMIN TEOPHUIO HUBKOJIE-
JKallel ToJIJICTOYHOBCKON MOJIbI PEIIETKA CKUPMUOHOB,
TaK»Ke M3BECTHOI KaK TI'MPOTPOIHAs MOJa. IJTa MOJa
OIIMCHIBAET CMEIIEHNEe CKUPMUOHOB U3 IOJIOXKEHUN PaB-
HOBECHSI, COOTBETCTBYIOIEE YPABHEHHUE JIBU2KEHUSI IPH-
HUMaeT BHJ| KOJUIEKTUBHOrO ypaBHeHusi Tuse. CuekrTp
TTucema B 2K9T®  Tom 118 2023
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KBa/IPATUYIEH IIPU MAaJIbIX BOJHOBBIX BEKTOPAX, UTO SB-
JISIETCsI CJIEJICTBUEM IBYX (DAKTOB: yIPYTHii BUJI IIOTEH-
[UAIbHOM SHEPIUU ¥ KUHETHIECKOE CJIaraeMoe JIArpaH-
KMaHa, acconunpoBanHoe ¢ dhaszoit Beppu. Yupyruit Busz,
[MOTEHITNAJIFHON IHEPIUU IOJIyI€H B PE3yJIbTaTe pPac-
CMOTPEHUsI CKUPMUOHOB KAaK OTJIEJIbHBIX TOIIOJIOrUYe-
CKIX OOBEKTOB W HE MPEJIOJIaraeT CJIOKHOIO Teope-
THYECKOTO OIHUCAHUsS B T€PMUHAX (PA30HOB, TPEX Mar-
HUTHBIX crmpaJjieii u 1.1, [lo 9TuM npuymHaMm KBajpa-
TUYHBIA XapaKTep CIEKTpa CJeayeT OXWIaTh U IPU
BKJIIOYEHUN B MOJEJIb JIPYTUX B3aUMOIEHCTBUI, HAIPH-
Mep, JIUIIOJILHOTO B3aUMO/IECTBYSI, AaHU30TPOIIUN U JIP.,
moka, coxpansitecss crpykrypa CkK. Pacupocrpanenue
BO3MYIIIEHUIT TI0 PEIeTKe CKUPMIOHOB aHU30TPOITHO HA
IIPOMEXKYTOYHBIX PACCTOSHUAX. Hamum mokazaHo, d9TO
IIIPUHA 30HBI MOHOTOHHO YOBIBAET C POCTOM MAarHUTHO-
T'O IMOJIS U MCYE3aeT NMPU KPUTUIECKOM 3HAUEHUHU, OTBE-
YaOIIeM IIePEXOy B OJHOPOIHOE (hbepPOMATHUTHOE CO-
CTOSTHHE.

Pabora mommep:kama Poccmitckum HaydHbIM (HOH-
moM, rpaHT F# 22-22-20034 u Camkr-Ilerepbypreckum
HaydHbIM  (oHmOM, TpaHT  #33/2022. Pabora
B. Tumodeena wactuano nojaepkana @onpoMm pas3su-
Tt TeopeTudeckoit pusuku u marematuku “BA3UC”.
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