Pis’ma v ZhETF, vol. 122, iss. 4, pp. 199 – 200 © 2025 August 25

Topological origin of horizon temperature via the Chern–Gauss–Bonnet theorem

J. C. M. Hughes^{1)}, F. V. Kusmartsev^{1)}

College of Engineering and Physical Sciences, Khalifa University, PO Box 127788, Abu Dhabi, United Arab Emirates

Submitted 25 June 2025 Resubmitted 7 July 2025 Accepted 11 July 2025

This paper establishes a connection between the Hawking temperature of spacetime horizons and global topological invariants, specifically the Euler characteristic of Wick-rotated Euclidean spacetimes. This is demonstrated for both de Sitter and Schwarzschild, where the compactification of the near-horizon geometry allows for a direct application of the Chern–Gauss–Bonnet theorem. For de Sitter, a simple argument connects the Gibbon–Hawking temperature of the Bunch–Davies state to the global thermal de Sitter temperature. This establishes that spacetime thermodynamics are a consequence of the geometrical structure of spacetime itself, therefore suggesting a deep connection between global topology and semi-classical analysis.

DOI: 10.31857/S0370274X25080136, EDN: FWSKBQ

This paper establishes a novel connection between i) the thermal temperature of spacetime horizons and ii) the global topology of the analytically continued spacetime. Specifically, the Hawking temperature is generated by the Euler characteristic – a fundamental topological invariant – of the spacetime geometry post Wick rotation, via application of the Chern–Gauss– Bonnet theorem. This is demonstrated for the de Sitter and Schwarzschild spacetimes, verifying that both black hole and cosmological horizons possess this topologicalthermodynamic relation. In the case of de Sitter, a further argument derived from this theorem clarifies that the factor-of-two difference between the Gibbons– Hawking temperature [1, 2] and the thermal process temperature emphasized by Volovik [3, 4] is of a topological origin.

The possible physical origins of the thermal properties of horizons has generated much attention (see, e.g., [5, 6]). The Gibbons–Hawking technique offers a perspective that emphasizes the role of geometry [2], together with the established fundamental relationship between path integrals and thermal field theory ]1, 6, 7]. Given a spacetime containing a horizon, one performs a Wick rotation t → iτ. The original spacetime (for both de Sitter and Schwarzschild) becomes purely spatial (−dt^2 → +dτ^2). The resulting Euclidean space shares similar geometric features; namely, the horizon is still present in the appropriate limit. For example, Euclidean de Sitter in the static patch reads as

1)e-mail: jack.hughes.phys.14@gmail.com; fedor.kusmartsev@ku.ac.ae

ds^2 = ( 1 − r^2 l^2 ) dτ^2 + ( 1 − r^2 l^2

)_{−1}

dr^2 +

+ r^2dθ^2 + r^2 sin^2(θ)dϕ^2, (1)

which diverges as r → l, where l = √ 3/Λ is the horizon radius. However, while in spacetime this is a coordinate singularity (signaling the causal horizon), for the Euclidean space (1) this is a genuine geometric singularity (conical defect) that must be “smoothed-out” in the near-horizon limit. The unique way to resolve this singularity requires the Euclidean time τ to become periodic with period β = 2πl [8]. As is well known, the inverse of this period then encodes the Gibbons–Hawking temperature T_H = 1/β of the spacetime horizon [9–12].

The periodicity in τ ∼ τ + β compactifies the Euclidean time τ into an angular coordinate, τ ∈ [0, β). Together with the fact that the radius r is bounded by the cosmological horizon, r ∈ [0, l), this means that the near-horizon geometry of (1) is compact as a topological manifold. In particular, it has the topology of the product between the disc and the 2-sphere, D^2 ×S^2. The consequences of this are significant, as compact spaces encode topological information into integrals of curvature scalars taken over the space (the theory of characteristic classes) [13–15]. The Euler characteristic χ is one example, which is a topological integer corresponding to the integral over (in vacuum) the product of curvature tensors, χ = 1 32π^2 ∫ D^2 ×S^2 √ −gd^4x R_{μνρσ} R^{μνρσ} . (2)

This is the Chern–Gauss–Bonnet theorem [14, 16, 17]. The integral can be computed explicitly, and recogniz-

Письма в ЖЭТФ том 122 вып. 3 – 4 2025 199

200 J. C. M. Hughes, F. V. Kusmartsev

ing that the temporal integral over τ ∈ [0, β) yields the inverse Gibbons–Hawking temperature, we have

T_H = 1 πlχ , (3)

which is consistent since χ(D^2 × S^2) = 2. Together with a similar result for Schwarzschild [18], this argument demonstrates that the thermal temperature of horizons is sourced by a topological invariant introduced through analytic continuation: spacetime thermodynamics are of a topological origin. The argument has recently been extended to multi-horizon spacetimes [19].

Volovik has emphasized the importance of a second temperature associated to de Sitter thermodynamics, which can be considered a “global” de Sitter state temperature of thermal processes [3, 4]. This value is twice that of the Gibbons–Hawking temperature, and is motivated (for instance) by particle decay in the de Sitter environment [20]. The conceptual origin of this factorof-two difference is non-trivial but can be explained topologically using the above techniques as follows [18]. The static patch of (1) is only one possible “slicing” of the Euclidean de Sitter space. de Sitter itself is defined as the four-dimensional hyperboloid embedded in fivedimensional Minkowski spacetime:

−(X^0)^2 + (X^1)^2 + (X^2)^2 + (X^3)^2 + (X^4)^2 = l^2. (4)

After Wick rotation X^0 → iτ, global Euclidean de Sitter coincides with the four-sphere S^4. However, the foursphere can itself be built from two D^2 ×S^2 patches glued along their respective horizons at r = l [21]. Being compact, χ(S^4) then receives two contributions of the form (2) from the Chern–Gauss–Bonnet theorem. However, since χ(S^4) = 2 [14, 21], the only possibility for consistency is that the global de Sitter state temperature T_{dS} be twice that of the Gibbons–Hawking temperature, T_{dS} = 2T_H .

Overall, this approach provides a unified geometrical framework for horizon thermodynamics. There is an inherent coupling that exists between the thermal properties of correlation functions induced through Wick rotation and a global topological invariant of the resulting compact geometry. While the horizon radiates in physical spacetime, its temperature is sourced by the topology of its analytic continuation.

Funding. This work received institutional funding from Khalifa University. Jack C. M. Hughes and Fedor V. Kusmartsev acknowledge support from the Khalifa University Award Numbers FSU-2021-030/8474000371 as well as Research and Innovation Grants RIG-2023-028, RIG-2024-26, and RIG-2024-053. Fedor V. Kusmartsev also acknowledges support from the Thousand Talents Program and the President’s International Fellowship Initiative of the Chinese Academy of Sciences Awards.

Conflict of interest. The authors of this work declare that they have no conflicts of interest.

1. G. W. Gibbons and S. W. Hawking, Phys. Rev.

D 15, 2752 (1977); URL https://journals. aps.org/prd/abstract/10.1103/PhysRevD.15.2752.

2. G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2738 (1977).

3. G. E. Volovik, Symmetry 16, 763 (2024);

Preprint 2312.02292[gr-qc].

4. G. E. Volovik, arXiv:2504.05763 [gr-qc];

Preprint 2504.05763[gr-qc] (2025).

5. S. Carlip, Int. J. Mod. Phys. D 23, 1430023 (2014);

Preprint 1410. 1486[gr-qc].

6. A. Almheiri, T. Hartman, J. Maldacena, E. Shaghoulian, and A. Tajdini, Rev. Mod. Phys. 93, 035002 (2021); URL https://arxiv.org/abs/2006.06872.

7. D. Diakonov, arXiv:2504.01942 [hep-th];

Preprint 2504.01942[hep-th] (2025).

8. B. S. Kay and R. M. Wald, Phys. Rep. 207, 49 (1991). 9. R. Kubo, J. Phys. Soc. Jpn. 12, 570 (1957). 10. P. C. Martin and J. S. Schwinger, Phys. Rev. 115, 1342 (1959).

11. N. D. Birrell and P. C. W. Davies, Quantum fields in curved space, Cambridge Monographs on Mathematical Physics, Cambridge University Press, Cambridge, UK (1982); ISBN 978-0521278584.

12. T. Padmanabhan, Rep. Prog. Phys. 73, 046901 (2010);

Preprint 0911.5004.

13. E. W. Mielke, Geometrodynamics of Gauge Fields:

On the Geometry of Yang-Mills and Gravitational Gauge Theories, Mathematical Physics Studies, 2nd ed., Springer, Cham (2017); ISBN 978-3-319-29733-0.

14. L. W. Tu, Differential Geometry: Connections, Curvature, and Characteristic Classes, Graduate Texts in Mathematics, Springer, Cham, Switzerland (2017), v. 275; ISBN 978-3-319-55082-4.

15. J. C. M. Hughes and F. V. Kusmartsev,

arXiv:2403.11527 [gr-qc];

Preprint 2403.11527[gr-qc] (2024). 16. S. S. Chern, Ann. Math. 45, 747 (1944). 17. S. S. Chern, Ann. Math. 46, 674 (1945).

18. J. C. M. Hughes and F. V. Kusmartsev, arXiv:2505.05814 [gr-qc]; Preprint 2505.05814 (2025).

19. G. E. Volovik, arXiv:2505.20194; Preprint 2505.20194 (2025).

20. G. E. Volovik, JETP Lett. 90, 1 (2009);

Preprint 0905.4639 [gr-qc].

21. A. Hatcher, Algebraic Topology, Cambridge University Press, Cambridge (2001); ISBN 9780521795401.

Письма в ЖЭТФ том 122 вып. 3 – 4 2025