
Supplemental Material to the article

“Stability of the coexistence phase of chiral superconductivity and
noncollinear spin ordering with nontrivial topology with regard to strong

electron correlations”

A. Spin and electron Green functions in the Hubbard-I approximation. Let introduce the spin Green functions
in the Matsubara representation:

D++ (x− x′) = −
〈
TτX

↑↓
f (τ)X↓↑

f ′ (τ
′)S(β)

〉
0,c
, (1)

D+− (x− x′) = −
〈
TτX

↑↓
f (τ)X↑↓

f ′ (τ
′)S(β)

〉
0,c
, (2)

D−+ (x− x′) = −
〈
TτX

↓↑
f (τ)X↓↑

f ′ (τ
′)S(β)

〉
0,c
, (3)

D−− (x− x′) = −
〈
TτX

↓↑
f (τ)X↑↓

f ′ (τ
′)S(β)

〉
0,c
, (4)

where S(β = 1/T ) is the temperature scattering matrix.
In the simplest loopless approximation the matrix function composed of the spin Green functions for the transformed

Hamiltonian (10*) (see the main text) can be presented in the form:
(
D++ D+−

D−+ D−−

)
=

(
G++

0 G+−
0

G−+
0 G−−

0

)(
2M 0
0 −2M

)
, (5)

where M is the amplitude of the magnetic order parameter. Then, the Dyson equation for the function Ĝ0 in the loopless
approximation is

Ĝ0 ≡

(
G++

0 G+−
0

G−+
0 G−−

0

)
=

(
G(0) 0

0 −
(
G(0)

)∗
)
+

(
G(0) 0

0 −
(
G(0)

)∗
)(

2M 0
0 −2M

)
1

2

(
A+

q A−
q

A−
q A+

q

)
Ĝ0, (6)

where G(0) = (iωm − 2hQ)
−1. Solving this equation we obtain

Ĝ−1
0 =

(
iωm − 2hQ −MA+

q −MA−
q

MA−
q iωm + 2hQ +MA+

q

)
, (7)

where hQ = −MJQ, A
±
q = Jq ± (Jq−Q + Jq+Q) /2 as in the main text.

The spin-wave spectrum is defined from the equation det
(
Ĝ−1

0

)
= 0 substituting iωm → ω + iδ and has a form:

ω0q = 2Mγq = 2M

√
(Jq − JQ)

[
Jq−Q + Jq+Q

2
− JQ

]
. (8)

The electron Green functions are defined by the expressions:

Dσ2,σ2 (x− x′) = −
〈
TτX

σ2
f (τ)X2σ

f ′ (τ ′)S(β)
〉
0,c
, (9)

Dσ2,σ̄2 (x− x′) = −
〈
TτX

σ2
f (τ)X2σ̄

f ′ (τ ′)S(β)
〉
0,c
. (10)

Applying the unitary transformation the expressions for the irreducible parts of the electron Green functions in the
magnetic phase takes a form:

Gσ2,σ2(p, iωn) =
iωn − ξ+p + ησM

(
t+p − JQ

)

(iωn − ε1p) (iωn − ε2p)
, Gσ2,σ̄2(p, iωn) =

Fσ2t
−
p

(iωn − ε1p) (iωn − ε2p)
, (11)

G2σ,2σ(p, iωn) = −Gσ2,σ2(−p,−iωn), G2σ,2σ̄(p, iωn) = −Gσ2,σ̄2(−p,−iωn), (12)
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where Dσ2,σ2(p, iωn) = Gσ2,σ2(p, iωn)Fσ2, Dσ2,σ̄2(p, iωn) = Gσ2,σ̄2(p, iωn)Fσ̄2 and so on. Here we have used the notation
as in the main text: t±p =

(
tp−Q/2 ± tp+Q/2

)
/2 and introduced ξ+p = ξ0 + nt+p /2, ξ0 = ε + U − µ + J0(1 − n/2) + V0n,

Fσ2 =
〈
Xσσ

f +X22
f

〉
= n/2 + ησM . The Fermi spectrum in the magnetic phase is

ε1,2p = ξ+p ∓

√(
nt−p /2

)2
+M2(tp−Q/2 − JQ)(tp+Q/2 − JQ). (13)

The analytic expression obtained from the diagrammatic series for the average N↑ =
〈
X↑↑

f

〉
(Fig. 1 in the main text) has

a form:

N↑ =
〈
X↑↑

f

〉
0
+M

T

N

∑

qm

G0(iωm)
[
A+

q G++(q, iωm)−A−
q G+−(q, iωm)

]
+

−
T

N

∑

pn

G0
↑2(iωn)

[
t+p G↑2,↑2(p, iωn)F↑2 + t−p G↑2,↓2(p, iωn)F↓2

]
, (14)

where G
(0)
↑2 (iωn) = (iωn − ξ↓)

−1
and ξσ = ξ0 − ησhQ. Calculating the sum over Matsubara frequencies we obtain the Eq.

(11*) (see the main text).
B. Calculation of the topological invariant Ñ3 and the excitation spectrum for the cylinder topology. The

matrix Green function for fermions in the coexistence phase of superconductivity and noncollinear magnetism has a form:

Ĝ−1 (iω, p) =

=




iω − ξp −∆∗
p −Rp−Q 0

−∆p iω + ξp 0 Rp−Q

−Rp 0 iω − ξp−Q ∆∗
−p+Q

0 Rp ∆−p+Q iω + ξp−Q


 .

Substituting the obtained expression into the definition of the topological invariant Ñ3 (13*) (see the main text) and
calculating the trace of the product of the matrices we obtain integral in the following form:

Ñ3 =
i

4π2

∫ ∞

−∞

dω

∫ ∫ π

−π

dp1dp2
a(p)ω4 − id(p)ω3 − b(p)ω2 + ig(p)ω + c(p)

(
ω2 + E2

1p

)2 (
ω2 + E2

2p

)2 . (15)

In this form the integral over energy can be calculated analytically:

Ñ3 = −
i

8π

∫ ∫ π

−π

dp1dp2
∑

j=1, 2

{
3a(p)E4

jp + b(p)E2
jp − c(p)

4E3
jpν

4
p

− (−1)j ·
a(p)E4

jp + b(p)E2
jp + c(p)

2Ejpν6p

}
. (16)

It should be noted that the terms proportional to the odd power of the energy in (15) are omitted as they do not contribute to
the result. The coefficients d(p) and g(p) appear when the corrections to the exchange field due to the kinematic interaction
are taken into account and they are proportional to ∂jRp, ∂jRp−Q, j = 1, 2.

The coefficient a(p) do not depend on the effective exchange field:

a(p) =
[
ξp · ∂1∆

∗
p · ∂2∆p + ξp−Q · ∂1∆

∗
−p+Q · ∂2∆−p+Q +∆p ·

(
∂1ξp · ∂2∆

∗
p − ∂2ξp · ∂1∆

∗
p

)
+

+ ∆−p+Q ·
(
∂1ξp−Q · ∂2∆

∗
−p+Q − ∂2ξp−Q · ∂1∆

∗
−p+Q

)]
− [h.c.] , (17)

where h.c. is hermitian conjugate.
The remaining coefficients can be represented in the following form:

b(p) = A(p) · RpRp−Q +B(p) + C(p) · Rp +D(p) · Rp−Q, (18)

c(p) = α(p) · R2
pR

2
p−Q + β(p) ·RpRp−Q + γ(p)− C(p) ·R2

pRp−Q −D(p) ·RpR
2
p−Q + η(p) ·Rp + ζ(p)Rp−Q, (19)
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where

A(p) = a(p) +
[
(ξp + ξp−Q)

(
∂1∆

∗
p · ∂2∆−p+Q − ∂2∆

∗
p · ∂1∆−p+Q

)
+ 3ξp · ∂1∆

∗
−p+Q · ∂2∆−p+Q+

+ 3ξp−Q · ∂1∆
∗
p · ∂2∆p + 3∆−p+Q

(
∂1ξp · ∂2∆

∗
p − ∂2ξp · ∂1∆

∗
p

)
+

+ 3∆p

(
∂1ξp−Q · ∂2∆

∗
−p+Q − ∂2ξp−Q · ∂1∆

∗
−p+Q

)
+

+ (∆p +∆−p+Q)
(
∂1ξp · ∂2∆

∗
−p+Q + ∂1ξp−Q · ∂2∆

∗
p − ∂2ξp · ∂1∆

∗
−p+Q − ∂2ξp−Q · ∂1∆

∗
p

)]
− [h.c.] , (20)

B(p) =
{
2
(
ξ2p +

∣∣∆2
p

∣∣) [∆−p+Q

(
∂2ξp−Q · ∂1∆

∗
−p+Q − ∂1ξp−Q · ∂2∆

∗
−p+Q

)
+ ξp−Q · ∂1∆−p+Q · ∂2∆

∗
−p+Q

]
+

+ 2
(
ξ2p−Q +

∣∣∆2
−p+Q

∣∣) [∆p

(
∂2ξp · ∂1∆

∗
p − ∂1ξp · ∂2∆

∗
p

)
+ ξp · ∂1∆p · ∂2∆

∗
p

]}
− {h.c.} , (21)

C(p) =
{
(∆pξp−Q −∆−p+Qξp)

[
∂1Rp−Q

(
∂2∆

∗
p − ∂2∆

∗
−p+Q

)
− ∂2Rp−Q

(
∂1∆

∗
p − ∂1∆

∗
−p+Q

)]
−

− ∆p∆
∗
−p+Q [∂1Rp−Q (∂2ξp − ∂2ξp−Q)− ∂2Rp−Q (∂1ξp − ∂1ξp−Q)]

}
− {h.c.} , (22)

D(p) = C(p)|∂jRp−Q−→∂jRp
, (23)

α(p) =
{
(ξp + ξp−Q)

(
∂1∆

∗
p · ∂2∆−p+Q − ∂2∆

∗
p · ∂1∆−p+Q

)
− ξp · ∂1∆

∗
−p+Q · ∂2∆−p+Q − ξp−Q · ∂1∆

∗
p · ∂2∆p +

+ (∆p +∆−p+Q)
[
∂1ξp · ∂2∆

∗
−p+Q + ∂1ξp−Q · ∂2∆

∗
p − ∂2ξp · ∂1∆

∗
−p+Q − ∂2ξp−Q · ∂1∆

∗
p

]

+ ∆p

(
∂2ξp−Q · ∂1∆

∗
−p+Q − ∂1ξp−Q · ∂2∆

∗
−p+Q

)
+∆−p+Q

(
∂2ξp · ∂1∆

∗
p − ∂1ξp · ∂2∆

∗
p

)
− {h.c.} , (24)

β(p) =
{
(ξp − ξp−Q)

[(
ξ2p + |∆p|

2
)
· ∂1∆−p+Q · ∂2∆

∗
−p+Q −

(
ξ2p−Q + |∆−p+Q|

2
)
· ∂1∆p · ∂2∆

∗
p

]
+

+
(
ξpξp−Q +∆p∆

∗
−p+Q

)
(ξp + ξp−Q)

(
∂2∆

∗
p∂1∆−p+Q − ∂1∆

∗
p · ∂2∆−p+Q

)
+

+
(
ξ2p + |∆p|

2
)
(∆p −∆−p+Q)

(
∂2ξp−Q · ∂1∆

∗
−p+Q − ∂1ξp−Q · ∂2∆

∗
−p+Q

)
+

+
(
ξ2p−Q + |∆−p+Q|

2
)
(∆p −∆−p+Q)

(
∂1ξp∂2∆

∗
p − ∂2ξp∂1∆

∗
p

)
+

+
[(
ξ2p − |∆p|

2 −∆−p+Q∆
∗
p

)
∆−p+Q −

(
ξ2p−Q + 2ξpξp−Q

)
∆p

] (
∂1ξp∂2∆

∗
−p+Q − ∂2ξp∂1∆

∗
−p+Q

)

+
[(
ξ2p−Q − |∆−p+Q|

2 −∆p∆
∗
−p+Q

)
∆p −

(
ξ2p + 2ξpξp−Q

)
∆−p+Q

] (
∂1ξp−Q∂2∆

∗
p − ∂2ξp−Q∂1∆

∗
p

)

+ (ξp∆−p+Q − ξp−Q∆p) (∆p +∆−p+Q)
(
∂1∆

∗
p · ∂2∆

∗
−p+Q − ∂2∆

∗
p · ∂1∆

∗
−p+Q

)

+ 2 (ξp + ξp−Q)∆p∆
∗
−p+Q (∂1ξp · ∂2ξp−Q − ∂2ξp · ∂1ξp−Q)

}
− {h.c.} , (25)

γ(p) =
{(
ξ2p + |∆p|

2
)2

·
[
ξp−Q · ∂1∆

∗
−p+Q · ∂2∆−p+Q +∆−p+Q

(
∂1ξp−Q · ∂2∆

∗
−p+Q − ∂2ξp−Q · ∂1∆

∗
−p+Q

)]
+

+
(
ξ2p−Q + |∆−p+Q|

2
)2

·
[
ξp · ∂1∆

∗
p · ∂2∆p +∆p

(
∂1ξp · ∂2∆

∗
p − ∂2ξp · ∂1∆

∗
p

)]}
− {h.c.} , (26)

η(p) =
{(
ξ2p + |∆p|

2
)
(ξp∆−p+Q − ξp−Q∆p)

(
∂2Rp−Q · ∂1∆

∗
−p+Q − ∂1Rp−Q · ∂2∆

∗
−p+Q

)
+

+
(
ξ2p−Q + |∆−p+Q|

2
)
(ξp−Q∆p − ξp∆−p+Q)

(
∂2Rp−Q · ∂1∆

∗
p − ∂1Rp−Q · ∂2∆

∗
p

)
+

+
(
ξ2p + |∆p|

2
)
∆p∆

∗
−p+Q (∂1ξp−Q · ∂2Rp−Q − ∂2ξp−Q · ∂1Rp−Q) +

+
(
ξ2p−Q + |∆−p+Q|

2
)
∆∗

p∆−p+Q (∂1ξp · ∂2Rp−Q − ∂2ξp · ∂1Rp−Q)
}
− {h.c.} , (27)

ζ(p) = η(p)|∂jRp−Q−→∂jRp
. (28)
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For the case of periodic boundary conditions along the direction a2 of the triangular lattice we obtain the system of
equations for the Green functions:




iωn − ξ̂k2
ĥk2−Q2

(Q1) 0̂ D̂k2

ĥk2
(−Q1) iωn − ξ̂k2−Q2

−D̂k2−Q2
0̂

0̂ −D̂†
k2−Q2

iωn + ξ̂k2−Q2
−ĥk2

(−Q1)

D̂†
k2

0̂ −ĥk2−Q2
(Q1) iωn + ξ̂k2


 ·




G↓2,↓2(k2, k2; l
′; iωn)

G↑2,↓2(k2 −Q2, k2; l
′; iωn)

G2↓,↓2(k2 −Q2, k2; l
′; iωn)

G2↑,↓2(k2, k2; l
′; iωn)


 =




δ̂

0̂

0̂

0̂


 , (29)

where N1 by N1 (N1 is the number of sites along a1 direction) matrices ξ̂k2
, D̂k2

and ĥk2
(Q1) have the form

ξ̂k2
=




ξ0 + F2tk2
F2Tk2

0 0

F2T−k2

. . .
. . . 0

0
. . .

. . . Tk2

0 0 F2T−k2
ξ0 + F2tk2



, D̂k2

= −




∆∗
k2

ψ∗
−k2

∆∗
22e

ik2 0 0

ψ∗
k2

. . .
. . .

. . . 0

∆∗
22e

−ik2

. . .
. . .

. . . ∆∗
22e

ik2

0
. . .

. . .
. . . ψ∗

−k2

0 0 ∆∗
22e

−ik2 ψ∗
k2

∆∗
k2




.

ĥk2
(Q1) = −M




(tk2
− JQ)e

iQ1 Tk2
eiQ1 0 0

T−k2
ei2Q1

. . .
. . . 0

0
. . .

. . . Tk2
ei(N1−1)Q1

0 0 T−k2
eiN1Q1 (tk2

− JQ)e
iN1Q1



.

Here F2 = n/2 is the Hubbard renormalization, tk2
= 2t1 cos(k2), ∆k2

= 2∆21 cos(k2), Tk2
= t1 (1 + exp(ik2)), and

ψk2
= ∆21 exp(i2π/3) (1 + exp(i2π/3 + ik2)) + ∆22 exp(i2π/3) (exp(i2k2) + exp(i2π/3− ik2)) .

Solving the Eq. (29) we obtain the excitation spectrum containing the Majorana mode and the structure of such mode
as described in the main text.
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