Pis’ma v ZhETF, vol. 121, iss. 5, pp. 337 – 339 © 2025 March 10

Exact relations between running of α_s and α

in N = 1 SQCD + SQED

A. L. Kataev^{+∗1)}, K. V. Stepanyantz^×

+Institute for Nuclear Research of the Russian Academy of Sciences, 117312 Moscow, Russia

∗Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141980 Dubna, Russia

×Moscow State University, Physical Faculty, Department of Theoretical Physics, 119991 Moscow, Russia

Submitted 31 December 2024 Resubmitted 31 December 2024 Accepted 16 January 2025

In N = 1 supersymmetric QCD and QED theory we derive the (all-order) exact equations relating the renormalization group behaviour of the strong and electromagnetic couplings and prove that they are valid in the combined higher covariant derivative regularized and minimal subtraction of logarithms renormalized prescription. In particular, the β-function of N = 1 supersymmetric QCD can be expressed in terms of the Adler D-function. If all flavors have the same absolute value of the electromagnetic charges, it is also possible to write a simple relation between the β-functions for the strong and electromagnetic coupling constants. In this particular case there is a special renormalization group invariant relation.

DOI: 10.31857/S0370274X25030019, EDN: PQGVDL

The renormalization group method [1–3] plays an important role in physical considerations. It enables one to study the problems of scale and scheme dependence of the perturbation theory predictions for Green functions and for the Adler D-function [4] in particular. These studies allows us to investigate the consequences of taking into account the contributions of different strong interactions to different inclusive processes generated by one-photon e^+e^−-annihilation.

In N = 1 supersymmetric gauge theories, there are statements that can be considered as nonrenormalization theorems. Their applications provide a theoretical justification for supports of the property of the relation of the corresponding gauge β-function to the anomalous dimension of matter superfields through the Novikov, Shifman, Vainshtein and Zakharov (NSVZ) equation [5, 6]. Although this equation is not valid in the DR scheme [7] formulated in D-dimensions, it turns out that the NSVZ schemes, in which the corresponding strict relations are restored at the renormalized level after the finite renormalizations considered in [6, 8], can be constructed using the Slavnov higher covariant derivative (HD) regularization [9, 10], typical for four dimensions, and the procedure of minimal subtraction of logarithms (MSL) [11]. In the resulting HD + MSL renormalization scheme, formulated there for the theory regularized by higher covariant derivatives, one is

1)e-mail: kataev@ms2.inr.ac.ru

dealing with the powers of ln Λ/μ (where Λ is the ultraviolet cut-off and μ is the renormalization point), which are included into the renormalization constants. The whole class of NSVZ schemes was described in [12, 13] and forms a subgroup of the renormalization group [13].

The NSVZ-like equation was also constructed and proved in all orders for the Adler D-function in N = 1 supersymmetric chromodynamics (SQCD) interacting with the supersymmetric electromagnetic field [14, 15]. It looks similar to the similar equation for N = 1 supersymmetric electrodynamics (SQED) [16, 17] and is closely related to the NSVZ β-functions of the non- Abelian Yang–Mills theories with multiple gauge couplings considered in [18, 19].

In this paper, we note that the resemblance between the NSVZ equations for the β-functions and the Adler D-function in N = 1 SQCD implies that the renormalization group running of strong and electromagnetic couplings of the combined SQED + SQCD model are related by certain exact equations.

Let us consider a massless supersymmetric QCD-like theory, that is invariant under gauge group G × U(1) transformations where G is a simple group generalizing SU(3) for usual QCD and U(1) describes the supersymmetric analog of the electromagnetic interaction. The corresponding renormalization group functions are defined as

Письма в ЖЭТФ том 121 вып. 5 – 6 2025 337

338 A. L. Kataev, K. V. Stepanyantz

β_s(α_s, α) ≡ dα_s d ln μ | | | α_0 ,α_{s0}=const ; β(α, α_s) ≡ dα d ln μ | | |_{α0,αs0=const}; (1)

γ(α_s, α) ≡ d ln(Z) d ln μ | | |_{α0 ,αs0=const},

where Z is the renormalization constant of matter superfields. The equations for the β-functions of both coupling constants in the model under consideration were constructed in [18] and read:

β_s(α_s, α) α^2_s | | | |_{NSVZ} = − 1 2π(1 − C_2α_s/2π) × × [ 3C_2 − 2T (R)N_f ( 1 − γ(α_s, α) )] ; (2)

β(α, α_s) α^2 | | | |_{NSVZ} = 1 π dim R N_f ( 1 − γ(α_s, α) ) , (3)

where dim R is the dimension of the representation of the simple group G, C(R) is its Casimir operator and T (R) is the Dynkin index, while N_f is the number of “coloured” species of the corresponding matter fields. Comparing Eqs. (2) and (3), one can be eliminate from them the anomalous dimension and thus relate the βfunctions for the non-Abelian and Abelian supersymmetric coupling constants by the following all-order exact equation: ( 1 − C_2α_s 2π )β_s(α_s, α)

α^2_s | | | |_{NSVZ} = = − 3C_2 2π + T (R) dim R · β(α, α_s)

α^2 | | |_{NSVZ}. (4)

According to [20] (see also [21] for the Abelian case), the NSVZ-like equations are valid for both renormalization group functions defined in terms of the bare couplings if the theory is regularized by higher covariant derivatives independently. In the renormalized case, this implies that these functions are defined in the HD + MSL scheme. Taking into account that the bare couplings do not depend on the renormalization scale μ, we arrive at the following exact renormalization group invariant equation ( α_{s0}

)_{C2} exp ( 2π

α_{s0} − T (R) dim R · 2π α_0 ) = ( α_s

)_{C2} × (5)

× exp

( 2π

α_s − T (R) dim R · 2π α + 3C_2 ln Λ μ − 2πC ) = RGI,

where for the HD + MSL scheme the parameter introduced in [22] is fixed as C = 0. Here RGI stands for the renormalization group invariant, i.e. the expression that vanishes after differentiaton with respect to ln μ (at fixed values of Λ and bare couplings).

This equation is valid only for certain renormalization prescriptions which within the ways of studies in [12] and [13], form the class and subgroup of the NSVZtype renormalization presriprtions. The latter subgroup includes the HD + MSL finite renormalization group transformation, rather than the DR-scheme, that violates the validity of the NSVZ-type SUSY relations at the renormalized level.

The running of the electromagnetic coupling constant upon taking into account strong interactions effects is described by the Adler D-function [4] which is related to the β-function of the coupling constant α in the limit α → 0 as

D(α_s) ≡ − 3π 2 d d ln μ ( 1 α )| | |_{α0 ,αs0=const, α→0} = = 3π 2 lim_{α→0} β(α, α_s) α^2

. (6)

The exact NSVZ-like expression for the Adler Dfunction in the theory under consideration was derived in [14, 15], considered in more detail in [23], and is written as

D(α_s) | | |_{NSVZ} = 3 2 dim R

N_f∑

a=1 q^2_a ( 1 − γ(α_s) ) ≡ ≡ 3 2 q^2 dim R ( 1 − γ(α_s) ) , (7)

where q^2 ≡

N_f∑ a=1 q^2_a . Comparing it further with Eq. (2),

we conclude that the NSVZ β-function of N = 1 SQCD can be expressed in terms of the Adler D-function by the following all-loop equation:

β_s(α_s) | | |_{NSVZ} = lim_{α→0} βs(αs, α) | | |_{NSVZ} = = − α^2_s 2π(1 − C_2α_s/2π) [ 3C_2 −

4 T (R)N_f D(α_s) 3 q^2 dim R ] . (8)

This equation is valid for the bare unrenormalized coupling constant α_s = α_{s0} and for the renormalized one α_s within the NSVZ-type renormalization schemes. A similar feature will probably demonstrate itself in the supersymmetry related lattice studies of [24] and the HD + MSL like renormalization procedure, applied there but not specified in detail.

Finally, let us mention that although we do not expect the existence of exact equations relating the running of the gauge couplings in usual QCD, some features of supersymmetric theories may nevertheless hold even in the non-supersymmetric case.

Письма в ЖЭТФ том 121 вып. 5 – 6 2025

Exact relations between running of α_s and α. . . 339

The results related to this work were first reported at the Fradkin Centennial Conference (Lebedev Institute, Moscow, September 2–6, 2024). We are grateful to A. V. Smilga, M. A. Vasiliev, and A. A. Tseytlin for their interest, questions, and comments.

Funding. This work was supported by ongoing institutional funding. No additional grants to carry out or direct this particular research were obtained.

Conflict of interest. The authors of this work declare that they have no conflicts of interest.

1. E. C. G. Stueckelberg de Breidenbach and A. Petermann, Helv. Phys. Acta 26, 499 (1953).

2. M. Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954).

3. N. N. Bogolyubov and D. V. Shirkov, Nuovo Cim. 3, 845 (1956).

4. S. L. Adler, Phys. Rev. D 10, 3714 (1974). 5. V. A. Novikov, M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, Nucl. Phys. B 229, 381 (1983).

6. D. R. T. Jones, Phys. Lett. B 123, 45 (1983). 7. I. Jack, D. R. T. Jones, and C. G. North, Nucl. Phys. B 486, 479 (1997); arXiv:hepph/9609325 [hep-ph]].

8. D. I. Kazakov, JETP Lett. 41, 335 (1985). 9. A. A. Slavnov, Nucl. Phys. B 31, 301 (1971). 10. A. A. Slavnov, Teor. Mat. Fiz. 13, 174 (1972) [Theor.

Math. Phys. 13, 1064 (1972)].

11. A. L. Kataev and K. V. Stepanyantz, Nucl. Phys. B 875, 459 (2013); arXiv:1305.7094 [hep-th].

12. I. O. Goriachuk, A. L. Kataev, and K. V. Stepanyantz, Phys. Lett. B 785, 561 (2018); arXiv:1808.02050 [hep-th].

13. I. O. Goriachuk and A. L. Kataev, JETP Lett. 111(12), 663 (2020); arXiv:2005.03445 [hep-th].

14. M. Shifman and K. Stepanyantz, Phys. Rev. Lett.

114(5), 051601 (2015); arXiv:1412.3382 [hep-th]. 15. M. Shifman and K. V. Stepanyantz, Phys. Rev. D 91, 105008 (2015); arXiv:1502.06655 [hep-th].

16. A. I. Vainshtein, V. I. Zakharov, and M. A. Shifman, Pis’ma v ZhETF 42, 182 (1985) [JETP Lett. 42, 224 (1985)].

17. M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, Phys. Lett. B 166, 334 (1986).

18. D. Korneev, D. Plotnikov, K. Stepanyantz, and N. Tereshina, JHEP 10, 046 (2021); arXiv:2108.05026 [hep-th].

19. O. Haneychuk, V. Shirokova, and K. Stepanyantz, JHEP 09, 189 (2022); arXiv:2207.11944 [hep-ph].

20. K. V. Stepanyantz, Nucl. Phys. B 852, 71 (2011);

arXiv:1102.3772 [hep-th].

21. A. V. Smilga and A. Vainshtein, Nucl. Phys. B 704, 445 (2005); arXiv:hep-th/0405142 [hep-th].

22. A. A. Vladimirov, Sov. J. Nucl. Phys. 31, 558 (1980). 23. A. L. Kataev, A. E. Kazantsev, and K. V. Stepanyantz, Nucl. Phys. B 926, 295 (2018); arXiv:1710.03941 [hep-th].

24. C. Bonanno, P. Butti, M. García Pérez, A. González- Arroyo, K. I. Ishikawa, and M. Okawa, Phys. Rev. D 110(7), 074507 (2024); arXiv:2406.08995 [hep-th].

Письма в ЖЭТФ том 121 вып. 5 – 6 2025