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The correlator of singlet axial-vector and vector currents in the external electromagnetic field is studied
within the instanton liquid model of QCD vacuum. In the chiral limit we calculate the longitudinal wg)) and

0
transversal w; )

with respect to axial-vector index invariant amplitudes at arbitrary space-like momentum

transfer ¢. It is demonstrated how the anomalous longitudinal part of the correlator is renormalized at low

momenta due to the presence of the U4 (1) anomaly.

PACS: 12.38.—t

1. Introduction. Consideration of the axial-vector
A and vector V' current-current correlator in the soft ex-
ternal electromagnetic field Visan important part of the
calculations of the complicated light-by-light scattering
amplitude related to the problem of accurate compu-
tation of higher order hadronic contributions to muon
anomalous magnetic moment!). In this specific kine-
matics when one photon (V') with momentum ¢» = ¢ is
virtual and another one (V) with momentum ¢; repre-
sents the external electromagnetic field and can be re-
garded as a real photon with the vanishingly small mo-
mentum ¢; only two invariant functions survive in linear
in small g; approximation. It is convenient to parame-
terize the VAV correlator (Fig.1) in terms of longitudi-
nal wy, and transversal wr with respect to axial current
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Fig.1. Diagrammatic representation of the triangle dia-
gram in the local perturbative theory (a); and in the instan-
ton model with dressed quark lines and full quark-current
vertices (b)

index Lorentz invariant amplitudes

T/,w/\ (ql ) q2) =

1
= m[wT(cf)(q% @ puvr — G5 2095 Eppuor +
+ B A B Epuov) — wi(@) B B eppov]- 1)

1See, e.g., [1, 2] and references therein.
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Both Lorentz structures are transversal with respect to
vector current, g4 ’.7’,“,,\ = 0. As for the axial current, the
first structure is transversal with respect to g3 while the
second one is longitudinal and thus anomalous. The ap-
pearance of the longitudinal structure is the consequence
of the Adler-Bell-Jackiw axial anomaly [3, 4].

For the nonsinglet axial current A(®) there are no
perturbative [5] and nonperturbative [6] corrections to
the axial anomaly and, as consequence, the invariant
function wf) remains intact when interaction with glu-
ons is taken into account. It was shown in [7] that in
the nonsinglet channel the transversal structure wg? ) is
also free from perturbative corrections. Nonperturba-
tive nonrenormalization of the nonsinglet longitudinal
part follows from the ’t Hooft consistency condition [6],
i.e. the exact quark-hadron duality realized as a corre-
spondence between the infrared singularity of the quark
triangle and the massless pion pole in terms of hadrons.
However, for the singlet axial current A(®) due to the glu-
onic U4 (1) anomaly there is no massless state even in
the chiral limit. Instead, the massive 7' meson appears.
So, one expects nonperturbative renormalization of the
singlet anomalous amplitude wg)) at momenta below 7’
mass.

In [8] in the framework of the instanton liquid model
[9] we have analyzed the nonperturbative properties of
the nonsinglet triangle diagram in the kinematics speci-
fied above. We demonstrated how the anomalous struc-
ture wg) is saturated within the instanton liquid model.
We also calculated the transversal invariant function
wg? ) at arbitrary space-like ¢ and showed that within
the instanton model at large ¢* there are no power cor-
rections to this structure. The nonperturbative correc-
tions to wg? ) at large ¢® have exponentially decreasing
behavior related to the short distance properties of the
instanton nonlocality in the QCD vacuum.
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The present work is devoted to the study of the
U4 (1) anomaly effect on the singlet VAV correlator
within the instanton liquid model. We calculate in the
chiral limit the longitudinal wg)) and transversal wgf) )
invariant functions at arbitrary space-like momentum
transfer ¢ and demonstrate how the singlet anomalous
part of the correlator wg)) is renormalized at low mo-
menta due to presence of the Uy (1) anomaly.

2. The structure of VAV correlator in per-
turbative approach. The amplitude for the triangle
diagram can be written as a correlator of the axial cur-
rent j3 and two vector currents j, and L, (Fig.1):

T = — / dizdty €45 (0| T{j,(z) 7, () 73 (0)}[0),
)

where for light 4 and d quarks one has in the local theory

Ju=a7%Va, 33 =anrsdg,
the quark field q} has color (i) and flavor (f) indices,
A©) =T AB) = 75 are the flavor matrices of the axial
current, and V = V = 1 (1 + 1) are the charge matri-
ces, with the tilted current being for the soft momentum
photon vertex.

In the local perturbative theory the one-loop result
(Fig.1a) for the invariant functions wr and wy, for space-

like momenta g (¢°> > 0) is

1—loop __ 1—loop __
wy, =2wy =

= 2N.Tx (4VV) 0/ - (f‘iacf)lq;f)m?, (3)

where NNV, is the color number, and for light quark masses
one takes my = m, ~ mgy. In the chiral limit, my = 0,
one gets the result

we (@) = 2wr () = 5T (4VF). @

3. The instanton effective quark model. To
study nonperturbative effects in the triangle amplitude
Tuvx at low and intermediate momenta one can use the
framework of the effective approach based on the rep-
resentation of QCD vacuum as an ensemble of strong
vacuum fluctuations of gluon field, instantons. Sponta-
neous breaking of the chiral symmetry and dynamical
generation of a momentum-dependent quark mass are
naturally explained within the instanton liquid model.
The instanton fluctuations characterize nonlocal prop-
erties of the QCD vacuum [10-12]. The interaction of
light w,d quarks in the instanton vacuum can be de-
scribed in terms of the effective 't Hooft four-quark ac-
tion with nonlocal kernel induced by quark zero modes

in the instanton field. The gauged version of the model
[13—15] meets the symmetry properties with respect to
external gauge fields, and corresponding vertices satisfy
the Ward—-Takahashi identities.

In the framework of this effective model the nons-
inglet V and A current-current correlators, the vector
Adler function, the pion transition form factor have been
calculated for arbitrary current virtualities in [15-17].
In the same model the topological susceptibility of the
QCD vacuum which is reduced to the singlet A current-
current correlator has been considered in [15, 18].

The spin-flavor structure of the nonlocal chirally in-
variant interaction of soft quarks is given by the matrix
products®

G1®1+ivm ®iysr®), G (19°@7% +iv5 @ ivs),
(5)

where G and G’ are the 4-quark couplings in the iso-
triplet and singlet channels. For the interaction in
the form of ’t Hooft determinant one has the relation
G' = —G. In general due to repulsion in the singlet
channel the relation G' < G is required.

Within the gauged instanton model the dressed
quark propagator in the chiral limit, S(p), is defined
as

S~ (p) = ip — M(p*), (6)
with the momentum-dependent quark mass
M(p®) = My f*(p*) (7)

found as the solution of the gap equation

M) = 4G NNL0) [ L) P ©)

where we denote
D (k®) = k* + M>(k).

The constant My, = M(0) in (7) is determined dynam-
ically from Eq. (8) and the function f(p) defines the
nonlocal kernel of the four-quark interaction. Within
the instanton model f(p) describing the momentum dis-
tribution of quarks in the nonperturbative QCD vacuum
is expressed through the quark zero mode function. It is
implied in [8, 11, 12] that the quark zero mode in the in-
stanton field is taken in the axial gauge when the gauge
dependent dynamical quark mass is defined. In particu-
lar it means that f(p) for large arguments decreases like

2)The explicit calculations below are performed in SU £(2) sec-
tor of the model.
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some exponential in p?. To make numerics simpler we
shell use the Gaussian form

f(p) = exp (—p°/A?), 9)

where the parameter A characterizes the size of nonlocal
fluctuations in the QCD vacuum and it is proportional
to the inverse average size of an instanton.

The conserved vector vertex following from the in-
stanton model is [14, 15] (Fig.2a)

Tu(k, k') =7, + (k+ k) MO (k,K),  (10)

where M (1) (k, k') is the finite-difference derivative of the
dynamical quark mass, ¢ is the momentum correspond-
ing to the current, and k (k') is the incoming (outgoing)

Fig.2. Diagrammatic representation of the bare (a) and full
(b) quark-current vertices

momentum of the quark, k¥’ = k+¢q. The finite-difference
derivative of an arbitrary function F' is defined as

F(K') — F(k)

F(l) (kakl) = kl2 _ k2

(11)
The nonlocal part of the vertex (10) necessarily appears
in order to fit the vector Ward-Takahashi identity.

Within the chiral quark model [14] based on the non-
local structure of instanton vacuum [11] the full singlet
axial-vector vertex including local and nonlocal pieces
is given by [15]

FZ(O) (k, k') =

no_ 2
ot 0,30, )L

sl () £ ) G 1 E)
where
Tep(®) = 2o d'k MM (ks -k +M M)
2 | o)t D+D-

(13)
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Here and below we use the notations

(k+q) (k_q)
P2
My =M(ky), Dr=D k), fe=f(kL)

The vertex (12) takes into account the quark-
antiquark rescattering in the singlet axial channel
(Fig.2b). For completeness we also present the vertex
corresponding to the conserved iso-triplet axial-vector
current which in the chiral limit is given by [14]

ky =k, k.=k—q, k% =Fkpk_ —

7

D33 (k, B') = 73 | 1075 + 275Z—Zqu(k)f(k’) + (14)

+vs(k + kl)uMqW

The isotriplet axial-vector vertex has a massless pole,
¢*> = 0, that follows from the spontaneous breaking of
the chiral symmetry in the limit of massless v and d
quarks. Evidently, this pole corresponds to the massless
Goldstone pion.

The singlet current (12) does not contain massless
pole due to presence of the U4 (1) anomaly. Indeed, as
¢*> — 0 there is compensation between denominator and
numerator in (12):

2 2
1=GJrrld) G;];P(q ) = GJ\]:I_} as ¢> —0, (15)
where f, is the pion weak decay constant. In cancel-
lation of the massless pole the gap equation is used.
Instead, the singlet current develops a pole at the n'—
meson mass®):

1-G'Jpp(¢? = —mk) =0, (16)

thus solving the U4(1) problem. Let us also remind that
in the instanton chiral quark model the connection be-
tween the soft gluon and effective quark degrees of free-
dom is fixed by the gap equation. In particular, it means
that the four-quark couplings G(G') are proportional to
the gluon condensate.

4. Singlet VAV correlator. In the effective
instanton-like model the nondiagonal correlator of vector
current and singlet axial-vector current in the external
electromagnetic field (V AV) is given by (Fig.1b)

d*k
(2m)*

XTr[l"M(k +q1,k)S(k+ m)ri(o)(k +q1,k— @) x

Tua(@1,@2) = —2NTr (AVT) / y

X 5 (k= @) Ty (k,k = a2) S (k) |, (17)

3)See previous footnote. Also we neglect the effect of the axial-
pseudoscalar mixing with the longitudinal component of the flavor
singlet f1 meson.
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where the quark propagator, the vector and the axial-
vector vertices are defined by (6), (10) and (12), respec-
tively. The structure of the vector vertex (10) guarantees
that the amplitude is transversal with respect to vector
indices

(91, 92)41 = Tpwa(q1,2)g5 =0

and the Lorentz structure of the amplitude is given by
(1).

In [8] we found for the nonsinglet axial current Fi(3)
the expressions for the longitudinal amplitude

2N, 1
w(@) = =55

(18)

and for the combination of invariant functions which
shows up the nonperturbative dynamics

wfy (¢°) = i) (@) - 20§ (¢") =
4N, / &'k /M
- 3¢ ) w2 D:D_
2
X {\/M_ lM+ - §M'+ <k2 +2(qu2) )] -
4
- gki [\/ M MO (kg k)—

~2 ko) MV3E" (k)| | (19)

X

where prime means a derivative with respect to k2:
M'(k?) = dM (k?)/dk?. The result (18) which is inde-
pendent of the details of the nonlocal effective model is
in agreement with the statement about absence of non-
perturbative corrections to the nonsinglet longitudinal
invariant function that follows from the ’t Hooft duality
arguments. _

The calculations of the singlet VAV correlator re-
sults in the following modification of the nonsinglet am-
plitudes

W) = 20l () + 20O (), (20)
@) = Suld (@) + 2O (@), @)
where
Aw(© (qz):_%%/gi\w x

X [M+ - %M;ki — MO (ky k) x
4 (k‘I)2 2.5
- Zk? - : 22
X <3 p +3k (kq) (22)

0’w, (0)

In [8] it was shown that in the chiral limit the nonsin-
glet transversal amplitude gets only exponentially sup-
pressed at large momenta corrections. The reason is that
the asymptotics of the amplitude (19) is proportional to
the vacuum nonlocality function f (g) that is necessar-
ily has exponentially decreasing asymptotics. The sin-
glet amplitudes differ from the nonsinglet ones by the
term (22) that also has exponentially suppressed large
¢*> asymptotics. Thus, within the instanton model the
singlet longitudinal and transversal parts have only ex-
ponentially suppressed at large g2 corrections and all al-
lowed by operator product expansion power corrections
are canceled each other.

Fig.3 illustrates how the singlet longitudinal ampli-
tude wg)) is renormalized at low momenta by the pres-

T

0.8

0.6 -

04r

02

0 (GeV)

Fig.3. Normalized wr invariant function in the singlet case
(solid line) and nonsinglet case (dashed line)

ence of the Uy (1) anomaly. The behavior of w(LO%(q2)
is presented in Fig.4. In both figures the correspond-
ing results for the nonsinglet case are also shown. The
values of the model parameters used in the calculations
were fixed earlier in [8, 16] as

M, =0.24 GeV, Ap =1.11 GeV, Gp =27.4 GeV 2.
(23)

The coupling G’ is fixed by fitting the meson spectrum.
Approximately one has G’ ~ 0.1 G [13]. We also find
numerical values of the invariant amplitudes at zero vir-
tuality

wi? (¢? = 0) =4.4GeV2, w{h(g® = 0) = 0.6 Gev(—2.)
24

Precise form and even sign of wg]%(qz) strongly depend
on the ratio of couplings G'/G and has to be defined
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Fig.4. Normalized wrr invariant function versus @ predicted
by the instanton model in the singlet case (solid line) and
isotriplet case (dashed line)

in the calculations with more realistic choice of model
parameters.

5. Conclusions. In the framework of the instanton
liquid model we have calculated for arbitrary momenta
transfer the nondiagonal correlator of the singlet axial-
vector and vector currents in the background of a soft
vector field. For this specific kinematics we find that
in the chiral limit the large momenta power corrections
are absent for both longitudinal wy, as well transversal
wr invariant amplitudes. These amplitudes have very
similar behavior and are corrected only by exponentially
small terms which reflect the nonlocal structure of QCD
vacuum.

Within the instanton model the renormalization of
the singlet longitudinal wg)) amplitude occurring at low
momenta due to the U4 (1) anomaly is explicitly demon-
strated. In the nonsinglet case the behavior of wr and
wr at low momenta is very different due to the contribu-
tion of the massless pion state. At the same time in the
singlet case there is no massless state and the deflection
of wr, from 2wr amplitudes is rather small.
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