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We study flows on the space of topological Landau— Ginzgburg theories coupled to
topological gravity. We argue that flows corresponding to grevitational descendants
change the target space from a complex plane to & punctured complex plane and
lead to the motion of puncturesIt is shown that the evolution of the topological
theory due to these flows is given by dispersionless limit of KP hierarchy.

LIntroduction, One of the most interesting features of topological matter
coupled to topological gravity {1-6] is its connection to integrable systems. Namely,
the exporent of the generaiing funciion for correlators turns out to be tau-function
of the integrable system. We argue that this connection can be explained as follows.

‘Observables can be identified with the tangent vectors to the space of topological
theories,thus, each observable leads to the flow on the space of topological theories.
The very existence of the generating function for the correlators means that these
flows commute.

Here we show that flows corresponding to descendants change the target space
of the theory: from a complex plane to a punctured complex plane. After that
change flows correspond to motion of punctures. Integrable system appearing in the
theory with one-dimensional target space with superpotential X7 is dispersionless
Lunit of p-reduced KP hierarchy.

2, Landau- Ginzburg Topological Matter’ Theory on punctured plane.
Topological Matter LG theory is a type B twisted N=2 supersymmetric sigma
model [5, B]. We consider as a target space of this model a punctured complex
space with coordinate X on it. N =2 model described by Kahler prepotential that
we take as [Q{X)|* and superpotential W-polynomial of degree p. Kahler metric
iQ'(X)|* has zeros at punctures. Lagrangian of the model (written in terms of
twisted superfields) is:

=J{d49' X))+ / %9, w( X)+/d29_fW(X) (H

This mode! if well-defined for all values of #, and correlators in Topological matter
are independent of f, but in coupling to topological gravity the I dependence
aprrears(holomorphic amomaly of Bershadsky, Cecotty, Qoguri and Vafa). All our
considerations below assume that f tends to zero.

The space of local topological observables is given by functions, that are
holcmorphic everywhere except punctures. We take them ir the form P(X)/Q'{X),
where P is a polvnomial in X,



The n-point correlators in genus zero of the worldsheet in this topological
matter theory are equal to:

’ (¢ 2
< PI/QI;---aPn/Q’ >%,Q=‘/P PI(Y)/Q dl;";’(‘x)/Q (iQ) . (2)

Here the contour of integration I' separates zeros of dW from infinity and
punctures. Superscript M indicates that this is n-point correlator before coupling
to topological gravity. ( The three point correlator formula already appeared in
19)).

Note, that (dQ)? in the numerator is due to diffeomorphism anomaly in type
B topological theories [10].

Formula (2) is true without any additional assumptions if degW’ > degQ’,
otherwise, the infinite point of the complex plane gives non-zero contribution.
However, if we represent Q' as a perturbation of a constant and consider the
n-point function as a seria in peturbation theory, then perturbatively the infinite
point does not contribute to the answer. We will come to this subtle question in
a separate publication.

3. Gravitational descendants.  Gravitational descendants 0,(P/Q’) can be
constructed from matter fields using the same mechanism as in [11], (see also
{12]) and are equal to:

SWQ(P/Q') = (aW/dQ) / ou_1(P/Q')IQ 3)

here oo(®) = &.

4. Multipoint correlators in topological theory coupled to topolog-
ical gravity in genus zero of the worldsheet. These n-point correlators
< ®4,...,P, >w,g are integrals over the moduli space of the complex structures
of the worldsheet(sphere with n marked points). For n = 3 they are equal to
correlators in the topological matter itself (2) (since in this case moduli space is
given by one point). For n > 3 it is possible to write down recursion relations for
these correlators,expressing n-point correlators in terms of (n—1) point correlators.
The recursion relations arise from integration over the position of one of the
marked points on the worldsheet. This integration results in infitesimal shift of
the background plus contact terms. In onr case background consists of the pair
W,Q; thus, we expect that fields will decompose in two sets: shifting W and
shifting Q. Naimely, we uniquely decompose P/Q’ as

P/Q'=S+ RW'/Q, (4)

where degree of S is less than degree of W. Then according to [4] S-term can
be interpreted as a shift of superpotential, and , as we will see below, R-term
will correspond to diffeomorphism, changing .

5. S-recursion relation. S-recursion relations have the following form: for
n>2

F d o ,
<P/Q...,P/Q S >w= 7 < P/Q . PajQ Bwaes,e +

A< PYQ . Cwg(B)QLS), . Pu)Q Swg (5)
1=}
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One can argue [3, 11, 13} that contact term is given by the following representation:

SP/Q =8/Q' +(W'/Q) [ Cwa(P1/Q, S)da. )

This formula means, that the product of two fields (moving and standing at the
marked point on the worldsheet) contains the first decsendant of the contact term.
The arbitrariness is in the choice of the field &. This arbitrariness can be fixed by
self-consistency requirement, and it turns cut that in representation (6) & should
have degree less than W. This conlact term can be easily calculated:

Cw,o(P1/Q',S) = (1/Q")Cw,x (P1, §) = (1/Q")(PLS/W'),. (7

Here subscript stands for the positive part in X expansion.

6. R-recursion relations R-recursicn relations, that correspond to the in-
tegration over the pesition of the field RW'/Q’ arise from the Ward identities
connected with the diffeomorphism:

X = X +tR(X)/Q'(X). (8)

Due to this diffeomorphism in correlator < P/Q ..., Pu/Q >w,q its ingredient
vary as follows:

W - W4+iWR/Q,
Q — Q41R, (9)
B/Q = P/Q+HP/QYRIQ = P[Q —iCf o(Pi/Q, RW'/Q').

The wvariation of superpoieniial in the action leads to the integral over the
worldsheet that simulaies integral cver position of the insertion of W/ R/Q'. The
change of P; due to this diffecmorphism will be interpreted below as minus the
“classical” contact term €% . But we know that there is also a ”topological
gravity” contact term C'9, see (6):

PRW'J(Q') = (W) ] Y o(Pi/Q', RW'[Q')dQ (10)

ihus
c“’mp fla RW’/’Q }=(F.R/Q) /¢ (11)

Now we ore ready to use Ward identiilies; they state (for n > 2)

O P QL RWQ S o ‘{}Z{< P/Q, . Pu/Q >W7Q»--tR)! +
t=0

™
i , ,
+y <P, L CF (P RWQ), .., Pa/Q >wig, (12)
il
where the total conlact term is given by::

Cito (B /@ RW Q') = Cf 5 (P /@ RW' [Q') + Cit o(P/Q', RW' Q') = P.-R'/(Q(’l);-)
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Thus, the R-recursion relation takes the following simple form:

1'
<P/Q,....,P./Q RW'/Q >wq <P (Q—tRY,...,PJ{Q—tR) >won ,
(14
R and S recursion relations together with the expression (2) of F-point coirelator
completely define n-point correlators.
7.Integrable system. In topolegical theory coupled to topological gravity the
central object is the generating function of n-point correlators. Defining correlators
in the presence of "formal exponent” as :

<Py .. Puexp(P)>w = <Pi.. Pad>w-+<Fi .. Pa o+ (15)
+1<Py,...,P.,PP>w + ...+ g—<P1‘,..,PmP,P,...,P>W g

and using recursion relations (5},(14) one can show that:

< PUQ, .. Pa/Qexp(D taPi/Q') Dw.o=< P(t)/Q(), -, Palt)/Q(8) >ws000)

k=1
(16)
for some W(t), Q(t), Pi(t) Moreover, if we define polynomials R;(t) and S;(t) as
a R and S parts of the polynomial P;(t):

Pi(X,t) =W'(X,§)R; (%) + Q{ X, 1)5;{t) (17)

then one can show that

S Pi(t) = Corx (B{2), Si(4) = (AL, (/W) (13)
’ 7
9 AT ES
5‘{‘; Y'V(t)"' u)(t}, (19)
a \
57 Q0 = B () 20)

8. Relation with dispersionless reductious of XP. Let Pj(0) = X7 Using
system (18)-(20) one can show that
A) The result of evolution of P: equals to ithe derivative of Hamiltonian of
dispersicnless KP: 7
Py() = (W (7Y, 1)
B) The pair of functions (W,() evolute due io dispersioniess KP: if we
introduce a Poisson bracket between funcilons of £; and X as follows

{ (X tl) FQ(X tl)} (V tij(:"xTzi\,X ﬁl; e U‘“’.’)(Y fl)f}xil(x tl) (22)
then
(W, Q) = 1 (23)
and B .
(WX, 0, (WX, 679) 0 )y = 0,W (X, 1), (24)
{Q Xv,i‘, !’(‘{é”)ﬂlwﬁw(h ih (25)



C) The following observable
D = (L (W(ep e, Zt OGRS (26)

satisfies dilaton equation
<D,Pi/Q,....,P./Q >wo=(n-2) < P/Q,.... P./Q >w, - (27)

Comparing this object with the dilaton that is a descendant of a puncture , we
get Krichever form of the string equation in genus zero [9)]:

;E_I(W( typ+/ey Zt tyiley, =Qw’ (28)

that algebraically determines W and @ in terms of times t.

D) Finally, <;exp(}, ktxX* 1) >w x is a logarithm of tau-function of disper-
sionless W-reduced KP hierarchy.

9. Conclusions. Approach used in this letter should be generalized to higher
dimensions of the target space and to different topologies of the target space
(for some steps in this direction see [l14, 9]}. Moreover, from the physical point
of view, it should be generalized to the higher genera of the woildsheet (in A4,
singularities see [15]). Development in this direction seems to link together such
different theories as Singularity theory, Geometry of moduli space of Riemann
surfaces and 2-dimensional quantum gravity.

We are deeply indebted to R.Dijkgraaf,A.Gerasimov, V.Fock, I.Krichever,
S.Kharchev, A.Marshakov, A.Mironov, A.Morozov, N.Nekrasov, A.Rosly, K.Saito,
A.Varchenko for fruitful discussions.
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