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Application of the technique of the inverse scattering transform to the system (7), (10), (11) in the main text follows
to well known approach, see, for instance, in [1, 2]. The solutions of the spectral problem (14) in the main text have the
involution

Φ = MΦ(λ∗)∗M−1, (1)

where

M =

(

0 −ελ+f

λ−f

1 0

)

. (2)

The respective Jost functions Φ1,2 corresponded to decaying as τ → ±∞ potential and its derivatives for ground state
F3(ς) = 1, F (ς) = 0 posses the following asymptotics:

Φ = exp (−iλσ3ς) , τ → ±∞. (3)

The symmetry properties (1) correspond to the following respective matrix forms of the Jost functions:

Φ =

(

ψ±

1 −εψ±∗

2

λ+f
λ−f

ψ±

2 ψ±∗

1

)

. (4)

Respective functions are related by the scattering matrices Ŝ

Φ− = Φ+Ŝ, (5)

where

Ŝ =

(

a b∗

−εb (λ− f) / (λ+ f) a∗

)

. (6)

The Jost functions have the presentation

Φ+(θ) = e−iλσ3θ +

∞
∫

θ

(

λK(ς, s) ε (λ+ f)Q∗
2(ς, s)

(λ− f)Q2(ς, s) λK∗
2 (ς, s)

)

e−iλσ3s d s. (7)

Using these presentations of the Jost functions we derive from the spectral problem (14) in the main text and (3)

F (ς) =
2 [1− iK(ς, ς)]Q∗(ς, ς)

[1− iK(ς, ς)] [1 + iK∗(ς, ς)] + ε|Q(ς, ς)|2
, (8)

F3(ς) =
[1− iK(ς, ς)] [1 + iK∗(ς, ς)]− ε|Q(ς, ς)|2

[1− iK(ς, ς)] [1 + iK∗(ς, ς)] + ε|Q(ς, ς)|2
. (9)

The Marchenko-type equations are:

ε (f − i∂y)Q(ς, y) + G(ς + y) =

∞
∫

ς

K∗(ς, s)i∂yG(s+ y)ds, (10)

i∂yK(ς, y) = −

∞
∫

ς

Q∗(ς, s) (f + i∂y)G(s+ y)ds, (11)

where

G(y) =

∫

C

b(χ)eiλy

a

dλ

2πi
, (12)

1



C is the contour of integration in the upper half-place.
The scattering data dependence vs χ for S3(χ, ς) = S0, S(χ, ς) = 0, ς → ±∞, is determined by function

b(χ) = b(0) exp

{

iS0

[

(bq + 4η)
((

b2 − 2
)

q + 4bη
)

2(bq + 4η + 2)

]}

, (13)

here η is a complex number in the upper half-plane.
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